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Explicit Solutions and Stability of Linear
Differential Equations with multiple Delays

Felix Che Shu

Abstract—We give an explicit formula for the general solution of
a one dimensional linear delay differential equation with multiple
delays, which are integer multiples of the smallest delay. For an
equation of this class with two delays, we derive two equations with
single delays, whose stability is sufficient for the stability of the
equation with two delays. This presents a new approach to the study
of the stability of such systems. This approach avoids requirement
of the knowledge of the location of the characteristic roots of the
equation with multiple delays which are generally more difficult to
determine, compared to the location of the characteristic roots of
equations with a single delay.

Keywords—Delay Differential Equation, Explicit Solution, Expo-
nential Stability, Lyapunov Exponents, Multiple Delays.

I. INTRODUCTION

ELAY Equations play an important role in mathematical

modelling. This is a consequence of the fact that effects
of delays are inherent in the dynamics of many systems
which are of interest to humanity. However, solutions of Delay
Differential Equations are difficult to get in explicit form in
general. This causes inconveniences in many situations when
dealing with Delay Differential Equations.

The classical method of solving linear Delay Differential
Equations is the step method. This is an iterative procedure, by
which the Delay Equation is solved on successive intervals of
a suitable length, if an appropriate initial function is specified.

If the equation has more than one delay or even if it has one
delay but is multidimensional, then the terms of the solution
obtained using the step method do not always follow easily
recognizable patterns. This makes it difficult to find explicit
representations for solutions of these equations.

In [3], we gave an explicit formula for the solution of a two
dimensional irreducible linear system of Delay Differential
Equations. The formula was used in [4] to prove a stability
result for these systems.

The use of the explicit formula in the study is advantageous
compared to traditional approaches to the study of the stability
of these systems in that it does not require knowledge of the
roots of the characteristic function of the multidimensional
system, which in general are difficult to find.

In what follows, we shall prove similar results for one
dimensional equations with multiple delays. We will give a
formula which is applicable to obtain an explicit representation
of the solution of any linear Delay Differential Equation of the
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form
d j?’
At) = az(t)Jr;bjz(tf ) 120, (1)

2(t) = »(b), tel-ro 2)

where (by,...,bq) €RY r >0, acR, de{l, 2, 3,...}
and ¢ is integrable and use it in proving a stability result for
solutions of these equations when d = 2.

Although the method is applicable to the case d > 3, our
interest in the case d = 2 is mainly due to the fact that the
computations and notation involved can be kept simple.

II. PREREQUISITES

In this section, we fix notation and the conventions by which
we abide in the sequel. Throughout, N := {1, 2,---} N, :=
Nu{0}, Z:=N,U{-n:neN},deN, r>0, aeR,
(b1,...,bg) € R? and we consider the equation (1), (2).

We shall deal with vectors of real numbers as well as sets
of real numbers. By a vector, we shall understand an ordered
collection of objects, which are not necessarily distinct. A set
will be a collection of objects whose members are distinct, but
not necessarily ordered. For a vector X of numbers, we will
use the notation {z € X : C} to refer to the entries of X for
which the condition C holds and §{z € X : C} will denote
the number of entries of X, for which C' holds. We shall use
the same notation for sets but it will be clear from the context
whether we are dealing with sets or vectors. We shall use the
usual notation (x1, zg, ..., Z,) for n-dimensional row vectors
with entries xq,...,x,.

() shall denote either the empty set or the empty vector i.e.,
the vector with no entries.

0 will be a numerical symbol with value 1 and hence 0z =
z6 =z for all x € R.

Given the equation (1), we associate with it, the sequence
{Em}, ey of sets, defined by

0 : m<o0
En = {0} m=0
U;'izlbjEm—j m > 1,

and define F := U{E,,

bjEm_]‘ = {bjib S E’m—j}~

Remark 11.1. (z) To enable elements of FE,, to be distinct
and hence, that E,, is actually a set, products b;z in
the definition of E,, shall not be commutative. Note that
elements of E are algebraic expressions involving the
coefficients by,...,bq in (1) and 0. If x € R, then we

m € Z}. In this definition,
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define z{) := ). The symbol 0 will be used to represent the
real number zero. Expressions having numerical value
zero shall also be represented by this symbol, where it

is convenient to do so.
mX

We shall write " for the product - .-z and replace
expressions having value 1 by 6, where it is convenient.

