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Estimation of the Mean of the Selected Population
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Abstract—Two normal populations with different means and same ~ where
variance are considered, where the variance is known. The population
with the smaller sample mean is selected. Various estimators are

constructed for the mean of the selected normal population. Finally, E [szn] E[Yl I +Yal, 2]

they are compared with respect to the bias and MSE risks by — EIV:I EIYs1

the mehod of Monte-Carlo simulation and their performances are .[Ool l]y:r Y1)

analysed with the help of graphs. _ / / ' Loy f(y1, y2)dy1dys
— 00 —00
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I. INTRODUCTION —A+B 2)

UPPOSE we have two securities and we choose the

Now,
security which is less risky. Then what can we say A= y2 V(=1 —an)?
about the estimate of the risk of the selected security? f_ f - \/ﬂ - exp(= 2= )
For tackling this kind of situation we may consider the ﬁ[exp(w)dyldyg
following model. Suppose we have two normal populations _ f fyz \/lL o= al)ﬁ = az) dyrdys

with means «ay, ¢ = 1,2 respectively each having the same

variance 72. A random sample of size n is drawn from each f f P2 [f f "o o yl — )dyﬂdlh

of the populations. Let Xii,..., X1, and Xoi,..., X5, be Let Y12 —y, and dy1 ﬁdu

the two random samples drawn from the first and second = v2_ey

population respectively. Let Y7 and Y3 be the sample means A= f j P(¥2502) f_ \/TE + a1)@(u)du]dy;

of {X1;} and {Xy;}, j = 1,...,n respectively. Then the
expectation of Y; is «; and the variance of Y; is % Now

we are interested in selecting the normal population with vp—ay g
the smaller mean. For this purpose we select the population +a [ vn b (w)du]dys
with smaller sample mean.The problem corresponding to _ J7?2 H(L2222)
higher mean was studied in [7]. So, in the current problem T y;’fl N
the first population is selected if Y7 < Y5 and the second o U 1 2 w—on
population is selected otherwise. Hence we define I; and I [ﬁ f;o" u(\ﬁ exp(—5))du + a1 & 7= )ldy:
1if Y7 <Y, Let%:v,udu:dv
as 1 = .
0 otherwise o 1(v2zery
and Ip = 1-I. 4 - VY o202 1 L/z T
T Js T V2rvn Je
Therefore, the mean of the selected population is Y2 —
exp(—v)dv + a1 ®(——)]dy2
un
M = o117 + agls. \/ﬁ LS Yo — Qo 1 .
= X ¢( ) e
/ ﬁ V2 /n
where Y = min(Y1,Ys) eXp(—l(yQ : (51 )2) + a1<1>(y2 : o dya
2 Vo
II. DERIVATION OF THE ESTIMATORS _ Vn /°° ¢(y2 — Qg )[—L¢>(y2 - oa)
T T
In this section we consider the analogous estimators Vn v vn
proposed in [7]. The natural estimator of M is Y. + o« 1@(3/2 o )dys
The bias of Y,,,;,, as an estimator M is vn
?/2 az —
B(Yymin) = E[Ymin — M] Again let =u and dy; = du
= B|Ypmin] — E|M 1
ol =B ) - f/ ot 0 i
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where o = ag — ;. Let u = 5% and dy; = ﬁdu
We know the following standard results v
00 1/2;041
n —a vn
- . Py <o) = L [ om [ gy,
2®(a + bx)p(x)dr = ———=d(——) T
/—oo 1 + b2 1 + b2 \/ﬁ > Y2—ay Yo — (1
=" o))y
| atat mon = a( o) o
a+ bx)p(x)dx =
oo V1+b2 Again let © = 2222 and dy, = fdu
and
PY1<Ys) = / O(u)P(u + i)
od(ax + b)p(cx + d) —o0
@
_¢((a2+62)$+ab+cd adfbc) :@(T\/E),Wherea:ag—al @)
Va2 + c? Va2 +c? "
A can be evaluated by using the above results as Similarly
oMl v (- ar)?
Y e e e PY,<Y,) = i A i)
A = 77/ d(V2u + ——=)( )du (Y2 < V1) /_w/_me exp( 972 )
Vi) s . \ﬁ - \ﬁ - ( e
n n n —(y2 — a2
———e dyrd
+ 041‘I>(L) Vor T xp 27 Jdyrdy:
/2 o
= 1-®(—) ®)
A= ——— )+ a1 ®( ) 3)
f f \/’ \/g Substituting the values of (7) and (8) in (6),we get the
expected value of M as,
where a = ag — a3
Similarly, B can be obtained as, E[M} o « )+ o a ) ©)
—a1 = P(—=) + ag — ax®(——=
B=["_[", yzm{etp(%) ! /2 2 T\/g
LLewp(i(” 220 )dyydys
Vem T Using the values of (5) and (9), from (1) we get the bias of
q) « ) (4) szn as,
= )+ oz —an
2 1 7 o
\f\r \f T\/g B(Yoin) = — 2%“ \/?) + a1 B \/5)
Addition of (3)and (4) will give us, Vo TV
_ LLM L)t — an®(—2)
1 7 « « V2 yn T % ’ ’ 7'\/%
E(len) = _—— )+(11q>( )+(12
\[ 2 2 (e} e}
n TV = o ®( 2)+062 — o ®( 2)}
1 7 ( e ) a( o ) ) T\/g LAY
— —«
V2V T\/,E ’ 7-\/5 — _1L¢( @ )_LLQS( )
: " R L N
The expected value of M 1 - ; "
E[Aﬂ = E[OélIl + OéQIQ} = —277¢( )
:E[(lllﬂ +E[(1212} 2\/5 7_\/%
= V2 g2
= P(Y] <Ys) +aaP(Y; > Ya) (6) N v 27

