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Abstract—Role of piezoelectric energy harvesters has gained 
interest in supplying power for micro devices such as health 
monitoring sensors. In this study, in order to enhance the 
piezoelectric energy harvesting in capturing energy from broader 
range of excitation and to improve the mechanical and electrical 
responses, bimorph piezoelectric energy harvester beam with 
magnetic mass attached at the end is presented. In view of 
overcoming the brittleness of piezo-ceramics, functionally graded 
piezoelectric layers comprising of both piezo-ceramic and piezo-
polymer is employed. The nonlinear equations of motions are derived 
using energy method and then solved analytically using perturbation 
scheme. The frequency responses of the forced vibration case are 
obtained for the near resonance case. The nonlinear dynamic 
responses of the MEMS scaled functionally graded piezoelectric 
energy harvester in this paper may be utilized in different design 
scenarios to increase the efficiency of the harvester. 
 

Keywords—Energy harvesting, functionally graded piezoelectric 
material, magnetic force, MEMS piezoelectric, perturbation method. 

I. INTRODUCTION 

N line with the nature of green energy, energy harvesting in 
micro scale from vibrational ambient has attracted so many 

attentions. However, energy harvesters with linear counterpart 
accept limited frequency range in which their efficiency is 
lower in comparison with nonlinear one. Furthermore, 
brittleness and high rigidity of piezoelectric-ceramic materials 
make them unfavorable to employ for harsh environment. In 
this paper, to improve the performance of the piezoelectric 
energy harvester (PEH) in capturing energy from broader and 
more complex excitations, magnetoelastic structure [1] with 
geometric nonlinearity is presented. Moreover, to remove the 
brittleness of the piezoelectric-ceramics and reduce the stress 
concentration in layer, functionally graded piezoelectric 
materials (FGPMs) are introduced which are a promising 
solution to improve the durability of piezoelectric devices [2]-
[4]. Functionally graded materials are a new class of 
composites that avoid the stress concentrations. As 
investigated in [5]-[7] ceramic-polymer composites are new 
class of materials which have the high electromechanical 
coupling coefficients while having flexibility, low density and 
high strength. Following [8] which studied the free vibration 
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analysis of functionally graded PEH with magnetic 
interaction, the objective of the present study is to investigate 
FGPEH with magnetic tip mass under harmonic base 
excitation. 

II. THEORETICAL FORMULATION 

Fig. 1 shows a 3D view of the bimorph functionally graded 
piezomagnetic energy harvester (FGPMEH) with a magnetic 
tip mass attached at the end which is in interaction with a 
permanent magnet fixed above. The beam consists of two 
FGPM layers of thickness hp and a substructure with thickness 
of hs. Following [9] the effective material properties in each 
piezoelectric layer can be found as: 

 

   l l u uP z P v P v   (1) 

  

Fig. 1 Schematic view of the FGPMEH with magnetic tip mass 
 
where 𝑃 represents specific properties of the piezoelectric 
material and 𝜈 is the volume fraction of the constituents 
material. Also, the subscripts l and u, respectively, indicate the 
lower and upper surface of the piezoelectric layers. For each 
of the two piezoelectric layers, these are related to each other 
by 1l u   . For the lower volume fraction we have: 
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where z is a coordinate along the thickness of the beam as 
shown in Fig. 1 and k is grading index. Fig. 2 shows the side 
view and the thickness of each layer of piezoelectric energy 
harvester. 
 

Fig. 2 Right view of the Functionally graded piezoelectric energy 
harvester beam   

 
The constitutive law for piezoelectric material with 

electrical displacement, ˆ
zD , the strain, ˆ

xS , and the electric 

field, ˆ
zE  is [1]: 
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in which Yxx denotes the elastic modulus of elasticity, e31 
represents the coupling coefficient of piezoelectric and ε33 is 
the constant of dielectric [8]. For the case in which 
functionally graded piezoelectric energy harvester excited 
from the base, the coupled electro-mechanical equations 
become  
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where I0 and I2 are the mass and moment of the beam per 
length, 𝑀௧ and 𝐼௧ are mass and moment of the tip mass, cp is 
the capacitance, χ is the coupling and R is the resistance of the 
circuit. The stress resultants are defined as: 
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where 𝑧 is the coordinate in thickness direction and  is the 

magnetic force which is defined by [10] 
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where d0 is the spacing distance between two magnets, m1 and 
m2 are the magnetic dipole moments and µ0 is the vacuum 
permeability. For attractive interaction 𝑚ଵ ൌ െ𝑚ଶ and for 
repulsive interaction 𝑚ଵ ൌ െ𝑚ଶ. It has been shown that the 
attractive interaction between two magnets is more beneficial 
than the repulsive interaction [1]. Therefore, we continued our 
study with attractive interaction and 𝑚ଵ ൌ 0.0192 𝐴/𝑚ଶ. For 
further calculations we can expand magnetic force in a Taylor 
series expansion about 𝑤 ൌ 0. 

In order to convert partial differential equation of motion to 
a set of ordinary differential equation, Galerkin procedure has 
been applied. To do so, 𝜑ሺ𝑥ሻ is mode shape of the energy 
harvester beam obtained by solving eigenvalue problem. Upon 
applying Galerkin method, one can transform the set of partial 
differential equations to sets of ordinary differential equations 
which are straightforward for obtaining the final expressions. 

