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Exponential stability of periodic solutions in inertial
neural networks with unbounded delay

Yunquan Ke, Chunfang Miao

Abstract—In this paper, the exponential stability of periodic solu-
tions in inertial neural networks with unbounded delay are investigat-
ed. First, using variable substitution the system is transformed to first
order differential equation. Second, by the fixed-point theorem and
constructing suitable Lyapunov function, some sufficient conditions
guaranteeing the existence and exponential stability of periodic
solutions of the system are obtained. Finally, two examples are given
to illustrate the effectiveness of the results.
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[. INTRODUCTION

ELLULAR neural networks (CNNs) [1,2] have been

successfully applied in signal processing, pattern recog-
nition, especially in static image treatment [3]. In delayed
neural networks, a constant delay is only a special case. In
most situations, delays are variable, and in fact unbounded. In
some practical applications and hardware implementations of
neural networks, the inevitable time delay may be unbounded,
for example

el = —ami(t) + anl ag; fi(x;(t)) + anl bij fi (x5 (t — 7ij))
J= J=

+icij /t Ki]'(t*S)fj((tj(s))d8+li(t), @)

fort=1,2,---,n,

Therefore, the studies of neural networks with time-varying
delays and unbounded time delays are more important and nec-
essary than those with constant delays, and the corresponding
research can be seen in [4-14].

On the other hand, the inertia can be considered a useful
tool that is added to help in the generation of chaos in neural
systems. Babcock and Westervelt [15] combined inertia and
driving to explore chaos in one- and two-neuron systems. Tani
et al.[16-18] added inertia and a nonlinear oscillating resis-
tance to neural equations as a way of chaotically searching for
memories in neural networks. In [19], the authors considered
the bifurcation and chaos in a single inertial neuron model with
both time delay and inertial term. Liu et al.[20-23] investigated
the Hopf bifurcation and dynamics of an inertial two-neuron
system or in a single inertial neuron mode. In [24], the authors
investigate the dynamical characteristics of a single inertial
neuron model with time delay under periodic external. Ke
and Miao[25-26] investigate stability of equilibrium point and
periodic solutions for in inertial BAM neural networks with
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time delay and unbounded delay, respectively.

In this paper, we will investigate the exponential stability
of periodic solutions for the following inertial neural networks
with unbounded delay.

20 )
d ;;Q(t) — —/81 dzét(t) — ;i (t)
n

3 afy(es(0) + 3 b fy(eg(t = miy)

+3 ey / Kis(t— ) f(z;(9))ds + L), @)
j=1  J-eo

for i =1,2,---,n, where the second derivative are called an
inertial term of system (2), «;, B; > 0 are constants. x;(t)
denotes the states variable of the ith neuron at the time ¢, a;;,
b;; and c;; are connection weights of the neural networks, f;
denotes the activation functions of jth neuron at the time ¢,
7i; is time delay of jth neuron at the time ¢ and satisfies 0 <
Ti; < 7, I;(t) denotes the external inputs on the ith neuron
at the time ¢, K;; : RT — R™ are continuous functions, and
satisfy f0+°° e K;j(s)ds = pij(n),i,j = 1,2,...,n, where
pij(n) are continuous functions in [0,6)(0 < ¢ < 1) and

pij(0) = 1.
The initial values of system (2) are
dx;(s .
ri(s) = o), T @) i=12m @)

where —7 < s < 0,;(s),%;(s) are bounded and continuous
function.

Based on the standpoint of Mathematics and Physics, the
system (2) is a two-order nonlinear dynamic system, and
Bi; > 0 is a damping coefficient. Then the neural networks
of system (1) can be understood as a model which damping
tends to infinity. But in some practical problems, we need to
consider the existence and stability of periodic solution of the
system when it has damping(or low damping). For example,
pendulum equation with dissipation term

d?x(t) dx(t) ,
- e Bx — ysint,
and forced Duffing equation
d?z(t) dz(t) 9
pr R T z(Bx + yx*) + dcosut,

which have applied background.

II. PRELIMINARIES

Throughout this paper, we make the following assumptions.
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o (H1) : The activation functions f; satisfy Lipschitz
condition, i.e., there exist constant L; > 0, such that

|f5(v1) = f5(v2))] < Ljlvy — val,

Jj = 12 nuv,v € R, and Ehere exist constant
7; > 0. such that 0 < 1, < fy, f(0) = 0, j =
1,2,---,n, x €R.

o (H2) : I;(t) are w— periodic continuously functions and
satisfy |I;(t)| < I;, i=1,2,---,n, t € R.
Let variable transformation:
dx;(t
yilt) = f”dt( ) fa), i=12.m,

then of (2) and (3) can be rewritten as

el — (1) + yilt),
W) = (14 a; — Bi)as(t) — (Bi — Dya(t)

