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Exponentiated Transmuted Weibull Distribution
A Generalization of the Weibull Distribution

Abd El Hady N. Ebraheim

Abstract—This paper introduces a new generalization of the two
parameter Weibull distribution. To this end, the quadratic rank
transmutation map has been used. This new distribution is named
exponentiated transmuted Weibull (ETW) distribution. The ETW
distribution has the advantage of being capable of modeling various
shapes of aging and failure criteria. Furthermore, eleven lifetime
distributions such as the Weibull, exponentiated Weibull, Rayleigh
and exponential distributions, among others follow as special cases.
The properties of the new model are discussed and the maximum
likelihood estimation is used to estimate the parameters. Explicit
expressions are derived for the quantiles. The moments of the
distribution are derived, and the order statistics are examined.

Keywords—Exponentiated, Inversion Maximum
Likelihood Estimation, Transmutation Map.
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I. INTRODUCTION

OR more than half a century the Weibull distribution has

attracted the attention of statisticians working on theory
and methods as well as in various fields of applied statistics.
Thousands of papers have been written on this distribution.

It is of utmost interest to theory orientated statisticians
because of its great number of special features and to
practitioners because of its ability to fit to data from various
fields, ranging from life data to weather data or observations
made in economics and business administration, in hydrology,
in biology or in the engineering sciences.

When modeling monotone hazard rates, the Weibull
distribution may be an initial choice because of its negatively
and positively skewed density shapes.

However, the Weibull distribution does not provide a
reasonable parametric fit for some practical applications
where the underlying hazard rates may be bathtub or unimodal
shapes.

An interesting idea of generalizing a distribution, known in
the literature by transmution, is derived by using the quadratic
rank transmutation map [1].

Recently, various generalizations have been introduced
based on the transmuted generalization included the
transmuted extreme value distribution [2], transmuted Weibull
distribution [3], transmuted modified Weibull distribution [4]
and transmuted log-logistic distribution [5].

A random variable T is said to have a two parameter
Weibull [6], [7] with parameters ¢ > 0 and § > 0 if its
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The rest of the article is organized as follows. In Section II,
the pdf and cdf of the subject distribution and some special
sub-models are derived. In Section III, the statistical
properties including quantiles, moments and moment
generating function etc. are studied. The reliability analyses of
the subject model are given in Section IV. Section V presents
the maximum likelihood estimates and the asymptotic
confidence intervals of the unknown parameters. The order
statistics from the distribution are discussed in Section VI.

II. EXPONENTIATED TRANSMUTED WEIBULL DISTRIBUTION

A random variable T is said to have transmuted distribution
ifits cdf , Z(t), is given by:

zZ) =1+ D6 - 1[6O]% )

where G (t) is the cdf of the base distribution.
The cdf, F(t), of the exponentiated transmuted distribution
is given by:

FO=2")={1+DCO -2 [GCOIPY, A <1 @)

Combining (2) and (4), gives the cdf of the ETW
distribution as:

F(t) = {1 ra-ne @ - Ae—z(i)ﬁ} £20, ®)

where @ >0, § >0 and |A| <1 are the scale, shape and
transmuted parameters, respectively.

Differentiating (5) with respect to t, and doing the
necessary simplifications, gives the pdf as:

o= (é)lH e [1 -1+ Zle’(i)ﬁ] x {1 +O-1e® e }H(6)

It is clear that the exponentiated transmuted Weibull (ETW)
distribution is very flexible (as seen from Table I). This is so
since several other distributions follow as special cases from
the ETW, by selecting the appropriate values of the
parameters. These special cases include eleven distributions
(as shown in Fig. 1). Namely; the exponentiated transmuted
Rayleigh (ETR), exponentiated transmuted exponential
(ETE), transmuted Weibull (TW) [3], transmuted Rayleigh
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(TR) [5], transmuted exponential (TE) [1], exponentiated
Weibull (EW) [8], exponentiated Rayleigh (ER) [9],
exponentiated exponential (EW) [10], Weibull (W), Rayleigh
(R), and the exponential (E).

Fig. 1 Submodels of the ETW distribution

TABLEI
THE ETW DISTRIBUTION SUBMODELS
Parameters of ETW
Submodels aram; ers i Cumulative distribution function
2 2\V
ETR . {1 + (-1 @ — 226 }
v
ETE . {1 +(A=1)e @ =202 }
t\F t\#
™ - 140 1e @ 2@
t\? t\?
TR -2 -l 14 0-1e @ -2
TE A O 1+ (= 1e @ - 2072(@)
AN
EW - - 0 - {1 —e @ }
2\V
ER -2 0 - {1 _e @ }
EE -1 0 - {1 _e @ }
B
w - -0 1 1—e @
R -2 0 1 1 e
- 10 1 1—e @

Table I shows the specific values of the parameters used to
generate the abovementioned eleven special cases.

