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Exact three-wave solutions for high nonlinear form
of Benjamin-Bona-Mahony-Burgers equations
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Abstract—By means of the idea of three-wave method, we obtain
some analytic solutions for high nonlinear form of Benjamin-Bona-
Mahony-Burgers (shortly BBMB) equations in its bilinear form.
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|. INTRODUCTION

HE generalized Benjamin-Bona-Mahony-Burgers equa-
tions has the following form

U — Ugzt — QlUgg + BUig + (g(u))w =0, 1

where u(x,t) represents the fluid velocity in the horizontal
direction z, « is a postive constant, 5 € R and g(u)
is a C2-smooth nonlinear function. In the physical sense,
equation (1) with the dissipative term —au,, is proposed
if the good predictive power is desired, such problem arises
in the phenomena for both the bore propagation and the
water waves. Benjamin-Bona-Mahony-Burgers equations have
a specia kind of solutions: the solitary waves and the property
of existence of a finite number of quantities (with physical
interpretation) conserved by the solutions. The temporal decay
rates of the solution of (1) and its special cases are studied in
a number of works. [1] studied the large-time behavior of the
globa solutions to the Cauchy problem for (1). [2] used the
decomposition method for the numerical solution subject to
appropriate initial condition of (1) to consider solitary-wave
solutions of generalized BBMB equations. [3] applied vari-
ational iteration method and homotopy perturbation methods
to derive approximate explicit solutions for a special form of
(2). [4] used hompotopy analysis method to BBMB equations.
[5] concerned (1) for special case « = 1 and 3 = 0, in this
specia case we have the long-wave equation

Ut — Uggt — Ugx + (g(u))ab = 0 (2)

[6] implemented the Exp-Function method, to solve equation
(2). [7] considered a high nonlinear form of BBMB equations
in the following form

Ut + Uggy — 3 (uv)w - 07

©)

Uy = Vy,

and presented some exact solutions for it by the Exp-function
method. [8] investigated the exponential time decay rate of
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solutions toward traveling waves for the Cauchy problem of
equation (1). In this paper we consider equations (3) and solve
it by three-wave method. By this method we obtain some exact
solution for equations (3).

This paper is organized as follows: In the following section
we have a brief review on the three-wave solution method.
In Section Ill, we apply the threeewave method to obtain
some exact solutions of (3). Finaly, the paper is concluded
in Section V.

Il. THREE-WAVE METHOD

Dai et al. [9], suggested the three-wave method for nonlinear
evolution eguations. The basic idea of this method applies the
Painlevé analysis to make a transformation as

u="T(f) 4

for some new and unknown function f. Then we use this
transformation in a high dimensional nonlinear equation of
the general form

) =0, (5)

where v = wu(z,y,t) and F is a polynomia of u and its
derivatives. By substituting (4) in (5), the first one converts
into the Hirota's bilinear form, which it will solve by taking
a special form for f and assuming that the obtained Hirota's
bilinear form has three-wave solutions, then we can specify
the unknown function f; cf. [9], [10].

F(u7 Uty Ugy Uyy Uz y gy Uyyy Uzzy "

I1l1. SOLUTIONS OF HIGH NONLINEAR FORM OF
BENJAMIN-BONA-MAHONY-BURGERS EQUATIONS

In this paper, we investigate explicit formula of solutions of
the following high nonlinear form of Benjamin-Bona-Mahony-
Burgers (BBMB) equations given in [7]

Ut + Uggr — 3 (uv), =0,

(6)

Uy = Uy,

where u = u(z,y,t) : Ry x R, x R} — R.
To solve (6), we introduce a new dependent variables u, v by

u=="2f) , v=-2(nf)g, @)

where f isan unknown real function which will be determined.
Substituting equation (7) into equation (6), we have
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where the D-operator is defined by
DIDED} f(x,y, 2,t) - g(x,y, 2,t) =
(s = )" o = o) — )"

[f (21,91, t0)g(w2, Y2, t2)],

and the right hand side is computed in
T1=Ta=2T, Y1 =Y2 =Yy, t1 =ta =t
Now we suppose the solution of (6) as
fz, & t) =e % +8; cos (&) + 0y cosh (€3) 4 dze* (9)

where

§i =ax+by+et, i=1,2,3 (10)

and a;, b;, ¢;, 0; are some constants to be determined later.
Substituting eguation (9) into equation (8) and equating all
coefficients of sin(&s), cos(&2), sinh(€3) and cosh(&3) to zero,
we get the following set of algebraic equations for a;,b;,c;,
8, (i=1,2,3)

3as?ai1by + bscs + 3a12bsas + c1by + a13by + bzas® =0,
a13b3 4+ 3bsas’a; + az3by + 3a12bias + bscy + bics = 0,
baas® + 101 + a13b1 — 3a12baas — bace — 3asai1by =0,
bico 4+ 3aibias + baci — as®by + a13bs — 3bsas?ar =0,
bscs — 3asbaas + bzas® — bacy — 3ax?bsas + baas® =0,
3bsazas — 3bsas?az — az3bs + az®ba + bacs + byca = 0,

3522b303 + 16 a13b163 + 4512a23b2 — 512b202+
4522a33b3 +4¢1b163 = 0.