(i) Let m > 1 and n > 1, then
d d d
E, = Uj1:1bj1Emfj1 = Ujlzl Uj2:1 bjlbj2E7”7j17j2'

If we proceed this way, then after n recursions we arrive

at B, =
U=y - U 1 by =05, By 3)
Foranyn>1landm > 1, Ep_j ... =
@ m_jl_"'_jn<0
. . 4
{{9} m—ji—-—j,=0. @

From (3), it follows that for any n > 1 and (j1, ..., jn)
such that j; € {1,...,d}, | = 1,...,n, we have
bj, b, Em_j—..—j, S Ep and hence by (4), if
m—jp—---—3jn=0,then b; ---b; € Ep,.

(#i7) From (i%), it is obvious that for m > 1, elements of
E,, are precisely the elements b;, ---b; of E for which
m=j1+-~+jn j1 €9{1,...,d}, 1 €{1,...,n}, for
some n > 1.

The following notation will be used in many of our argu-
ments:

Definition IL.1. If x € E, then we define
(i) e(x) ::{ (jl""dng)) v 70, @ =bj by,

x=40.

() B(z):=0, ifc =0 and
ﬁ(l’) = {il,...,ik}, lfiL' 75 0,1 <i;1<...<i<d
where i1,...,i; are the distinct entries of &(z).
As an example, if (z) = (2,1,2,3,1,2,3) then B(z) :=
{1,2,3}.

(i) ma(j) ==#{l€e(x):1=4}, je{l,....d}.

W x(@) = ((i,m2(i1)), - -, (i, ma(ix))), if = # 0,
B(x) ={i1,...,ix} and x(x) := (0,0) if z = 0.

Remark 11.2. (i) If =, y € E, then x(z) = x(y) <
B(x) = B(y) and m,(j) = my(j) for all j € B(z) —
e(z) is a permutation of £(y).

Also note that if z € E, x # 6 and (v, w) is an entry of
the vector x(z), then v > 1 and w > 1.

(@) If @, y € E, e(x) := (j1,---,Jn) and &(y)

(k1,...,km) then we define the vector (e(z),e(y)) by

(E(lf),€(y)) = (.jl? e 7.jn7 k17 ey km)
For the product xy we have
(E(w)»f(é/); x #z and y # 0
elx)  y=
e(wy) = e(y) + z=46

0 : x=0andy=0.

(¢13) From (i), if o, y € E, then mgy(j) = my(j) +
my(j), 7€{1,...,d}.

(7v) We will make it a convention that the order of the indices
in the definitions of x(x) and B(z) is the same, and is
such that 1 <71 < --- <1 < d.

Definition IL.2. For x € E, we define

p(x) = > my(i), q(z):= >, imy(i) and
{iep(=)} {iep(=)}

v(z) == (mg(2))!.
{ieB(z)}

Note that p(f) = ¢(f) = 0 and v(#) = 1 since 3(0) = 0.
The following lemmas are a consequence of the preceding
definitions and remarks:

Lemma IL1. (i) Ifz,y € E, then p(zy) = p(x)+p(y) and
q(zy) = q(z) + q(y). Further,

(i) if B(z) N B(y) =0, then v(zy) = v(x)v(y).

Proof: (i) If ¢ = y = 0, then zy = 6, hence since
p(#) = 0, it follows that p(zy) = p(z) + p(y).

If 2 =6 and y # 6, then zy = y. Therefore p(zy) = p(y)
and hence p(zy) = p(z) + p(y), since p(z) = 0. If y = 6 and
x # 0, then the argument is similar.

