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Abstract—This paper deals with the helical flow of a Newtonian
fluid in an infinite circular cylinder, due to both longitudinal and
rotational shear stress. The velocity field and the resulting shear
stress are determined by means of the Laplace and finite Hankel
transforms and satisfy all imposed initial and boundary conditions.
For large times, these solutions reduce to the well-known steady-state
solutions.
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I. INTRODUCTION

HE study on the flow of an incompressible Newtonian

fluid in an infinite circular cylinder is not only of
fundamental theoretical interest but it also occurs in many
applied problems. The flow in an infinite circular cylinder,
starting from rest, has applications in the food industry. The
starting solutions for the motion of the second grade fluids due
to longitudinal and torsional oscillations of a circular cylinder
have been established in [1]. Other recent results regarding
helical flows of non-Newtonian fluids have been obtained
Fetecau et al [2]. Vieru et al [3], by means of the Laplace
transform and Cauchy's residue theorem, have determined the
starting solutions for the oscillating motion of a Maxwell fluid.

The corresponding solutions for a Newtonian fluid,
performing the same motion, are obtained from the general
solutions as a particular case. Other interesting solutions for
different oscillating motions of non-Newtonian fluids have
also been obtained by Hayat et al [4,5].

The aim of this paper is to study the flow of a Newtonian
fluid in an infinite circular cylinder of radius R. The motion is
produced by the cylinder that at the initial moment is subjected
to both longitudinal and torsional time dependent shear
stresses. The exact solutions of the problems with initial and
boundary conditions are determined by means of the finite
Hankel and Laplace transforms. The solutions obtained in this
paper can be used to make a comparison between the flows of
Newtonian and non-Newtonian fluids.

I. GOVERNING EQUATIONS

Let us consider an incompressible Newtonian fluid at rest is

situated in an infinite circular cylinder of radius R. We
consider the helical flow of the fluid and assume that the
velocity field, in a system of cylindrical coordinates

(r,8,z), is of the form [6]
v=v(r,t)=v(r,t)ez+a)(r,t)eg, (1)

where e, and e, are the unit vectors in the Zzand

@ directions respectively.
The constitutive equations and the governing equations
are [2,3]

ov(r,t) o0 190
T = V(WjL;EJV(F’Z)’ re(0,R), t>0, (2)
7,(r,1) :,um, (3)

or

2
dalr,1) =v 6_2+12_L2 a(r,t),
ot or- ror r

,re(0,R), 1>0, (4)

w,r):u[@ 1jw<r,r), 5)

or _;

whereVv = £ is the kinematic viscosity of the fluid, g is the
Yo,

dynamic viscosity of the fluid, o is the constant density of the

fluid, 7, (V,t) =S _(r,t)and7, (}’, t) =8 ,(r,t)are the

shear stresses which are different from zero.
The appropriate initial and boundary conditions are

v(r,0)=0, w(r,0)=0, r<[0,R), (6)
rl(R,t):,u(Mj 2RO o (1)
r )k or
_ | Oo(r,t)  o(r,t) _
n(Ri)=n [ o v }

_ aa)(R’t)_w(R’t)
—,u( or R

where f isaconstantand a >0 .

J:fzt“,t>0, (8)

II. CALCULATION OF THE VELOCITY FIELD
In order to determine the exact solutions of the problems
(2)--(8), the Laplace and finite Hankel transform method is
used. Applying the Laplace transform [7,8] to (2)--(8) and
using the initial conditions (6) we obtain the following
problems:
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- o> 10

qv(r,q) = V[6_2+;8_] v(r,q), (9)

V(R,q) _ /i r(a+1) (10)
or “oq”

qo(r,q) = v[s . i%—rizjz)(r,q), (11)

aa)(R q) a)(R q) f2 F(a+1) (12)
or R uoq”

where \_/(r,q) = Fv(r,t)e""dt, and

Z)(I”,q)= fa)(}’,t)efqtdt,are the Laplace transforms of

the functions v(7,¢), respectively @(7,?) .
We define the following finite Hankel transforms of functions