Figs. 2 (a)-(d) illustrate some of the possible shapes of the
pdf of the ETW distribution for different values of the
parametersa > 0,8 > 0,v > 0and 1] < 1.
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Fig. 2 (a) The behavior of the pdf of ETW
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Fig. 2 (d) The behavior of the pdf of ETW

Figs. 3 (a)-(d) illustrate some of the possible shapes of the
cdf of the ETW distribution for different values of the
parameters @ > 0, 8 > 0,v > 0 and || < 1.
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III. STATISTICAL PROPERTIES

—a=17 ,p=3 A=-01v=17

I =188 ,p=44 X=03 wv=13 . . . o g .
RSPl Gl This section explains statistical properties of the ETW
-ea=233 ,p=38Ex=1 w=1

distribution including the quantiles, the median, random
number generation, the central and non-central moments and
the moment generating function.

—a=13 ,p=213 x=-1 w=235
oa=155 p=34 X=0 u=257

()

A. Quantiles of the Distribution
The p™ quantile, t,, of the ETW distribution is the real

solution of the equation

] 1 2 3 F(tp)Zp,

Fig. 3 (a) The behavior of the cdf of ETW and s given by:
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In particular the ETW median is:
-a=2  p=182 =1 v=1

tos = a{—ln
[frer=12 p=148 A=-05v=2

o135 po2d Aed we03 It follows, from (7) that, the pt"* quantiles of the following
o128 AZD wold special cases of the ETW distribution are:
1) The p** quantile of the ETR , substituting § = 2, is

o 1 2 3 4

t

Fig. 3 (b) The behavior of the cdf of ETW . i
1 1 11-2\*% 1/1-2
oeaf-nlaa-A) ST -3

2) The p** quantile of the ETE, substituting § = 1, is

L e ST

T

—a=1 p=1 A=1 w=1

cea=05 p=1 A=05 v=1

s b Ihsu 3) The pt" quantile of the TW, substituting v = 1, is
—a=082p=17 A=-1 wv=038

=04 p=2 A=09 v=044

1
2

| el T

4) The pt" quantile of the TR, substitutingv = 1 and g = 2,

by
is
1
1 2
. e i 1-21\*2 1(1—/1
p= a5 ( p)4(/1) 2/1)‘
B=7 x=1 w=il 5) The p** quantile of the TE by substitutingv = 1 and
p=3 X=-05,1v=03
B=2 x=-07,v=04 ﬁ = 1
P=182=0 w=003
p=8 A=05 u=001
B=10Xx=1 v=009 %

3 e

Fig. 3 (d) The behavior of the cdf of ETW
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B. Random Numbers Generation

Using the method of inversion in [11], random numbers
from the ETW distribution can be generated with u~U(0,1)
as the solution of following equation

{1 t0-e® e } .

This yield

=af-nlf(1-w)+ 1) T ;(%A)]f. o)

Moreover, (9) may be used to generate random numbers
from the ETW distribution when the parameters «, 5, v and
A are known.

C. Central and Non-Central Moments

The 7% noncentral moment, u,’ = E(T™) of the ETW
distribution is given by:

W' =va r( +1);Z (1) YN

a-n 2 ] (10)

(i+j+DF (i+j+2)B"

x (A—1)i [

For a positive integer v, the summation ;2 stops at
(v —1). Then the expected value, E(T), and the variance,
Var(T), of the exponentiated transmuted Weibull random
variable T are, respectively, given by:

EM =va r( +1)ZZ "_1 (I)(A)J

i=0 j=
x (/1—1)i—f[ S — ] (11)
(i+j+DE? (i+j+2)B"
Var(T) = E(T?) — EX(T), (12)

where E(T?) is given by:

B0 =va 1(3+1)320 Xhno (7 1) () (1)
a-n 22 ]

2
(i+j+1)F"

- 1)i—f[

2
(i+j+2)F""

The nt* central moment, m,, can be obtained easily from
the 7" noncentral moments through the relation:

n

2 () G Ean.