(11)
Solving the system of equations (11) with the aid of Maple,
yields the following cases:

A. Case 1.

(11:0,3:()2:61:(23:0,02:0,% (12)

for some arbitrary real constants as, d1, do and d3. Substitute
(12) into (7) with equation (9), we obtain the solution as

fz,y,t) = e 5 4 6; cos (&) + J cosh (£3) + dzet?
and

u(z,y,t) =
(13

61 sin(€2)as (—b10751 +02 sinh(§3)b3+§3bw§1)

-2 (0_51 461 cos(€2)+62 cosh(§3)+63c§1)2

and
_ 261 cos(£2)an?
v <x’ Y t) T e 8144, cos(zg)+5220052h(§3)+63951
(14)
4 20:% (sin(é2))%az*
(e’gl +31 cos(€2)+682 cosh(€3)+dzeét )2
for

& =by, &=byy, & =aw+adt.

If 53 > 0, then we obtain the exact breather cross-kink solution
u(r,y,t) =

_9 o1 Sin(fz)az(—Q b1v/83 sinh(&1—6)+62 Sinh(Es)bS)
(2 /33 cosh(£1—0)+681 cos(€2)+d2 cosh(§3))2

and
v(z,y,t) = 2mcosh@liﬁf;)io;fi?s(é:>+52 cosh(€3)
n 2612 (sin(€2))%az? ;
(2 V35 cosh(&1—0)+51 cos(£2)+02 cosh(€3))
for

1
[ = 3 In(d3).
If 65 < 0, then we obtain the exact breather cross-kink solution

u(z,y,t) =

61 sin(&2)az (—2b1v/—3d3 cosh(£1—0)+05 sinh(€3)bs )
(2 V=35 sinh(€1 —0) 481 cos(€2)+02 cosh(£3))”

-2

and

251 cos(€2)az’
2 /=083 sinh(§1—0)+61 cos(€2)+0d2 cosh(&3)

v(z,y,t) =

251 % (sin(£2))az”

+ (2 V=083 sinh(&1—0)+d1 cos(€2)+d2 cosh(ﬁg,))2

for 1

B. Case 2:

a; = —taz,az = c3 = 0,by = ibo,
(15)
_ .3 . 3¢ &
C1 = —1ay,C2 = a2753 V)
for some arbitrary real constants as, be, 41 and Jo. We make
the dependent variable transformation as follows

as = ZAQ 5 b2 = ’LB2 (16)

where A, and B, are real. Substitute (15) into (7) with (9),
we obtain the solution as follows

f(z,y,t) = €% + 61 cos (&) + 6 cosh (&3) + dze ™
and

u(z,y,t) =
_9 — Ay Boe 5146, cosh(£2) B Aa—83 Ay Boe®l
e~ €1+481 cosh(€2)+82 cosh(€3)+d3eb1 (17)
S1D,

+2

(0_51 +61 cosh(€2)+62 cosh(€3)+03e81 )2
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where
S = (—Aze_51 — &1 sinh (&) Ay + 53A2e51)
and
Dy = (Bae ' — 8y sinh (&) By + d2 sinh (&3) by — 63 B¢ )

also

PO _ Az?e™ %144 cosh(£2) Ax® 433 A5°e51
v (‘L’ Y t) =2 e~ €1+48; cosh(€2)+62 cosh(€3)+d3eét
) (18)
(—Aze 515, sinh(€2) Ao +53 Aze’l)

+2 (e’gl +3871 cosh(€2)+62 cosh(€3)+53eé1 )2

for )
€1 =Apz — Boy — A%, G3=1%

& = Aoz + Boy — A2, & = byy.
If 53 > 0 then we obtain the exact breather cross-kink solution
u(z,y,t) =

) —2A5B2v/§3 cosh (&1 —0)481 cosh(£2)Ba Ag
2+/33 cosh(£1—6)+81 cosh(€2)+02 cosh(€s)

42 Sy Doy
(2\/§cosh(£1 —60)461 cosh(&2)+02 A:OSh({;;))2

where
Sy = <_2A2\/£sinh(§1 — 0) — 01 sinh (¢2) Az)

and
Dy =

(232\/(;»513111}](&1 — 0) — 51 sinh (&2) BQ + 52 sinh (53) b&)
also

v (I t) _ 2A5%/83 cosh(€£1—6)481 cosh(£2) Ay
Y t) = /83 cosh(£1—0)+61 cosh(€2)+02 cosh(€3)