;(I’,q) respectively ;)(r,q) [7]
p— Ro—

vi (7,,9) = L rv(r,q)J, (rr,, )dr, (13)
n= 1,2,3,“' are the

where 7, , positive roots of the

transcendental equation .J 1 (RI") =0, respectively

on (1,.q) = [ ro(r.q)J,(m,)dr, (14)

where 1, , B = 1,2,3,---are the positive roots of the
transcendental equation J, 5 (Rr) =0.
In the above relations J. y () is the first-kind, v order Bessel

function.
Using the following formulae [7--10]

d )
;Jo[u(r)] = —Jl[u(r)]u (r),

1

. =3 Jolu(r)l———=J\[u(r)]pu'(r
EJl[u(r)]—{Jo[ ()] u(r)Jl[ ( )]} (). (15)

we obtain that

LR (6—4—%%]11(1” )/, (rrOn)dr—

or?
6\_/(R,q) , =
:RJO(RVOn)a—_r Oan (FOn’q)’ (16)
v
LR (ai +%§—%Ja)(lf q)J, (rr )dr—RJ( )><
x(ﬁ“’;f’q)-w(];’q)j—ri,ﬁﬂ(m,q). (17)

Applying the Hankel transform to (9), (11) and using the boundary
conditions (10), (12) and (16), (17) we find that

\_/H (rOn,q) = RflJO(RrOn)F(aJrl)x
1

“pa (gviy)

and

(18)

1
_—. 19
pqa+| (q i Vrzl” ) ( )

Now, for a more suitable presentation of the final results, we
rewrite (18) and (19) in the equivalent forms

on (r,.q) = RfJ,(Rr, )T (a+1)

‘_}H (FOn’q) :‘_}IH (Von,q)"f‘;2H (r0n7q)7 (20)
where
- r 1
Vi (r0n’Q)= Rﬁjo(eron) (‘Z: )’

;L”/' On q
- __RfiJO(RFOn) r(a+1) 1 21
V2uH (r0naq) - /,lrzon qa q+l/}"20n s ( )
respectively,
wu (1,,9) = o (1,,q9)+ o2 (1,,9), (22)
— T 1
o (,,Wq) _ szjl(zR”ln) (“’1: ),

/L”/' 1n q
N szJl(ern) F(a+1) 1 2

=- . (23

W2n (rln’q) /urzl’7 pe q+vr21n ( )

Using (13) and (14), after a straightforward calculation we

obtain the following function-Hankel transform pairs:
RJ,(Rr,,)

(V=2 ()= S (24

()= (1) = ) (23

The inverse Hankel transforms of functions Vi (l"on , q) and

Z)ZH (I”ln, q) are [7]

- Jo () 3

VoH (I”O,,,C]) R2 ;Jz (R On) (FOan) =

:2_][152 Jo(r1;,.) F(a+1) 1 (26)
;LIR n=1 rzonJZO(RFOn) q” q+Vr20n ’

respectively,

— r 1,,]1(”” ) —

@ (1,,4) = 22 [(1+r,)R -1]0 I(Rm)wm ti0)

2R3 J (rr) r(a+1) 1

p SR 1]k g (27)

Applying the inverse Hankel transform to (20)--(23), using
(24)-(27) we obtain the following expressions for the Laplace

2
q+vr n

transforms of functions V(V,t) and a)(r,t):
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— 7'2 I'(a+1
V(rﬂq): 2;;]; (qu+1 )_
F(a+1) 1

Yyt Je )

”lr(Jn q q+vr,,

and

— _rf T(a+l) 2Rf
a)(r’q) - 2IIJR2 qa+l /j
> Jl(rrln) F(a+1) 1
A, )R -1]J, (R, @

To obtain the velocity fields v(r,t)ZLfl {\_)(I’,q)} and

(29
q+Vr21n ( )

a)(r,l) =L {Z)(}’, q)}we introduce the following
notations:
r 1
4(q)= ("j ) aso,
q
1
I(I/On’q) q+vr20,, ) Z(VIn’q) CI"‘V”ZM ( )

The inverse Laplace transforms of the above functions are [9]

a(t)=at", a>0,b(r,.t)= exp(—erOnt),

b, (rm,t)—exp(—vr 1nf)- (31)
Applying the inverse Laplace transform to (28) and (29), using (31)
and the convolution theorem we get:

If a >0 then
2
v(r,l):—r / -
2yR

rrOn
b 32
_rh . 2R
2,uR2 y7,
= Jl(rrln)