=0

m, =E(T — )" =

Thus, the nt" central moment of the ETW distribution is
given by:

s =s 35S (70w

r=0i=0 j=0
x (A= 1) (=)™ a” r( +1) x| —5 ] (13)
(i+j+1)F" (z+;+z)t?“

It follows that the coefficient of variation (p),
coefficient of skewness(y;), and the coefficient of kurtosis
(v2) of ETW distribution are, respectively, obtained by

g po' " (14)

p= my - B’ ’
1 ror 3
_ M3 pz —3Up U1 +24q 15
yl - [m2]3/2 - , 2 3/2 ’ ( )
[llz —H1
’ [ 112 12
My phg —4P3 Mg +6Uy g —3Uq 16
Y2 = [m ]2 - , 12 2 ( )
2 [Mz —H1 ]

The moment generating function of the ETW distribution is
given by

M(© = EET) = 5205 BT = v 52052 T (7 1) (j) (1) -

L

D L (f )| Oy (17

@++DF ()P

IV. RELIABILITY ANALYSIS
In this section the survival, the hazard rate, the cumulative

hazard rate and the mean residual lifetime functions for the
exponentiated transmuted Weibull distribution are presented.

A. The Survival Function

The exponentiated transmuted Weibull distribution
provides a useful tool for modeling the lifetime data analysis
of a given system. To this end, the survival function, R(t), of
the exponentiated transmuted Weibull distribution is given by:

t\B NN
R(t)=1—{1+(/1—1)e‘(z) —2e2) } . (19)
Figs. 4 (a)-(d) illustrate the behavior of the survival

function of the ETW distribution for some selected values of
the parameters.

1
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Fig. 4 (a) The behavior of the survival function of the ETW
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Fig. 4 (d) The behavior of the survival function of the ETW

B. The Hazard Rate Function

The other characteristic of interest of a random variable is
the hazard rate function h(t) = % and defined by:

v-1

{w-ng—&)‘?_k—z(@ﬂ]
17[mee—(é)‘ih—z<z>ﬁ]

w0 =2()" e’ [1 — 1+ 22 |

5 (19)

It can be seen that h(t) might be constant, increasing, or
decreasing depending on the values of the parameters
involved. For example, if A =0,v=1and f =1 then the
h(t) = i, a constant, and if A=1,v=1and B =1 then

h(t) = é, which is also constant, whileif A =0 and v=1 ,

B t 5_1 . . . . .
h(t) = ;(;) which is increasing for § > 1 and decreasing

p-1
for f <1,andif A =1 and v =1, h(t) =22(%)" which is
increasing for § > 1 and decreasing for § < 1.

Figs. 5 (a)-(d) illustrate the behavior of the hazard rate
function of the ETW distribution for different choices of the
parameters.
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Fig. 5 (c) The hazard rate behavior
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Fig. 5 (d) The hazard rate behavior of the ETW

As a consequence, the hazard rate functions of some special
cases of the ETW distribution are:
1) The failure rate of the ETR distribution, substituting
L=2is
02 2 V-1

0 oy N110-1e @ —22@
h(t) = %e‘(ﬁ) [1 —A+21e°@ | x { ¢ ¢ }

7

1- {1 + 0= 1e-® e’ }

2) The failure of the ETE distribution, substituting § = 1 is

14 (- D@ - 202}
h(t) =£e-(§) [1_,“2/16_(5) y {1+@-1De e}

7

1-{1+a- De~@ — 2¢72@) }

3) The failure rate of the TW distribution, substituting
v=1is

g(é)ﬁ_1 [1 e 2/1e‘(%)ﬁ]
h(t) =

t\B

A=+ @

4) The failure rate of the TR distribution, substitutingv = 1
and f =2 is

Zli-a+ 22e-@)

h(t) =

6?

(A=) +1e@

5) The failure rate of the TE distribution, substitutingv = 1
and f =11is
1 (3

M) 2 [1-2+22e"@)]

t

A=) +2e@
C. The Cumulative Hazard Rate Function

Many generalized Weibull models have been proposed in
reliability literature through the relationship between the
reliability function R(t) and its cumulative hazard rate
function H(t) given by H(t) = fot h(t)dt = —InR(t). Here,
the cumulative hazard rate function of the ETW distribution is
given by:

H(t)=-1In

. {1 + -1 @ - 1o }] 20)

where H(t) is the total number of failures or deaths over an
interval of time, which describes how the risk of a particular
outcome changes with time for an ETW distribution.