+ Xn: aij fi(z;(t)) + i:l bijfi(zi(t —7ij)) “4)
+ Z Cij f — ) fi(zj(s))ds + I;(t)

fori=1,2,---,n
and

{ zi(s) = %((8)

Kij;(t

&)

fori=1,2,---,n.
Let z(t) = (Iz(t yi(E)7T,
Fi(zi(t)l) =

0, 5% asfytes(0) + ; DTACHEED)
* z i 1o By 0= )1,y (5))ds + L0

then system (4) can becomes

dZi (t)
dt

-1 1
Ai:(ﬂi*%‘*l 15 >’

fori=1,2,---,n
Definition 1: Let
a*(t) = (i (t), 25(t), - @5 (1)))"
be an w— periodic solution of system (2) with initial value

where

Pr(t) = (P1(8), ¥5(t), -, n ()T
If there exist constants o > 0 and M > 0, for every solution
2(t) = (21(t), 22(t), - -, 2,(t))T of system (2) with initial
value

W(t) = (4,01(15)7 @2(1:)7 R (Pn(t))Ta

%Z)(t) = (¢1(t)7 ¢2(t)7 o 7wn(t))T7

such that

Z ()

(t)F < Me™ || — *|1,t > 0,

then w— periodic solution xz*(¢) is said to be exponentially
stable, where

o —@*II* =

sup. Z li(t) — @5 (1))

Definition 2: Let vector u = (ug, ug,- - -
B = (bij)nxn, we define norm

,un)T and matrix

[[ul = Zuw IB|* = Z b};
i,7=1
Let d; = Z f][|aw| + [biz| + [eisl] +
j=1
©= i, tah
h; = max{ 2%(@-\27;@2?) ‘ efou) | %7
29i(0)+Bi(pi(0)—e/ai) + i (0)},

\/|52 40‘1‘
ki =;(0) + [Oévh + Z fi(lag]

+ [bij] + lei) + 1,
h= m1n {\/th +2k2},
for ¢ = 1 2 -, n.
Lemma 3: For system (2), under hypotheses (H1) — (H2),
if 82 — da; # 0,1;(0) > 0,¢;(0) > o >0i=12---n,
then z(t) and dx(;t(t)

is bounded, and

darl( )

lzi(t)] < hi, | | <k i=1,2,-

Proof From (2), we obtain
Lot) | g, dul®) | (1)
Z fi(lais| + |bvtj| +legl) + Ly i=1,2,--n
{V consider the following differential equations

d?x4(t) da,"l( )
dt?
If 57 —

+ B +axi(t)=e i=1,2,---,n. (7)
4a; > 0, We obtain general solution of (7)

zi(t) = CreMt + Coeet 4+ —,

(&7

i=1,2,-,n

where
A= 3[-Bi + /B — 4ay] <0,
=1[-B; — /B? — 4] <0,
C1, Cy are arbitrary constant.

For initial values x;(0) = ;(0), de (0)

= 1i(0), if ¥;(0) >

0,i(0) > £ >0, we can obtain,
C, = \/ﬁ[%‘(o) — X2(pi(0) —e/ay)] > 0,
Cy = \/ﬁ[)‘l(%(o) —efai) =4i(0)] <0
We have
s (8)] < [4(0) — Aa(i(0) — e/ax;)

\/ﬁ2 —do
- E\l)(‘ng ) 7) e//azg + ¢z( )} ae
< 2¢i(0)+Bi(pi(0)—e/ai di

= \/[32 Ao + < hly Z - 1727 7
If Bf 4a; < 0, We obtam general solution of (7)

/ . __ 2
xi(t) = e Bi/2 [0100574(12' Py
/ — 22
+ C'Qsin74a2’ Py +

e —
g’ 2_1727'“7’”7
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where Cy,Cy are arbitrary constant.

For initial values z;(0) = ¢;(0), dz;iio) = ;(0), if ¥;(0) >

0,¢:(0) > O% > (0, we can obtain,
Ci = 1( )—6/0[1 >0
Cy = \/\52774[2%( ) + Bi(pi(0) —e/ay)] > 0.
We have
lzi(t)] < ¢i(0) — e/a; + \/ﬁ[?wi(o)

( )+€1(@1)( )/ )e/ai)]+z
27//, 0)+B8i(pi(0)—e/a; ) )
< N 4m +¢i(0) < hy,

1=1,2,---,n
On the dother hand, from (2), we have
pdxi(t )
Alepitdull)) — eit[—qz,(t)

+ i aij fi(z;(t)) + i)l bijfi(xi(t — 7i5))
+ Z cij [1 o Kij(t = 5) f(x;(s))ds + Li(t)],

fordz =1,2,---,n. We obtam
dot) — ¢ [“1/) +j e Pt [ —ayz; (u)