Assume now that z #* 6 and y # 6. Let
x(@) = ((i1,mq(ir)), ... (ik,ma(ix))) and x(y) =
(G1,my(31))s - - - (i, my (50)))-

Now B(zy) = (B(=)\B(y)) U (B(y)\B(x)) U (B(x) N B(y)).

which is a disjoint union. Using Remark I1.2(#47),

play) = Y may(i)
{i€B(zy)}
= S mayi) + S mgy (i) +
{i€B(@)\B(y)} {i€B(y)\B(2)}
S may(i)
{i€B(=)NB(y)}
= Z mg(i)  + Z my(i)  +
{i€B(x)\B(v)} {i€B(y)\B(x)}
S (ma(i) +my (i)
{i€B(=)NB(y)}
{(i€B(@)\B(¥)} {ieB@)NBy)}
+ > my (i) + > my (%)
{(i€B(y)\B(2)} {ieB(@)NB(y)}
= > m(i)+ X my(i)=p(x)+py).
{i€B(2)} {(i€B(y)}

The proof of the second assertion of (¢) is similar.

(i) v(zy) = T ma(i)!
{ieB(zy)}
= I me®! ] ma)!=ov(@)o).
{iep(z)} {ieB(y)}

Lemma IL2. Forany j € {1,...,d} and z € E,

() p(bjz) = p(x) +1
(i) q(bjz) = q(x) +J.
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Proof: By Lemma IL1(¢), p(bjz) = p(b;) + p(x) and
q(bjz) = q(b;) + q(z). Since €(b;) = (j), it follows that
B(b;) = {j} and my,(I) = 05, I = 1,...,d, where § is
the kronecker symbol. Therefore, p(b;) = my,(j) = 1 and
q(b;) = jma, () = j. n
Lemma IL3. (i) For m > 0 and z € E, q(x) = m if and
only if x € Ep,.
(1) Ifd=1, then forallm > 1, {x € E,, : 1 € B(z)}
(#i) If d = 2, then for all m > 2, {x € E,, : 1 &€ B(z)
{5y : m =2k
0 : modd.
(iv) Ford>1,{z € E,, : 1 ¢ B(z)} #0 forallm > 2 <
d>3.

0.

—

Proof: (i) Form =0,z € By <=z =0 < ¢q(z) = 0.

Let now z € E, m > 1 and x(z) =
((¢1,mz(41)), ..., (ix,mg(ix))) for some k > 1. For
n > 1, let

an = {bj1bj2 "'bj” cFE: jl S {174..7d},
n

I=1,...,n and Zjl:m},
=1

then by Remark II.1(%i%),

e b, < xc€U Qmn
< iymg(in) + - - +igma(ir) =m  (5)
= q(z)=m, (6)
where (5) and (6) follow from the definitions of the quantities
x(x) and g(z).
(#t) Here, we simply note that if d = 1, then E,, = {b7*}
for all m > 1 and so {1} = S(z) for all x € E,,.
(7i7) Let d = 2, k > 1 and m = 2k, then
x € Fo, and 1 ¢ f(x)
= rE€ b By 1UbEyy_1y and 1 & B(x)
e zEbyByp 1) and 1 ¢ B(x), @)

where (7) follows from the fact that 1 € 8(byx) forall z € E.
Therefore,

T € Fop and 1 & ﬁ(l’) — T c bQEQ(k.il) and 1 ¢ 5(.27) 8)

We will now prove the assertion by induction on k. When
k = 1, then Ey = {b3,by} and thus the assertion is true
for £ = 1. Assume that the assertion is true for £ = n, for
some n > 1, ie, x € Eg, and 1 € B(z) < = = bj.
Using (8) and the assumption of the induction in this order,
for k = n+1, it follows that 2 € Ey(,, 41y and 1 € B(z) <=
x € boFEyy, and 1 ¢ B(z) <= = = bg“.

Let now d = 2, £ > 1 and m = 2k + 1, then arguments
similar to those made in the case m = 2k, lead to the following
conclusion:

x € Eypq and 1 ¢ B(x) <= o =b5by and 1 ¢ B(x). (9)

Since 1 € {1,2} = B(b5b,), the right hand side of (9) is a
contradiction, implying that {x € E,,, : 1 & 8(z)} = 0.

(iv) Assume first that d > 3. If m > 2, then m = 2k + j,
where j € {0,1} and k > 1. If m = 2k, i.e. j = 0, then it
follows from (i) that b§ € Fay, since ¢(b%) = 2k. Similarly,
if m = 2k+ 1, ie. 5 = 1, then it also follows from (¢)
that b3b12€71 € Esi41. Note that the assumption that d > 3 is
relevant, in order that bs should exist. It is easy to see that
1¢ B(b5) and 1 & B(bsb ).