Figs. 6 (a)-(d) illustrate the behavior of the cumulative
hazard rate function for different values of the parameters.
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[ 0=155 p=34 A=0 =237

t

Fig. 6 (a) The behavior of the cumulative hazard rate function
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Fig. 6 (b) The behavior of the cumulative hazard rate function
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Fig. 6 (c) The behavior of the cumulative hazard rate function
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Fig. 6 (d) The behavior of the cumulative hazard rate function

D.The Mean Residual Lifetime Function

The additional lifetime given that the component has
survived up to time t is called the residual life function of the
component, then the expectation of the random variable T;
that represents the remaining lifetime is called the mean
residual lifetime (MRL) and is given by:

m(e) = E(T—t|T > ) = ﬁf u fQu)du —t.
t

The MRL represent the mean lifetime left for an item of
age t. The failure rate function at t provides information on a
random variable T about a small interval after t, whereas the
MRL function at t considers information about the whole
remaining interval (¢, c0).

The MRL function as well as the hazard rate function or the
reliability function is very important as each of them can be
used to characterize a unique corresponding lifetime
distribution.

The MRL function m(t) for ETW random variable is given

by:

) =t 4 w ox 220 %0-0 (") (D) A -

1—[1+(/1—1)e‘(5)ﬁ—/1e‘2(§)ﬁ}

o o (a-»r(E+ua+(E A\ oar LinGi+j+2) (L ?
1)L+](_A)] X (B 11] (a) )+ (B L ]1 (a) ) .(21)
(i+j+1)B"" (i+j+2)B*"

V.ESTIMATION OF THE PARAMETERS

In this section, the method of maximum likelihood is used
to estimate the parameters involved and hence build
confidence intervals for the unknown parameters.

Let Ty, T,, .., T,be a sample of size n from an ETW
distribution. Then the likelihood function (¥) is given by:

n ()P &\
=TI i) = () Tyt e 20 nr=1{1 +(-1e @ -
t; t B

2o }H x %, [1 i+ 22 @ ] (22)

Hence, the loglikelihood function £ = In € becomes

L=In?=nIn() +nin(B) — nBIn(a)
u ti\F ti\F
+w-1 ln{l + -1 @ — 2@ }
&
n n N n t0 P
+B-D) W)= ) (=) +) In [1—A+ue‘(a) ]
PECENCED

23)

Therefore, the MLEs of @, ,4 and v are derived from the
derivatives of L . They should satisfy the following

equations:
B _(ﬁ)
oL _ np_ Byn (5\F, Byn M) e
- ata i:1(;) +;Zi:1—:iﬁ+ (v—
1-A+21e \@,
af (@) oY)
Bon @A-D(E) e\@ —2a(d) e
1) _2;‘;1 < “ 7 = 0,
a N t;
{1+(A—1)e’(a) _Ae‘z(a)
(24)
@ (9)" (5
L nin(a)+ In(t) - P (ﬁ)ﬁ In (ﬁ)ﬁ —2A3n, @ (‘;) +w-1)x
”r “ “ [1—14—2/12’(%) ]
N 4 N AB - )P B
U ) R el )
i=1 o F oF =0,
{1+(A—1)e’(3) _lg—z(;)
(25)
0¥ -~ B
@ _ (&) _~(d)
=N e - DX B Ty = 0(27)
|1—/1+2/le’5 {1+(/171)e’(5> 719’2(3) }

ti\P 1\ P
R {1 +(-1e @ —2720) } =0, (26)

v

To solve (24) through (27), it is usually more convenient to
use nonlinear optimization algorithms such as quasi-Newton
algorithm to numerically maximize the loglikelihood function.
In order to compute the standard errors and asymptotic
confidence intervals the usual large sample approximation is
used, in which the maximum likelihood estimators can be
treated as being approximately trivariate normal [12]. Hence
as n — oo, the asymptotic distribution of the MLE is given by,

a | a Vii Vip Viz Vi -I

B ~N B Vor Vap Va3 Vg

1‘? 1/{ V31 VSZ V33 V34

A Vir Vaz Vs Via

where V;; = V;; |g_5 and

Vii Via Viz Vi A A A A\
V21 VZZ V23 V24 = A21 AZZ A23 AZ4
Var Vap Viz Vs Az Az; Asz Asy
V41 V42 V43 V44 A41 A42 A43 A44

is the approximate variance covariance matrix with its
elements obtained from
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%L %L %L %L

Ay =—— =——— A,=—-—— =—
1 daz M2 dadp P dadv dadX

%L %L %L

42 ="op A= gpey, 4= agar

%L %L

A = "5 A= g
%L
A= = o

By solving this inverse of dispersion matrix, these solutions
will yield the asymptotic variance and covariance of these
MLEs for @& f,A and ». Approximate 100(1— a)%
confidence intervals for @, 8, A and v can be determined as

fliZng ’ EiZ&’sz: iiza/z,,‘z; , ﬁiza/z 1733'
2 2

where z,/, is the upper a™ percentile of the standard normal
distribution.