+ 3% ) + 3 Sy 7))

+ Z cij [ Kij(u— ) fi(x;(s))ds + I;(u)]du,

1= 1 2,-

Since |rZ )| < h;, from the above equation we obtain
2 < i 0) + Jy e aghi + z Fi(lass)
+ |bij| + |eij) + I ]ndu

< 4i(0) + 5 [ash ""Jz:lfj(‘aij‘ + [bij| + leij|) + 1]

=k, i=12--,n

Proof of completion of Lemma 3.
Lemma 4: For matric

-1 1 .
Aii(ﬁifaifl 1B ),zfl,Q,---7n.

we have
lezp(=Ait)|| < Myet,
l(exp(—Aw) — E)7Y| < Nijyi=1,2,---,n
where, 1) if 82 — 4a; > 0(i = 1,2,---,n), then
308 + V|67 — 4aull,

M, = [w]i

|87 —4a;]
W A/BZ—dow
N; = (|82 — a3 [P — 5 (e
B2 —da;w
+e Tz )+ 17!

Alloi = B)* + (2= Bi)?Jele (eVPi o
e VBITdawy 4 982 4ay) )12,

2) ifﬁf —4a; <0(i=1,2,---,n), then

i:1727"'7na t207

Hi = 252, )

20, —2B; +3+(|1=8;|+|ai+1—8; 1 2
M; = 2[= |(/3‘ 740‘L\|a . IR
Ni _ 2€ﬂ w/2

5i]262(1—e=Pi®/2)24(5;—1)sin26;w|

{26, — 1+ [2(% - 124+ (14 a; — B)¥sin?6w
+ 362cos%0;w + 2(8;eBiw/2 4 1)2

— 26;(cosd;w + 1)2}1/2,

5, — VPl

2

Proof. We consider the following linear differential equa-
tions
Zi(t) = —AiZi(t). ®)
By calculation, we can obtain the eigenvalue of matric —A;
A= 38+ VB2 — dal,

= 1[51 -V ﬁzz —40&2'].
Corresponding eigenvector of the A; and g, respectively
Vi=(11-A)T, Vo= (1,1-x)T.
If ﬂ? —4a; > 0, we obtain the fundamental solution matrix
of system (8) is
e)\lt 6>\2t
¢A(t) - { (1 _ )\1)6)\115 (1 _ )\2)6)‘2t :| .

By calculation, we obtain
1 1—X -1
-1 2
~10) = .
¢z ( ) )\1 _ /\2 |: )\1 -1 1 :|
oi(t )gf);l(O), we have

Since exp(— A i) =
exp(—A;t) =

_>\2

{ (1= Xp)eMt 4 (A — 1)ete?t
(1 - A)(1 = da)(eMt = et

ehat _ oAt

(1 — /\2)6)‘2t + (/\1 — 1)6/\1t :| ’

lexp(=Ait)| < rrtsgr{l(L = Ag)eM?
+ ()\1 _ 1)6/\215]2 + [6/\2t _ e)‘ltF
FI A ) (N — 2
+ [(1 _ )\2)6)‘2t + ()\1 _ 1)6/\1t}2}1/2
= sl = D2+ (A — 1)
+ (A1 — 1)2(Ag — 1)% 4 1](e2M1! + e2A2t)
O — (L= ) 200 — 120 — 12
— 2]eMitA2)11/2
= ot {8 — @i)? + (B — 22|t + €2t)
—2[(1 = A) (A — 1) — 1]2e(atA2)t}1/2
= HQ VT | Bt

Then we have

llexp(—Ait)|| < Miert, i=1,2,---,n, t>0.

Since

exp(—Aw) — E = /\lib
(1 - /\2)6/\1w -+ (/\1 - 1)6/\2w — A1 — Ao
(1= X)(1 = Ag)(eMw — etew)

Aow e)\l w

(&
(1 — )\g)eh“ + ()\1 — 1)€>\1w — A1 — A9
We can obtain
lexp(—Aiw) — E]
— 1
T (A2—A1)3[efiv—erw _er2w ]

(1 — /\2)6'\2w + (/\1 - 1)6/\1“) — A1 — Ao
(1= A)(1 = Ag) (e — eM¥)
A
1

eMw _ e)\gw

( — /\2)(3)‘1“) + ()\1 — 1)€>‘2w — A — A9
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we can obtain
H(ewp( A'w) ' B~ ,
(>\2 51 _g)\1w_ekzw+1 {[( )‘1)
+ (1) 320 A+ 1
( 2X 1w + 62/\2“’) _ [(1 _ )\2)(/\1 _ 1) _ ”26(>\1+>\2)w
—2(A1 — Ag)2(eM¥ 4 €M) 4+ 2(A; — \p)? /2
S ()\27)\1)3|eﬁ1wieklwfe)\gw+1| {[(al - 52)2
(2 _,8) ]( (Bi++/BE—4ai)w +6(6i7«/[3f74ai)w)
+2(B? — 4a;)}Y/? = N;.