For the other direction of the equivalence, assume on the
contrary that d < 2. We have to show that there exists m > 2,
suchthat {z € E,, : 1 € B(2)} =0.Ifd =2 and m > 2 is
odd, then by (iii), {x € Ep, : 1 € f(z)} = 0. If d = 1 and
m > 2 is arbitrary, then by (i), {z € E,,, : 1 & B(z)} = 0.

| ]

Lemma I14. Let d > 1. If n > 1 and ¢ : E — R, then

dAn n—j

)OED SIS S5 SIS SRR}

m=1{z€E,} j=1m=0{z€E,,}

Proof: Since E,, = U?zlbjEm,j, a disjoint union, we
have

YT we)

m=1j=1{z€Emn_;}

YY)

j=1m=1{z€E,,_;}

>

fj > Y@ =

m=1{z€E,,}

3
|
<

Since E,, = 0 for m < 0, using the convention that
> f(x) = 0 for any real function f, it follows that
{z€n}

n—j dAn n—j

Xd: ST W) =33 Y v(ba). n

j=1m=1-j{z€E,,} j=1m=0 {z€E,,}

III. EXPLICIT SOLUTIONS OF LINEAR EQUATIONS WITH
MULTIPLE DELAYS

Definition III.1. (i) We call a real valued function
z: [—r 00) = R, a solution of (1) (2), if it is continuous,
satisfies (1) Lebesgue almost everywhere on [0 0o0) and
(2).

(i) The fundamental solution associated with (1), is the
solution of (1) (2), when ¢ in (2) is given by o(t) =
1{0} (t), te [*T O]

If ¢ in (2) is arbitrary but integrable, then it can be shown
that the solution to the equation (1) (2) which we denote by
2%, is given by z#(t) := ¢(t), t € [-r 0] and for t > 0

d 9 )
2%(t) == z(t)p(0) + Z b, / z(t —s— %)gﬁ(s)d& (10)

d

where z denotes the fundamental solution. In view of this, we
shall first of all be interested in determining the fundamental
solution of (1).
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Proposition IIL.1. Let d > 1 and consider the equation (1).
Let z(t),t > —r denote its fundamental solution and

1{0}(t) S [—T‘ 0]

y(t) = =

> > Wtz p(x),q(z),d) t>0,

=0{z€E,,}
where

t— o)k
ity k1) = o2 expfae — 1)),
k! d

then y(t) = z(t) for all t > 0.

Proof: Since z(t) = y(t) for all ¢ € [—r 0], we will show

by induction that z(t) = y(t) on the intervals [%F @]7 n=
0,1,2,--

Let t € [0 %), then [%] = 0, hence by (11), y(t) =
h(t,0,p(0),q(0),d) = e

Solving (1) on the interval [0 %), with the initial condition

z(t) = 1{0}(), t € [ r 0], we have z(t) = e +
/ alt— S)Zb 2(s — = = €™, since for s € [0 %),
0 )
2(s — %) =0, j= .,d. This shows that z(t) = y(t)
forall t € [0 %).
If t = 2, then [#] = 1. Since Ey = {0}, By = {b},
r
p(0) = q(0) = 0 and p(b) = q(b)) = 1, y(3) =
1
> Y b wp().aw).d)
m=0{z€E,,}
_ ,ag b r Tyeali—5) — paf
e g T e

f) = %4, Therefore, z(t) =

Also, since z is continuous, z(d

y(t) for all t € [0 §].

The assertion is therefore true for n = 0.

Let n > 1 and assume that z(t) = y(t) for all ¢t €
[@ E) and k = 1,...,n. We will now show that
z(t) = y(t), for all t € [’" (”t]m}.