VI. ORDER STATISTICS FROM THE DISTRIBUTION
LetTy,T,, ..., T, denotes n-independent random variables
from a distribution function Fp(t) with pdf f;(t),
then T(qy, T(z), -, T(n) denote the order sample arrangement,
and the pdf of T(;) is given by:

fT(j)(t) = fr@®Fr @V [1 = Fr(O)]™

n!
G§-Dr (n—-N!
forj=12,..,n

Then the pdf of the order statistic T(; from the ETW
distribution is given by:

nl ﬁ(i)lm e‘(i)ﬁ [1 — 1+ zae‘(ﬁ)ﬂ

G-DIm-j)! a \a

D L e e e

fr,®) = X [1 +@A-

vj-1

Therefore, the pdf of the largest order statistic T, and the
smallest order statistic T,y are, respectively, given by:

fr® = “E(S) ) [1 _a+ er-(é)B] |1+

a a

0\

a-1e® 22T o)

frop® = 25 @ [1 —1+ zze‘(ﬁ)lg] x [1 r-ne @ -

1 {1 - [1 + -1 — 2o ]} )

It is possible to express the pdf of the (k + 1) ordered
statistic from the exponentiated transmuted Weibull in terms
of the pdf of k" ordered statistic from the exponentiated
transmuted Weibull, using the following relationship:

v

[1 r-1e® _ e

—k
Froenn ® = X (F5) froy ©:

t\#

1- [1 +(-1De @ —Ae‘z(ﬁ)ﬂ]v

Then, the special cases of the minimum and maximum
order statistics of the derived submodels of the ETW
distribution are mentioned in the following two cases as:

Case A: Maximum order statistics for submodels
1) The pdf of the maximum order statistic of the ETR,

substituting f = 2, is
nv-1

2nvt _(f £y?

fron® = —e 0l [1 —a+220°@ ] x [1 -1 @ ,19-2(2)2]

2) The pdf of the maximum order statistic of the ETE,
substituting § = 1, is

t t

froy@® = %e‘@ [1 -1+ 2,1e-(a)] x [1 +(-1e @ - Ae-z(g)]"”*l_

3) The pdf of the maximum order statistic of the TW,
substituting v = 1, is
X

B- n-1
Fron(®) = ﬂ(5) R [1 ar22e® | x[1+ - e ® - ,19-2(5)5] ,
a \a

4) The pdf of the maximum order statistic of the TR,
substitutingv = 1 and § = 2, is

2 2 2 2qn—1
fro® = %e’(ﬁ) [1 2+ 210 @) } x[1+@- 1)e*(§) —2e2() ] .

5) The pdf of the maximum order statistic of the TE,
substitutingv = land f = 1, is

n t t

fra® = Ee_(é) [1 —-A+ Zle’(ﬁ)] X [1 + (- 1)9‘(5) - Ae‘z(é)]n_ll

Case B: Minimum order statistic for submodels
1) The pdf of the minimum order statistic of the ETR,
substituting § = 2, is

fra,@® = ZZ? e_(é)z [1 -1+ Zle_(é)z]
x [1 + -1 @ - Ae‘z(%f] _ .{1

2 5 quyn-1
- [1 + -1 @ —2e7@ ] } _
2) The pdf of the minimum order statistic of the ETE,
substituting § = 1, is
me(t) = %6_(%) [l -1+ Zle_(é)]
v—-1
x [1 + =1 @ ,1,;2(&)] ,{1

-1

- [1 +A- l)ef(é) - Aefz(é) ]v}" .

3) The pdf of the minimum order statistic of the TW,
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substituting v = 1, is
B- B 3 s st
fro@= 2O @ [1-2v 2@ | x[a-ne @ 2@

4) The pdf of the minimum order statistic of the TR,
substitutingv = 1 and f§ = 2, is

2 2 B pn-1
Frog® = ot o(2) [1_Hm—<é> x[(l_l)e—@ _Ae—z@] ,

5) The pdf of the minimum order statistic of the TE by
substitutingv = land § =1

t

frop(® = ge‘(ﬁ) [1 Sy zze‘(é)] x [(1 — e @ - Ae-Z(a)]nfl,
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