;[(Hrﬂn)lez —1]] (Rr;,)
Where

a(t)*b(t)= [a(t)b(t—7)dr = [ a(t—7)b(1)dr

represents the convolution product of functions a and b.
If a =0 then

a,(t)*b,(r,.t), (33)

2
v(r,t)zr—f'—

2,uR

o (173,
T e e S N

and

3
w(r,t):—ZryJI;ZZ _
_Zsz N Jl(rrln)

w A, R 1], (P ut) (39)

IV. CALCULATION OF THE SHEAR STRESS
Applying the Laplace transform to (3) and (5) we find that

()= 204) (36)

— o 1)—
z’z(r,q):/l(g—;]a)(r,q). (37)
Differentiating (28) and (29) with respect to 7 we find that
[9,10]
8;(1",6]) _r_fll"(cH—l)
ar _/JR qa+1
rr0n F(a+1) 1
”Zl: rOn (R’/bn) qa
or r 2R q” 7
g iy (173,) Tlatl) 1
Z 2 2
AL+, )R -1]s,(R,) 4

a 2 (39)
Introducing (38) and (39) into (36) and (37) we get

+

s (38)

q+vr on

qt+vr,,

w(ra)="L Pla+l)
7(r.q)= 7
+%‘” l(rlfOn) F(a—i—l) 1 (40)

R n=1 7’0”.] (Rrbn) qa q+vr20n ’

— +1

7,(r,q)= rR{Z (qa ), 1 2Rf,
g ZAGH T(a+1) 1
o [(1+r21”)R2 —1}J1 (Rr,) 4"

(41)

2
q+vr n

Using (31) and the convolution theorem, we find the shear
stress 7, (r,t), 7, (r,t) under the forms

If a > 0 then
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7,(r,t)= %t“ +

Y )a (1)#by (1), (42)

' Tond (Rr()n

and

2
7, (r,t)= rR{Z 1+

S AU

2 *b, 43
+ Rﬂ;[(1+r21n)R2—l]J](Rr] ) a (t)*b,(7,.1).(43)
If a=0then

7, (r.1)= rf 2f wl —r J(zro") )exp(—vrz()nt), (44)

and

7, (r,1)= rR{Z +

n.J, (rrln)

+2szz[(l+r B —l]J] (Rr]n)exp(—vr2mt),(45)

[it is important to point out that from (42)--(45), we have
T, (R,l) = f;t" respectively 7, (R,t) = fot’

For a=1, from
following results:

v(r,t)= ﬁt -

(32), (33), (42) and (43) we get the

2/1R
_ _ 2
V#R;’" on (Rro,,)[l eXp( vr O"Z)]’ (46)
o(rr) =~ A
vu

i J, (rr,) [I—exp(—vrzlnt)] (47)

o rzln |:(1+r21 ) —l:|J( 1)1)
rl(r,t)=%(‘t+

(rm,
RSl ()

r 2R
rz(r,l):R—{zt+—Vf2
Sy ()

n (147, ) R =14, (Rr,)

ni [l—exp(—vrzlnt)},(49)

IV. CONCLUSIONS
In this paper, the velocity fields and the associated shear
stresses corresponding to the helical flow induced by an

infinite circular cylinder in an incompressible Newtonian
fluid, have been determined using Hankel and Laplace
transforms. The solutions that have been obtained, written in
terms of the Bessel functions, satisfy all imposed initial and
boundary conditions and can be used to make a comparison
between flows of Newtonian and non-Newtonian fluids. For
t — oo the solutions (30), (31) and (40)--(45) reduce to the
steady-state solutions:

;’2]‘1

3
.
() =20 0 ()= 2ﬂf1‘;22 , (50)
2
14 r
() =22 5, (r,t) :R—f (1)
r I"I"On
VIX (r’t) zluR VIUR Zl: 7" On (RFOn) ( )
3
o, (r.1) = 2,,{52 t
_ 2Rfé = Jl (V}’in) , (53)
v i1 [ (12, )R =11, (R, )
iy 2f >, (rrOn)
o) 54
TOIS (r,t) R VR n=l1 I" '] (Rrbn)’ ( )
2
T, (751) = VR{2 t+
28y S () (55)

voiTn [ (14, ) R =110, (Rr,)
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