By assumption, z(t) = 1o (t), t € [—r 0] and for ¢t €

0, %1,
[%]
h(t,z, p(x), q(z), d). (12)
m=0{z€E,,}
Ifl<n<dands€[”r ("H)T) then s— 27 € [— 7’0) for
j=n+1,. dandhencez(s——)—o j=n+1,...,d

Ifn>dand s € [% %) then s — 1% > 0 for all
=1,...,d and hence since s € ["F W)
(5= )] = n

€ & @) then for any j € {1,...,d}, z

if and only if
— j, it follows from (12) that for n > d, if

(s = 4) =

h(s,z,p(x), (5 + q(z)),d) otherwise.
m}

3
g
=
S

m
&

an,,

Hence for t € [ZF @), 2(t) = et z(%) +
dAn n—j
/a“ UYL 3 e p@, o+ a(@),dyis =
= m=0{z€FE,,}

(1= 2) z": > (%, z,p(),q(x),d)

m=0 {z€E,.}

dAn n—j (G+a(@)r\p(x)
+ Z b; I/Ada‘x

o Lo p(z)!

j=1m=0{z€E,,} nr
expla(t - WH

R
m=0{z€FE,}

dAn n—j

+ Z Z Z h(t, bz, (p(x) +

J=1m=0 {z€Epn}

1), (¢(x) +4), d)

dAn n— nr (J+G(T p(z)+1 )
DI I et
p e b 1)
(nr — q(Z)T)p(:v) o)
Letting ¢ (z) := w%e 2 ) in Lemma
z)!
II.4 and using Lemma II.2, we obtain
2(t) = e +
dAn n—j

SN0 DT it bz, (p(z) +

1), (¢(x) +4), d).
j=1m=0{z€E,,}

Using Lemmas 112 and IL4 again with ¢(z) =
Wt (), g(x), ), we get

t) = Z Z h(t,z,p(x),q(z

(z),d) = y(t)
m=0{z€E,,}
1
Therefore, y(t) = z(t) for all ¢ € [% Q)
Since z is continuous on [0 o0), z (@) =

i s =30 3 a0, 0.0

m=0{z€E,,}
Also,

y(”“ ) Sy gty LD o (o). @), a)

m=0{z€E,,}

. 1
P VDIRIE
d
m=0{z€E}
equality results from Lemma I1.3(7). Therefore, z(t) = y(¢)

for all ¢ € [2F ("zl "] which completes the proof. ]

x,p(x),q(x),d), where the last

The following result which we will need is well known:

Corollary III.1. The fundamental solution of the equation,
Z2(t) = az(t) + bz(t — 1), t > 0 is given for t > 0, by
[+]

bm
z(t) = —'(t —mr)™

m=0

3l

exp{a(t —mr)}.
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Proof: For the proof, let d = 1 in Proposition III.1 and
note that in this case, b = by, hence E,,, = {b™} and ¢(b™) =
p(b™) = m, for all m. |

For the rest of this section, we assume that d > 3. By virtue
of Lemma I1.3(iv), we define the following sets My, for k € Z
with M}, non-empty, k£ > 0:

 : k<O
o {0y : k=0
My = b} : k=1

{reEy:1¢8(x)} : k>2.

Lemma III.1. Let m > 1 and x € E, then x € E,,
only if

. If and

@ x(z)=(1,m) or
(b) there exists n € {1,...,m — 2} and y € M,,_,, such
that x(z) = ((1,n), x(y)) or

) € M,,, m?>2.

Proof: Let m > 1 and x € E,,, then x = b;, ---b;, for
some k € {1,...,m}, where j, € {1,...,d}, l € {1,...,k}.
By Lemma I1.3(¢), g(z) = m, hence, either & = m in which
case j; = 1 for all I € {1,...,k}, ie. x(z) = (1,m) or
1 ¢ B(x) in which case x € Mm, m > 2 or there exists n such
that 1 < n < k < m and m,(1) = n. In this case, x = b}y
for some y € E with 1 ¢ S(y) and y # 6 since n < m and
q(xz) = m. Since 1 &€ S(y), it follows that y # b; and hence
y & {0,b1}. Since x(z) = ((1,n),x(y)) and q(b}) = n, it
follows from Lemma II.1(¢) that ¢(y) = m—n. Lemma I1.3(3)
now implies that y € E,,_,. Since y & {6, b1}, it follows
that ¢(y) > 2 i.e. m —n > 2 and hence n < m — 2. Since
y € By, and 1 & S(y), it follows that y € M, _,,.