If 7 — 4oy < 0, let §; = L/[4a; — B?], we obtain the

fundamental solution matrix of system (8) is

() Bit)2 cosd;t
oi(t) =e { (1- %)coséit + §;8ind;t

sind;t
(1-— %)sm&it — d;cos0;t

By calculation, we obtain

Since exp(—A;t) =
Bit
exp(—A;t) = (% =

i

dicosdit + (1 — )sm6 t
(6; — 1)cosd;t + (ozZ +1— B;)sind;t

—sind;t
(ﬁ’ )sind;t + §;cosd;t

[exp(—Ait)|| < L {252003 5it
+[1+2(1 - &) |sin2;t
+[(8; — 1)cosdit + (i + 1 — B;)sind;|2}1/2
< 057 {20 — 2B; + 34 (|1 — 6| + |y +1 = B4])2}V/2
Then we have

llexp(—Ait)|| < Myett, i=1,2,---,n, t>0.

Since e
exp(—Aw) — B = S5—

dicosdiw + (1 — B)sindw — §;e~ /2
(6; — 1)cosojw + (aZ +1—3;)sindw

—sind;w
(& —1)sindiw + §;cosdw — ;e P/

We can obtain
[exp(—Ajw) — E]71

o eﬁiw/Q

T 5i[02(1—2cosdiwePiw/2 e Piw)4(5;—1)sind;wcosd; w]
(& —1)sind;w + §;cos;w — ;e Piw/?
(1 —=6;)cos0;w — (a; + 1 — B;)sind;w

sind;w

dicosdiw + (1 — Bi)sindiw — §e=Piw/?

By calculation, we can obtain
[(exp(—Aiw) — E)~1|

< /51“1/2

= 8i|67(1—2cosd;we Bzw/z-ﬂ—e Biw)4(8;—1)sind;wcosd;w|
{2(61 —1)%sin20;w + 262cos? 5w

+ 262 P — 4(51-200367;we*5"‘”/2 + sin?6;w

+ [(1 - 6i)coséiw - (Oéi ;l— 1/2— ﬁi)sin&;w]z}lﬂ

= 6,1\5?(1720055,0.)6’61'w/ere’ﬁiw)+(6i71)sin5,,wcos§,/w|

AL+ 28 12+ 1+ i — B)?sin?w + [1 + 367 —

28] cos?dw+202e =P —45;(cosdw—ePi%/?) —2(1—6;) (1+
— Bi)sind;wcosdw}'/?

< 2ePiw/2

= 6;]262(1—e~Fiw/2)24(6; —1)sin26;w|

.{25i—1+[2(%—1)2+(1+az

+ 362cos?8;w + 2(8;e~ /2 + 1)2

— 26; (003(5 w+ 1)2}Y/2 = N,

where §; = 1/|4a; — B?].

Bi)?]sin26;w

III. MAIN RESULTS

In this section, we will derive some sufficient conditions
which ensure the existence and the exponential stability of
periodic solution for system (2).

Let
X ={z = (21(t),22(1), -, 2 ()"

€ C(R,R") : z(t + ) z(t),t € R}.
Y ={y = (1(t), y2(t),- wyn(t )"

€ C(R, R") y(t+w) =y(t),t € R}.
Defined

l1z:l] = max {2}, 120 = mmax {[l=:ll}-
Define the cone P in X,Y by
P={z=0@T,y")T,2eX,ycY:

lz:(8)] < R, Jya(t)] < hi + ks,
[lzi(®)]] < h,t € [0,w],i =1,2,---n},
where h = max {V/3h? + 2k?}.
Theorem 5: Under the hypotheses (H1) —
the conditions in Lemma 3 are satisfied, if

[(exp(—Aiw) — E)71||WM2‘6“W[21 Li(las;]
iz

+ [bij| + lei) + ] <1, i=1,2,--+.n
then system (2) has a unique w— periodic solution.
Proof. Let the map 7' be defined by
(TZ)(t) = ((Tz)l» (TZ)27 SE) (TZ)H)T’
z€ P, te R, where, fort =1,2,---,n,
(T2)i(t) = [exp(—Aw) — E]7!