III. SOLUTION PROCEDURE 

A closed form expression is derived for the forced vibration 
analysis of the harvester under the base excitation based on the 
method of multiple time scales (MTS) of perturbation 
technique [11]. In this method, it is considered that the 
generalized coordinates are the function of some new time 
scales 𝑇௜ and    is the small positive nondimensional being 
introduced as book-keeping device. The first and the second 
time derivatives can then be expressed in terms of / iT   as: 
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where 𝑇௜ are new time scales.  
 

      
      

      

2 (0) 2 (2)
0 2 0 2 0 2

(0) 2 (2)
0 2 0 2 0 2

2
0 2 0 0 2 2 0 2

, , ,

, , ,

, , ,

tip tip tip

tip tip tip

u T T u T T u T T

w T T w T T w T T

T T T T T T

 

 

 

 

 

   
  (10) 

 

Employing (9), (10) and regarding small terms of damping, 
piezoelectric coupling coefficient and magnetic constant and 
the excitation frequency 2

q     where 𝜎 is  detuning 

parameter[11], performing some mathematical manipulation, 
and looking for possible terms having high value coefficient, 
which are called secular terms [11], we reach to: 
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where I denotes the imaginary symbol and B(T2) can be 
written in the polar format as in (12): 
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Next, by eliminating secular terms in 

Hata! Başvuru kaynağı bulunamadı. and performing 
mathematical manipulation, ordinary differential equations for 
b(T2) and 𝛽ሺ𝑇ଶሻ can be obtained as (13) and (14): 
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Upon solving the differential equations, B(T2), which 

correspond to the transversal displacement of the functionally 
graded MEMS, piezoelectric energy harvester can be obtained. 
Further, assuming steady state solution, we can reach to the 
response in frequency domain. The mechanical responses 
include transversal displacement, while the electrical response 
includes output voltage. Having frequency response for the 

transversal displacement in hand, one can easily obtain the 
electrical response in frequency domain by electrical coupling 
which exist in the piezoelectric energy harvetser. Since the 
steps and resulted expressions are bulky, we avoid to present 
them in this paper. 

IV. RESULTS 

In order to graphically illustrate the analytical results, For 
the case under study, geometrical properties of the 
functionally graded MEMS piezoelectric energy harvester 
given in Table I are employed. Moreover, mechanical and 
electrical properties of the constituent materials PZT-5H and 
PVDF for piezoelectric layers and brass for the substructure in 
the sandwich beam of the functionally graded piezoelectric are 
given in Table II.  

 
TABLE I 

GEOMETRICAL PROPERTIES OF BIMORPH FGPMEH 

 FGPM Layer Substructure 

Length (µm) 24e3 24e3 

Thickness (µm) 265 140 

Width (µm) 6.4e3 6.4e3 

 
TABLE II 

MECHANICAL AND ELECTRICAL PROPERTIES OF BIMORPH FGPMEH 

 PZT-5H PVDF Brass 

Density (kg/m3) 7500 1780 9000 

Elastic modulus (GPa) 60.6 3 105 

Piezoelectric constant (C/m2) -16.1 0.072 - 

Permittivity constant (nF/m) 25.55 7.97 - 

 
The effect of magnetic force on frequency response 

function (FRF) of the outputs has been investigated by setting 
different values of the dimensionless parameter of initial gap 
between two magnets, 𝑑଴

∗. Fig. 3 illustrates the effect of 
magnetic force on the electrical response of the functionally 
graded piezoelectric energy harvester. As it can be seen from 
Fig. 3, by decreasing initial gap between two magnets, or in 
other words increasing magnetic force, the system expresses 
softening effect, by which the response curve leans to the left. 
Also, by increasing the magnetic force, the operatory 
frequency range of the harvester covers more frequency range 
[10]. Therefore, the influence of the magnetic force on 
broadening the energy harvester operatory bandwidth is 
obvious.  

Fig. 4 shows the effect of the base acceleration amplitude as 
an input on the output voltage response for power law index 
𝑛 ൌ 0.2 and fixed value of magnetic force. As it is clear from 
this figure, by increasing the amplitude of the input 
acceleration, amplitude of the electrical response will increase. 
Moreover the dashed lines in Fig. 4 indicate the jump 
phenomenon, which happens in the nonlinear systems [11]. 
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Fig. 3 Variation of voltage response of the FGPMEH beam for 
different values of dimensionless initial gap of the magnets for 

grading index n=0.2 
 

 

Fig. 4 Variation of amplitude of the base acceleration on frequency 
response of generated voltage for grading index 𝑛 ൌ 0.2 and 

𝑑଴
∗ ൌ 0.54 

V. CONCLUSION 

In this paper, functionally graded piezoelectric energy 
harvester with tip mass attached at the free end with magnetic 
force is studied. It is observed from the results that the 
dimensionless responses of the bimorph functionally graded 
piezoelectric energy harvester can be influenced notably by 
variation of the spacing distance between two magnets. 
Furthermore, by increasing the input acceleration exerted to 
the base, electrical response of the energy harvester increases 
as well.  

The obtained results can direct engineers for production of 
electromechanical structures in technical applications. This 
analysis showed that magnetoelastic structure with FGPM can 
be employed to properly choose design parameter like spacing 
distance of two magnets to improve the output responses.  
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