The other direction of the equivalence follows simply from
the fact that if z satisfies (a) (b) or (c¢), then ¢(z) = m and
hence Lemma I1.3(z) implies that x € E,,. |

w9
~

Let us define the following relation on E;forz, y € E,

z~yif x(z) = x(y).
“~” is an equivalence relation on E. For z € E, let [z] denote
its equivalence class relative to ”~” and E\ ~ be the quotient
set of E relative to “~”, then E = U{[z] : [z] € E\ ~}.
If z is such that x(x ) = ((41,mx(41)), . - -, (ix, ma(ir))),
define

T o= btnz(il)bmz(iz) .

. bmx (lk)

2

We will chose T to represent [z]. & shall represent its class,
ie. 0 =0.

We note that if z € Ej, k > 1, then since 0x = x6 = x for
all z € R, 7 = b7y, where y € My_,,_1), my(1) > 0
and b9 = 0.

0 : k<O
{T S Mk} k>0,
then it follows that x € M, <= T € M}, and hence by

Let Mk = {

Lemma III.1, for m > 1,

r€E, < Te{b"'}UU,;
— Te{btuuUr 2b"{y cy € My}
= TE{PIUUT I M s
= T DI} UURLTTFM.

Since M = {b;} and b* = b 1by, it follows that = €
E,, <= T € U b "Mj. Let

Cp o= U’]’cnzlb’in_kﬂka m 2> 1,

then by Proposition III.1, for ¢ > 0,

dt]

= ‘lt—i—z Z h(t,z,p(x

m=1{z€E,,}

+q(x),d)

(%]
=< > )
m=1{zel} {y€Em:ycla]}
If y € [z], then p(ZT) = p(y), ¢(T) = ¢q(y) and further T
and y have the same numerical value.
Therefore

h(t,y, p(y), q(y),d).

[dt

2(t) = e+

5|

> )T, p(E), ¢(T), d)
m=1 {zel',,}

(2] _ _
ey Y h(t,Z, p(T (f;()x),d)p(x)!7 (15)

m=1{zel',,}

where (15) follows from the following Lemma:

p(x)!
v(z)’

Proof: The assertion is easily verified for x € Ey. We
will assume henceforth that € E,,, m > 1. Let x(z) =
((i1,mz (1)), -, (ix, mz(ik))). In view of Remark I1.2(¢), to
determine #]x], we determine the number of possible ways of
dividing mz(il) + -+ my(ig) distinct objects into k groups
of sizes my(i1), ..., my(ix). Each of these ways corresponds
to e(y) for some y for which X( ) = x(y), ie. y € [z]. This

Lemma IIL.2. Let x € E, then f[z] =

] i
number is given by (M (i) + -+ ma (1))} p(x) . n
mJ(Zl)'mL(’Lk)' ’U(CIZ)
ket ht dp(z)!
Ht, 2, d) = L2 P(@) 0(), dp(a):
v(z)
(t — 9@ yp(@) galt—4F)

B v(z) ’

then it follows that

a8

(]
NE

[
H(t, bz, d)

{zeM}}

Zt) = e+

3
I
—
o~
Il
n

Q‘&
B

= "4 > H(t b rEd).
k{zeMy}

=~
Il

1m

We have thus proven the following Theorem:

2oty y € My} UM,
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Theorem IIL1. For d > 3, let z(t) be the fundamental
solution of (1), then for t > 0,

(4] [44]

) =e"+) > > H(t b Fa,d).

k=1m=k {zeM}

IV. THE EQUATION £(t) = az(t) + bz(t — g) +ez(t— )

When d = 2, it follows from Lemma 11.3(ii%) that M;, = )
for odd k > 2. The sets Mo, which are not empty have a very
simple structure. We will derive a more explicit representation
of the fundamental solution in this case to use in our study of
stability.