(H2), and all of

t+w
« /t exp(—Ai(s — 1)) Fi(2i(s))ds. ©)

Since Fj(zi(s 4+ w)) = Fi(zi(s)), |z:(¢)| < hi < h,i =
1,2,--- n, for any z € P, from (9), we obtain
(Tz):(t+ w) [e:cp( Aw) — B!
X ft+ exp(—A;(s —t — w))F;(zi(s))ds
= [eap(—Aw) — E]71 [T eap(—Ai(s — 1))
x Fi(zi(s))ds = (T'z);(t).

By Lemma 4, we have
I(T2)il = max {1(T2):(0)]}

= Zax lexp(—Aw) — E]~*
x [} exp(—Ai(s — 1)) Fi(z(s))ds|
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Somtax [[exp(—Aiw) — E]7Y|
x [ Myers 0| Fy(zi(5) | ds
< max ||[ezp(—Aiw) — E]” "
x M;etiv f | Fi(z:(s))||ds
< [[[exp(— AW) ]’1||Mz'€“i:
< fy Z |aij fi (x5 (u))| + ; |bi f5 (5 (u —7ij))|
+ Z |Cm JE o Kij(u—5)fi(x;(s))|ds
( )ldu
Sl\[f’wp( Aw)* E|7 Y| Mjer

< Jy 135 Lyl s )]+ il (s — 737))]

el [ Koyl — )y (w))]ds) + Lu(u)du

< |[exp(—Aiw) — ]71||]sz‘6*““le[Z1 Lj(Jais
iz

+ [bij| + leigl) + 5] < he
Hence we obtain 7'z € P.
Next we will prove T' is contraction mapping. For any
z,Z € P, we have
I(T2) - (T2)]
= max max {|[(T2):(t) - (T2),(0)[}

1<i<n 0<t<w

- W) — -1
T it 0%t S llezp(=Aiw) = E]

x [T ep(=Ai(s — 1)) (Fi(zi(s) — Fi(2:(s)))ds]|
< max [exp(—Aw) — E]) 7| M;etiv

Xfo ZL (laij| |z (u)) — Z;(w))]

+ \bmH%( —7ij)) = Zj(u = 7ij))|
+ el [2 o Kij(u = 8)|x;(s)) — 75(5)) ds)]du
< 1rélax [exp(—Aw) — E]~|| Mt hw

X Z Lj(lais| + [bij] + lei Dz = 2l < [z — 2[].

Thus T is contraction mapping, by fixed-point theorem,
it follows that there exist uniqueness an fixed point z*(t)
satisfying (T'z*)(t) = z*(¢t).

Now we will show that z*(¢) is the w— periodic solution
of (1). From (9), we obtain

g = = AT2)i()
[mp( iw) = Bl texp(—Aiw) Fy(2i(t))
[emp( iw) — } LE(2(1))
() + [ewp( iw) — E]7!
[exp( Ajw) — E}F (2i(1))
We have

FR = Az (1) + Fi(= (1),
and z7(t + w) = 2} (t). From the above we can see, system
(2) has a unique w— periodic solution.

Theorem 6: All the conditions of Theorem 5 are satisfied,
if

] 1
|cﬂ\f (s)ds] < 0,

=20, + 2+ 18 — | + ) Lyllais| + [bis] + leigl] <0,
j=1
for i =1,2---,n, then system (2) has a unique w— periodic
solution which exponentially stable.

Proof. By using Theorem 5, system (2) has a unique w—
periodic solution. In the following we will prove the unique
positive w— periodic solution is exponentially stable.

Let 2*(t) = (2F(t),23(t), -,z (t))T be an w— periodic
solution of system (2) with initial value

7i(s) = i(s), ) = yp(s),
2'2172,"‘,”, -7 <s<0.
l’(t) = (xl(t)v xQ(t)v o >xn(t))T
system (2) with initial value

xz() pils), L = gi(s),

be an any solution of

1=1,2,---,n, —T<s S 0.
Let yi(0) = o1 (t) + 250,
ul(t) =t ) zi(t), vilt ) vi(t) — yi (1),
Filui(t)) = fl(ﬂfz( ) — fi(z} (1)),
fori=1,2,...,n.
From (4), we can obtain
20 — —uy(t) + vi(t),
Lt = —(1+ o — B)uilt)

(8= Dslt) + 3 s fy s 1)

n B (10)
+ Z bij fi(u;(t —7i5))
+ Z Cij f Kij(t S)fj(uj(s))ds
fori=1,2,---,n.
From (10) we get
3 (ui(t) +0F(t) = —uF (1) + ui(t)vi(t)
- (I +a; - ﬁz)uz(t) ( ) (B — 1)vi(t)
+ Z aijui(t) fi(u;(t) + Z bijvi(t) f (u (t = 745))

+ Z cij J* oo Kt )Uz‘( ) fi(uj(s))ds
_Wgw—nmo+u—&+@¥%ﬁw
+ ; lag;| Ljlvi(t)|]u;(t)]

n
+ 21 [big | Lj|vi ()] (t — 7i5)]