(—24/5;5 sinh(€; —0) 81 sinh(£2)A2)”

2 2
+ (2V/85 cosh(€1—0)+81 cosh(€2)+d2 cosh(€3))

for 1
0= § 111(63)

If 53 < 0 then we obtain the exact breather cross-kink solution

. _ o —2A3Byv/—83sinh(& —6)+6; cosh(§2)Ba Ay
u(w,y,t) = =2 575 sinh(€; —0)+8; cosh(€2)+ 62 cosh(Es)

) S3Ds3
(2\/763 sinh(§1—0)461 cosh(€2)+02 Cosh(fg))2

where
Sy = (—zAm/—as cosh(€; — ) — &, sinh (&) Ag)
and
D3 =
(2B2y/=d3 cosh(&y — 0) — 61 sinh (€2) By + d2 sinh (£3) bs)
aso

_ o 2A5%/=d3sinh(£;3—0)+0; cosh(£)Ap?
v(z,y,t) = =2 /03 sinh(€, —60)+6, cosh(€2)+02 cosh(€3)

(—2A2/=8; cosh(£1—0) 61 sinh(€2) Az )

2
+ (2\/763 sinh(&1—0)+61 cosh(€2)+02 COS}I(§3))2

for 1
0 == 1In(—03).
5 n(—ds)
C. Case 3
az = —a1,b3 = by, c3 = —c1,¢1 = —ar® + 3ax’ay,
. , (19
Cco = —a2 (3a12 - 022) ,03 = %

for some arbitrary rea constants aq,as,b1,be,61 and 6s.
Substitute equation (19) into (7) with equation (9), we obtain
the solution as

f(z,y,t) = e 8 + 8 cos (€2) 4 02 cosh (€3) + dze5t
and
u(z,y,t) =

_9 arbie 1 -6, cos(€2)baaz—d2 cosh(fg)bla1+53a161051
e~ €1 +87 cos(€2)+62 cosh(€3)+d3eé1 (20)

+ 254Dy
(e’fl 461 cos(€2)+02 cosh(§3)+5ge£1 )2

where
Sy = (—ale_51 + 01 sin (&2) ag — do sinh (€3) a; + 63a1651)
and
Dy = (—bie™ + 6y sin (&) by + d2 sinh (£3) by + d3bre™?)
also

v(z,y,t) =

) ar?e €15, cos(§2)a22+52 cosh(Eg)a12+63a12e£1
e~ €1481 cos(€2)+02 cosh(€3)+d5ef1 (21

(—CL167£1 +01 sin(€2)az—d2 sinh(fg)a1+63ale§1 )2

+2 (e’gl 4381 cos(€2)+02 cosh(53)+53e51)2
for .
& = az + by + (a1’ + 3a2’ar) t
£2 = —a¥ — bgy + ag (3 a12 - CL22) t
& =—a1x+ by + (a13 — 3a22a1) t
and

(53 _ a1622b1 - a2b2612 . (22)
4(11[)1

If 53 > 0 then we obtain the exact breather cross-kink solution
u(z,y,t) =

_9 2a1b1 /83 cosh (&1 —0)—6; cos(€2)baaz—d3 cosh(£3)bray
2/53 cosh (&1 —0)+61 cos(€2)+32 cosh(€3) (23)

+ 2S5 Ds
(2\/Ec0sh(£179)+51 cos(€2)+02 Cosh(fg))z

where
S5 =
(—2a1v/33 sinh (& — 0) + 6y sin (&2) ag — d2 sinh (&3) aq)
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and

Ds =

(72b1\/&$inh(§l - 6) + 51 sin (fg) b2 + 62 sinh (53) bl)
also

v(z,y,t) =
_9 2a12/83 cosh(€1—0)—3; cos(€2)az®+32 cosh(€3)ar?
2+/63 cosh(€3—0)+31 cos(€2)+02 cosh(€3)

(—2a1\/gsinh(§1 —0)+61 sin(€2)az—d2 sir1h(§3)¢zl)2
(2V/85 cosh(€1—6)+61 cos(€2)+62 cosh(€3))”

+2
for ) 1 (o)
=—1In .
2 3
If 93 < 0 then we obtain the exact breather cross-kink solution
u(z,y,t) =

) 2a1b1v/—03 sinh(§1 —0)—81 cos(§2)baas—d2 cosh(€3)biay
2+1/—83sinh(&1—0)+81 cos(€2)+d2 cosh(€s)

n 256 Dg
(2v/=33 sinh(£1—6)+61 cos(£2)+62 cosh(€s))”