Lemma IV.1. Let d = 4 and for m € N, let

Npi={x € Ep,: B(z)N{1,3} =0}, Ny :={T: 2 € N}
and
A o= {B77%900 1 :07...,[%1}. (16)

(i) If m € N, is odd then N, = 0.
(ii) For all m € N,, it holds that

Nom = Am. (17)

Proof: (i) The assertion is clear when m € {0,1}. We
will now show that if m > 2, by =b3 =0, by #0, by #0
and there exists © € E,,, which has a numerical value different
from 0, i.e., B(xz) N {1,3} = 0, then m is even. Since = €
E,,, m > 2, by = b3 = 0 and x has a numerical value
different from 0, T = b32b3*. Therefore, g(z) = m = 2, +
4oy = 2(a2 4 2a4) and hence m is even.

(#4) We will prove (17) for m = 2k + 1, k € N,, the proof
for m = 2k being similar. Let m = 2k + 1, with k € N,.. It is
easy to see that A,;, C No,y,. On the other hand, let z € Ny,
then z = b§b], with j > 0, o > 0 and ¢(z) = 2m = 2a+4j.

Therefore m — 2j = «, j > 0, a > 0. This is equivalent
to saying that z = bganbel, where 0 < j < %. Since m is
odd, 0 < j < [F], showing that 2 € A,,. ]

We can now prove the following theorem:

Theorem IV.1. Let z(t) be the fundamental solution of
T
2(t) = az(t) + bz(t — 5) + cz(t — ), then for t > 0,

— bmet m + 2k)r )
) = 2 2a ik -1 +2 Myt
exp{a(t — M)} (18)
Proof: Let z be the fundamental solution of the equation
2(t) = az(t)+brz(t — g) + boz(t — 2747") +
bsz(t — %) + byz(t — %), (19)

We shall set by = b = 0, i.e., the solution we obtain is the
fundamental solution of the equation,

2(t) = az(t) 4+ baz(t — %) + byz(t — ), and then we show

that for ¢ > 0, z(t) is given by
(] [3]—-2k

2(t) = Y Y H(t,by'b},4). By Theorem IILI, the

k=0 m=0
fundamental solution of (19) is given for ¢ > 0 by

(%] [

) =e+ Y > > H(tb T4

m=1k=m {zcM,,}
(]

= e 4 Z Z H(t,x,4) (20)

m=1 {z€M}

H(t,z,4) @21
m=0 {2€Mam}
(3[24])
= > > H(tx4) (22)

(20) holds because b; = 0, while (21) holds because of Lemma
IV.1(2) and (22) holds because b3 = 0. By lemma IV.1 (i7),

(3[40 1]
2t) = D) H(t, by Mk, 4)

m=0 k=0
(332 [£144)

= H(t, b2k 4)
k=0 m=2k
(4] (2]

= ) H(t, b~ 2kpk 4)
k=0 m=2k
(£ [2]-2k

= H(t,bobk 4).
k=0 m=0

Remark 1V.1. Note that the expression obtained when ¢ =
(%]
~ b mr mr
. . o e _ M Nm a(t_i) .
0 in (18) is y(t) := mz;O " (t 5 )"e 2 ) which by
Corollary 111 is the fundamental solution of ¥(t) = ay(t) +
by(t — %) on [0 co) and the expression obtained when b = 0
]

in that formula is w(t) := Z %

is the fundamental solution okf {)U(t) = aw(t) + cw(t — r) on
[0 co). This is what we would expect, but it suggests more:
it suggests that some properties of solutions of equations with
multiple delays may be deduced from properties of solutions
of equations with single delays. This is indeed the case as seen
for example in what follows.

(t — kr)ke® k") which

Lemma IV.2. For t > 0, consider the equation

) = az(t)erz(tfg)Jrcz(tfr). 23)
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Let G denote its fundamental solution and x* be the funda-
mental solution of the equation

ar

+ (bl )a(t - ). 4
then
|c|

i< Y 9

m=0

(t —mr)™z* (t — mr)ez =™ (25)

Proof: Since [2] — 2m = [2U=mn]

theorem IV.1 that for ¢t > 0,

, it follows from

IG(t)] =
[ ] [2“ mw)] k_m k (k+2m)r
O S B A
m=0 k=0 '
G [2omn) b (e )
_ & &(t—mr) v\ ")
B |mz=: m!62 kzzo k! %
(t—mr )k+mei(t mr— )|
L [el s (e %)
< W(t —mr)"e? Z X
m=0 k=0
(t —mr )k §(t—mr—15)
By Corollary III.1, it follows that for ¢ > 0,
[l m
G <> %e%@*mﬂ(t mr)™z* (t — mr). [
m=0 '

Using the notation of Lemma IV.2 we have the following
corollary:

Corollary IV.1. (i) There exists Ao € R for which the
following holds: For all X > \o, there exists a constant
M(X) > 0 such that |G(t)] < M(XNwx(t), t > 0, where
wy is the fundamental solution of w(t) = (§ + Aw(t) +
le|w(t — r).