+§Nwﬁ K (t — 8)[0i(t) | L (5)ds
(lﬁz—avl —1u (t) (1 — B+ Iﬁi;ai\)vg(t)
+i“ﬂ@mw+@w

j=1

+§ﬁ?@wm+@ufmn

HM

/ Kij(t vZ(t) +

We con31der the Lyapunov functional:

V(t) = Z{ (t)+v () st

ui(s)lds. (1)

466



International Journal of Engineering, Mathematical and Physical Sciences
ISSN: 2517-9934
Vol:7, No:3, 2013

S fbilp ot i)y 2
3 L [ et

00 t
Ki.j(s)[/f7 65(7’+3)z]2-(17)d77}ds} (12)

— |l
P ns
=

€ > 0 is a small number.
Calculating the upper right Dini-derivative DYV (¢) of V (¢)
along the solution of (10), using (11) we have

DV (t) = Z{ 7Lz(t)+v (t) et
5 (v (t)+v (t))e*
> Ll (£)e=H70) — (¢ — 7))

30 oL o Ry () ()
— Ui (t — s)]ds}
< est Z{E 1(t)+v )+(|512‘1i|
< —Bi+ "" [Bezeil 2 (t)
_Zl ol 7 [(w2(8) + u2(1)]

I Xn: |béj‘L]- [vF(t) +u3(t — 73j)]

~ 1) (1)

Jj=1
3 I Ky (= )30 + i )lds
n b‘L T
+ 3 L a0 = 2500~ 73)
p
+ Z |C12]‘LJ fo+oo Kij(s)[e*ui(t)

: —-
Py

~

I

©» .
N

<9

@

—

o
-

IA
M'U
= |
o

[a -2+ (B — il + Z Li(laji| + bjile

i
-

+|Caz|f Kji(s)e**dslu z(t)
[5_251+2+|ﬂi—ai‘
+ 3 Lillas| + [bij] + leig)]o? (2). (13)
=1

From condition of Theorem 6, we can choose a small £ > 0
such that

=2+ B —ail + Z Li(laji| + [bjile

+ lejil fo Kji(s)e*ds) <0,

e—2Bi+2+ 18 — aul + Y Li(Jass| + bij| + leij]) <0,
j=1

fort=1,2---,n

From (13), we get DTV (t) <0, and so V(¢) < V(0), for all
t>0.

From (12) We have

) > Z t)+112(t)

n
eat

=D o l@i—a)® + (i — )] (14)
i=1

V(0) = 3 (@20
i=1
S [ij 0 2 e(n+7ij)
25 L]-ffnuj(s)e 17T dn
j=1 !
n Cij “+oo 0 s
0 G T Ky )Y, e ) dnjds)
=

n

2 2
Z{(@Dz(o —¢7(0)) + ($i(0)— 1# 0))

Z lb”‘L f . (0;(n — ¢ *(n))2e s(s+7i3) gy

Z |(LJ‘L f
x[f° e 5(”“)( i () —
< ||%0*;0*H2 + HJ}*;Z*\V

n
73 max (1L yeem || — o)

+z max{‘”“'L}f

—11<i<n
< [0, et dplds|p — H2
1 o T
<szl+ T]; lg%xn{\bi]—\Lj}eE

@i (n))*dn)ds}

S 1 * (|12 1, - 7k (12
+ 3 s el Zon(@llo— [+ 510 -1 1)

Since V(0) > V (¢), from (14) and (15), we obtain
> Gl —20)? + (vi — )7

1 - T
<zll+7X Jsx x {|bi;|L;}e®

1 N 1, - -,
+Z max {legi|Li—pjs(@llle =7 I” + 510 = ¢7[1”. (16)
By multiplying both sides of (16) with 2e~°t | we get

Sl =) o -

forall t >0 ,xvhere
M={1+7) max {\bij|Lj}62”
j=1 1<i<n

Y )’ < Me o — ™[> (A7)

3 L, [G—5"|)?
+ 20 max {lejilLicpii(@)} + =g b
From (17), we obtain

n

> (@i~

=1

z)? < Me ™o — o*|?, t>0.

By Definition 1, system (2) has one w— periodic solution
which exponentially stable.

IV. NUMERICAL SIMULATION

In this Section, we give two examples for 32 —4a; > 0 and
B? — 4a; < 0, respectively.