(24)

where

Se =

(—2@1 \/—03 COSh(f1 — 9) + 01 sin (fz) as — 0o sinh (53) al)
and

Ds =

(—2()1\/ —03 COSh(fl — 0) + 61 sin (52) by + 9 sinh (53) b1)
also

v(z,y,t) =

_9 2a12y/=83 sinh(&; —0)—8; cos(€2)az? 482 cosh(£3)a; ?
2+/—d3 sinh(£3—0)+3d1 cos(§2)+0d2 cosh(€3)

) (72a1\/753 cosh(§1—0)461 sin(€2)as—02 sinh(gg)al)2
(2\/763 sinh(&1—0)+d1 cos(€2)+d2 cosh(fg))2
for 1
0= 5 ln(—(sg).
D. Case 4
a1 = as,az = iag, by = 0,¢1 = —4as?,
Coy = —4 Z'a33,03 =—4 a33 (25)

for some arbitrary real constants by, as, 01,02 and d3. Substi-
tute (25) into (7) with (9), we obtain the solution as follows

f(z,y,t) = e 5 + &1 cosh (&) + J5 cosh (&3) + dze

and

u(z,y,t) =
_9 azbie” *1 483 cosh(€s)byaz+dzazbett
e~ C148; cosh(€2)+d2 cosh(€s)+dzec1 (26)
4 257D
e~ 81+5; cosh(€2)+02 cosh(€3)+d3eb1
where
S =

(*(1,36751 — 61 sinh (£2) ag — o sinh (£3) as + (53a3651)

and
Dy = (—bie " — 3 sinh (&) by + d3bie®)

also
v (z,y,t) =

) as?e §1468, cosh(€2)az?+62 cosh(gg)a32+53a32e£1
e~ €1457 cosh(£2)+82 cosh(€3)+d3eft (27)

—aze §1-§; sinh(&2)az—d2 sinh(fg)a3+53a3e£1 )2

(
+2 e~ €1+48; cosh(€2)+62 cosh(€3)+d3eé1

for
& = agz + by — 4as’t

52 = a3’ — 4&33t
&3 = —azx — by + 4a33t.

If 53 > 0 then we obtain the exact breather cross-kink solution
u(z,y,t) =

_9 2a3b1 /53 cosh(§1—0)+62 cosh(€3)bzas
24/63 cosh(€1 —0)+81 cosh(£2)+82 cosh(€3)

+ 2S5 Dg
2+/63 cosh(&1—0)+31 cosh(€2)+82 cosh(€3)

where

Sg =
(72a3\/gsinh(§1 — 6) — 41 sinh (&) ag — d2 sinh (€3) a3)

and
D = (—261@ sinh(¢; — ) — 0y sinh (£3) b3)
also

v (z,y,t) =

_9 2a3%1/83 cosh(€1—0)+3; cosh(E2)az? 482 cosh(€3)as?
2/63 cosh(&1—0)+31 cosh(€2)+d2 cosh(€3)

(—2a3v/3 sinh(§ —6) 31 sinh(€2)as—dz sinh(¢s)as )

+2 2+/83 cosh(€; —0)+81 cosh(€2)+82 cosh(€3)

for )
0= 5 In(d3).

If 3 < 0 then we obtain the exact breather cross-kink solution
u(z,y,t) =

_ 2azb1v/—03 sinh(&1 —0)+d2 cosh(£3)bsas
2y/—d3 sinh(&; —0)+01 cosh(&2)+d2 cosh(&s)

+ 259Dy
21/—=383 sinh (€1 —0)+81 cosh(€2)+32 cosh(€3)

where
So =
(—2a3\/ —53 COSh(fl — 9) — 51 sinh (52) as — 52 sinh (53) a3)

and

Dy = (=2b1y/=dg cosh(& — 0) — b sinh (€3) bs )
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also
v(z,y,t) =

_9 2a3%+/—33 sinh(&; —0)+3; cosh(€2)az? 482 cosh(£3)as?
2+/—d3 sinh(&1 —0)+381 cosh(&2)+0d2 cosh(€3)

(—2a3v/—35 cosh(€1 —6) 61 sinh(£2)as —62 sinh(&3)as )
2v/—6d3 sinh(&1 —0)+81 cosh(§2)+02 cosh(&3)

+2

for 1
0= 3 In(—d3).

IV. CONCLUSIONS

In this paper, using the three-wave solution method we
obtained some explicit formulas of solutions for the Benjamin-
Bona-Mahony-Burgers equations. Three-wave solution method
with the aid of a symbolic computation software like Maple
or Mathematica is an easy and straightforward method which
can be apply to other nonlinear partial differential equations.
It must be noted that, all obtained solutions have checked in
the Benjamin-Bona-Mahony-Burgers equations. All solutions
satisfy in the equations.
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