(il) Let \o be as in (i). For each X > M\, there exists
to(N) € R such that for all uyx > po(A) we have
|G(t)] < M(X, py)ert for some constant M (X, f1y).

Proof: (i) Let h denote the characteristic function of (24).
By [1], Theorem 5.2, if A := max{Re A : h(\) = 0}, then
for all A > A, there exists a constant M (\) such that z*(¢) <
M(M\)er, t > 0. From this and Lemma IV.2, it follows that
for A > Ao,

(t —mr)me(EHNE=mr) - (o6)
= MNwx(t).  @27)

(73) Let Ao be chosen such that (¢) is satisfied and A > X.
Again by [1], Theorem 5.2, there exists po(\) such that if
px > po(N), then wy(t) < M(uy)etrt for some constant
M (py). We can now set M (A, py) := M(A)M (). |

Corollary IV.2. Let ¢ : [-r 0] — R be bounded and
integrable and consider the equation (23) with the initial
condition z(t) = ¢(t), t € [-r 0]. Let 2% denote its solution.

(1) There exists a constant \g € R for which the following
holds: If A\ > Mo, then there exists jio()\) such that
limsup 11n|2#(t)| < pa and limsup + ln|z*"( )< pa
for ail x> po(M). o

(i) Let S be the region of the plane R? defined by
S = {(u,v) ER?:u < Lutv<0,—v < ysiny +
wcosvy}, where v = v(u) is the root of

_{utanfy O<y<m u#0

us . —

If (%, lorle=5") € S and (%, |c|r) € S, then
limsup 1 In[29(t)| < 0 and hmsup In|2z%(t)| < 0.
t—o0

Proof: From Corollary IV.1(ii), there exists a constant

Ao € R, such that for all A > )\, there exists ug(A) such

that if uy > po(A), then |G(t)| < M(A pr)etrt, t > 0

for some constant M (A, py) > 0. For x € [—r 0], let
0

[tz )

holds that for?cz 0,

= /|G(t — s — x)||p(s)|ds, then from (10), it

r

1220 < |G@eO)] + [BIf (£, 5, %) + el f(E, 7, )

.2
<IGDIleO) + (b [ I £ 5. 1) + el [ @ [ f(E 7, 1)

Let A > A\ and py > po(A), then

0
flt,z,1) = /\G(t_s_x)‘ds
i 0
< M()\7/4)\)/€/L)\(t737x)ds
-
<

—r

0
where K(\,z) := M(\ py) [ e 6+ ds, Let K(\) =

max{K (X, %), K(\,7),1}, then f(t,z,1) < K(\)er,
If C(A pa) = KA) || ¢ [| (M(A pa) + [b] + [c]), then
|2 (t)| < C(A, pa)e”t and hence limsup 2% (t)| < pa.
t—o0

The second assertion simply follows from the observation
that |2%(¢)] < |al|2#(t)] + [bl|z#(t — §)[ + |el[2#(t — r)| and
using what we have just shown.

To complete the proof, we will show that if (%4 ,or|e™ 1 ) €
Sand (%4, |c|r) € S, then we can choose 1) such that py < 0.
By [2] Proposition 2.7, if (9, @e%ﬂ) € S, then \g < 0
and hence we can choose A such that A < 0. By (26), it

follows that for this A, wy(t) < Z (t —myr)Me’ tmmr),

If (4, |c|r) € S, then applying [2] Propos1t10n 2.7 again, we
can choose pux < 0 and M (X, puy) > 0 such that wy(t) <

%(t —mr)es =)< M, py et |

m=0

M(A, u)\)e“*t/e_“*(s"'z)ds < K\, z)ert
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