Example 4.1.  We consider the following inertial neural
networks with unbounded delay(n = 2)
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-0.2 L I

[¢] 5 10

15 20 25

t

Fig.1. Transient response of state variables )&(t) of Example 4.1

-0.2 L L I |
[¢} 5 10 15 20 25
t
Fig.2. Transient response of state variables >§(t) of Example 4.1
zl(t) Jdzi(t) o . C .
o) —Bi =5 — a;xi(t) case 1 with the initial state

+ ; aij fi(z;(t))

+ZC”/ K;j;(t

for i = 1,2, where o1 = 2, ag = 3, 1 = 3, [o =

2
+ ; bij fi(w;(t —7i5))

s)fi(z;(s))ds + Ii(t), (18)

1 1 1 1
a1l = 32’ a12 64’ a21 32’ a22 64’
1 1 1 1
bii=——, b —, b —, b —
11 327 12 647 21 327 22 647
1 1 1 1
C11 = 64’ C12 39’ C21 = 64’ C22 39
fi(z) = ssin(8z), K;j(x) =e™ %, I;(t) = —cos(8t)
fori=1,2.
Obviously,

[fi(x) = fily)| < |z —yl,

+oo +o00
K;;(s)ds = / e *ds=1, i,7=1,2,
0

i=1,2,

0
Li=1/4, i=1,2. )
We select L; = 1,f; = 1/8,I; = 1/4(i = 1,2),w = T,

hypotheses (H1) — (H2) are hold.
For numerical simulation, let 71 = 0.2, 795 = 0.3, 701 =
0.1, 792 = 0.4, the following four cases are given:

[901 (O)a 902(0)7 (21 (0)7 %(0)] =

case 2 with the initial state

[4)01 (0)7 (102(0)7 d)l (0)7 w2(0)] =

case 3 with the initial state

[1(0), p2(0),91(0),92(0)] =
case 4 with the initial state
[£1(0), 2(0), 41 (0), 12(0)] = [0.5,0.3,1.28,2.35].
Figs. 1-2 depict the time responses of state variables of x1(t)
and z5(t) of system in example 4.1, respectively.
On the other hand, by calculation, we have the following
results
5%—4&1:1>0, 63—40@:4>0, 1/)1‘(0)>0, 1=
1,2.

(0.3,0.2,1.5,2, 3];
(0.25,0.25,1.1,2.2];

0.4,0.1,1.15,2.24];

2
di = Y fillays| + [bys] + leysl] + I = 335,
J§1 . )
Z illazs| + [boj| + leasl] + T2 = 535,
= @2 {d:i} = £,
@1(0) > & = 0T ~0.1338,
02(0) > £ = {25 ~ 0.089.
Since 82 — 4a; > 0(i = 1,2), By Lemma 4 we have

M12%51+\/|51—401H—2,
u2=%ﬁz+\/|ﬁz—4az\]—3

M, = [2(51 1)?+2(B1— 2)2] -9

|8 —4ai| ’
2(Ba—02)?4+2(82-2)*11 _ /10
My =] 152 —das] |2 _1 5
N =
1 PR ST e
|83 —4a1|2 |ef1v—e 2 (e 2 +e” 2 )+1
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(a1 = B1)? + (2 — By)?]efre (eV/Bi—tanw
+e_\/ﬂf—74alw)+2(5% — ey }1/2 < T8t
Ny =
B35 —dagw 82 _dogw
83—tz ez —e 5 (e\/ - +e*\/2z =)
Aoz = B2)? + (2 — Ba)? ]eﬁw(emw
+€_\/ﬂ§_740‘2w)+2(52 40[ }1/2

hi = 29 (0) *\’/ﬂé(;%i(;) e/o) + di > 2 1= 1 2
ki = i(0) + +[ashy + Zlﬁ(|aij| + [bijl + leis )
_ i=
+L]>1, i=1,2.
h= 11“2_&12{2{\/3h2 + 2k} > V14
I(ep(—415) = E) 1 < N < iy
l(eap(~A2) = E) M| < N2 < 43
We have
I(exp(—Aiw) — E) ! |lwhiers
2

<[22 Li(lag| + [bij] + less) + 2] <1, i=1,2.
j=1

2
=2+ B —aa| + 32 Li(laji| + |bj]
=1
+o0o
+ ‘Cj1| fO Kjl(s)czls) = *% < O7
=281+ 2+ |81 — aa| + X (Jars| + [b1j| + |erz])
=1
— 183 < 0 ’
=24 [f2 — aa| + Z Lj(laja| + [bja]
+ lejal fo JQ(S)CQZS) = _% <0,
—2fB2 + 2+ B2 — az| + Y (Jag;| + |b2j| + |e2;])
j=1

_ 311 <0.

Then, the conditions of Theorem 5 and Theorem 6 hold,
the system (18) has one 7/4- periodic solution, and all other
solutions of system exponentially converge to it as ¢t — +o0.
Evidently, this consequence is coincident with the results of
numerical simulation.

Example 4.2.  For system (18), we let
5 5
== b =2 =
(03] 4’ Q@ 9’ /81 ; 52 37

1 1
) L) = — i=1,2,
filz) = 1283271(890) (t) 64003(8t) i

the other parameters are the same as that in Example 4.1.
Obviously,

@) = £0)] < 35

We select L; = 1=, f; = 1/128,I; = & (
hypotheses (H1) — (H2) are hold.

For numerical simulation, let 717 = 0.02, 715 = 0.03, 791 =
0.1, 792 = 0.2, the following four cases are given:

case 1 with the initial state

[£1(0), ¥2(0), ¥1(0), ¥2(0)] =

case 2 with the initial state

[901 (O)a ®2 (0)> (2 (0)7 ) (0)] =

case 3 with the initial state

[901 (O)a (102(0)7 d)l (O)a wZ(O)] =

case 4 with the initial state

- 1
Ii=—, i=1,2.
‘I y|a 7 647 ? )

i=1,2),w=

I

a3

[0.3;0.7;1.2; 2.1];
[0.1;0.5;1.1;2.2];

0.4,0.1,1.15, 2.24];

[01(0), ©2(0),%1(0), 42(0)] = [0.5;0.3; 1.2; 2.3).
Figs. 3-4 depict the time responses of state variables of x1 (¢)
and x2(t) of system in example 4.2, respectively.
On the other hand, by calculation, we have the following
results
B%—4a1 =-1<0, 63—40&2 =-1<0, 1/)1(0) >
0, i=1,2.

2 _
= 2 fillay| + bus| + leyl] + 1 = 570055,

j=1
2 - .
= Z Fillaz;| + [b2;] + ;] + Io = gr5otas
j=
¢= 1?}22” i} = erizss
01(0) > £ ~0.01338,
2(0) > £ ~0.0069
Since 82 — 4a; < 0(i = 1,2), By Lemma 4 we have
M1 = ?51 - 17
3
M2 = 5P2 = 3, )
— 9[201=28143+(|1=b1|+]|ar+1=F1])"11/2
[1_2[ a1 —25 = 4;1‘ 1 1 ]/
= V38
2
20528 +3+(|1=ba|+|a2+1-F2))%1/2
My = 2P Y
= 2\/67
N, = 2eP1w/2
L= 511202(1—e P1w/2)24 (5, —1)sin2610|
{26, -1+ [2(% —1)2+ (1+ o — B1)%sin*w

+ 351 6082(51(.0 + 2(616—51!0/2 + 1)2
— 231 (cosdiw + 1)2}1/2 < 6.5,

N 2682w /2
27 5,202 (1—c Baw/2)2+(52 1)sin26zw]

{26 -1+ [2(B2 =12+ (1 + ag — B2)?]sin*daw
+ 35 6082(52(,0 + 2(526_52“’/2 + 1)2
— 26;(cosdow + 1)}1/2 < 4. 64,

20004 Bi(i(0)—e/ai) | dy
hi = N + 3 >21—12
ki = 1:(0) + Eashi + Zlﬁ(|aij| + [bij] + leii)
_ J=
+1]>1, i=1,2
h= 11“2_82(2{\/3}112 +2k2} > V14,
[(eap(—A1T) — B)~| < Ny < 6.5.
[(eap(—A2F) — B) 7| < No < 4.64.
We have
[(eap(—Aiw) — E)~H lwM;ete
2

X [Z Li(lag| + bij| + |eiz]) +

Lj<1, i=1.2

24+ |1 — a1+ Z Lj(|aji| + [bj]

el o Kiuls s)ds) = —313 <0,
=2B1 + 2+ A1 —ai| + 7;(|a1j| + b15] + |e1jl)
=-3 <0, ) '
—2+4 B2 — az| + ;Lj(laﬂ\ + [bjz|
+ Jejol fO+OOJKj2(s)ds) =19 <,

2
=202 + 24 |B2 — o] + 3 (Jag;| + |baj| + |ca;])
j=1

_ 215

Then, the conditions of Theorem 5 and Theorem 6 hold,
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a0

Fig.3. Transient response of state variables >i(t) of Example 4.2

X0

15 20 25 30

Fig.4. Transient response of state variables )&(t) of Example 4.2

the system (18) has one 7/4- periodic solution, and all other
solutions of system exponentially converge to it as ¢t — +o0.
Evidently, this consequence is coincident with the results of
numerical simulation.

V. CONCLUSIONS

Since the periodic solutions for system is very important
in theories and applications. In this paper, we give theorems
to ensure the existence and the exponential stability of the
periodic solution for inertial neural networks with unbounded
delay. Novel existence and stability conditions are stated in
simple algebraic forms and their verification and applications
are straightforward and convenient.
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