Now, P(V; < Yz)

I S % Xp(i(q“ mo)

L

dy: dyz

p(i“’; )

a\~

—(y2— ou) )

2
Let 2~ = o2, Then we get Bi(Ymin) =—0¢(2).
Now, we get the estimator M) of the random variable M
as

My = Yomin + /\Uqﬁ(%),where Y=Y,—Y,and A >0 is an

= f f exp( P arbitrary constant.

[ Y ;exp(—@l - )dyl]dyQ Note: Y ~ N(a,0%) and E[Yy = Vi] = a2 — a1 =
S (e 2 ) o, Var(Y) = 2= = o2

= V[0 p(Yma )[R (V2 (o) gy, Ydy,
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Now , we talk about the estimator ¢, = Y5 — Y ®(<-) +
cop(<X), where ¢ > 0 is an arbitrary constant and ®(u) is
the standard normal cdf. Now,

Blte] = E[Y2 = Y®(<F) + cog(<F)]

Efte] = E[Ya] = E[Y ®()] + Elcog(%)]
and
E[YQ] = Q, (10)
BY.Q()] = o= 7 exp(—5(*5%)*)y@(¥)dy
=5 o o5y (Cf)dy
= Let yao‘ = then dy = odu
E[Y.®(Z) f_ ou+ a)p(u)®(cu + Ca)du
_gf D(cu+ L)du+a 7 pu)®(cu + <)
oc ca ca
:\/1+C2¢(g\/1+62)+a¢(07v1+62) a

and
Elead(F)) = 7= [7o exp(—5(45%)?)cop(2)dy
= ek [ e —%<%>2>fexp<—f<f>2>
=5 ffo exp(— ooz (y*(1 + ¢2 )+a2—2ya))dy
= 57 oo o[- 202{ (V14 e = i) + + 5% Ydy
= 57 exp[— 2a2 1+c2 ]f exp[— gz{(ym

Let yv/1+ ¢ = u, and dy = 7Ldu
2.2

Bleod(5)] = g iz o0l ()

S5 expl=goz (0= i )ldu

VAL )

210 \/*OO eXp[ 202 (U - \/1-5-7) }du]

_co o ac
Vit o1+ c2

From (10), (11) and (12), we get expected value of t. as

Elt.] —ozg—a@(am) . . .

So, we can say that estimator ¢. is an unbiased estimator of

Qo —a@(g\/%), which approaches E[M] = as—a®(<) for

large c. Hence, if c is large then the bias of ¢, as an estimator

of M is controlled.

Here, we can consider an estimator T of E[M] given by

T=Y, 4@(%) (13)

) 12

and propose to use it to estimate M. The estimator T, actually,
is a maximum likelihood estimator of E[M] and its bias will
be the same whether we can use it as an estimator of E[M]
or M. A more general estimator of this type is given by

Y Y o Y
=T -ANY{¢(=) —P(—)} — —=od(—
A= T =AY~ ()= ool
where A > 0 is an arbjtrary constant. The estimator of 7T is
the same as that of M) and is obtained on subtracting a A
multiple of the estimated bias of T from itself.
Another estimator that we intend to investigate here is given by

)] a4

g PEEif M-Yl<co
C | min(Y1,Ya), |Yi—Ys3| > co.

where ¢ > 0 is an arbitrary constant. Note that for c=0 we
get Y, which is the same as ]\/A[A for A\ = 0. Then H,.
is sometimes called an hybrid estimator. Finally, it may be
mentioned that the Bayes estimator of M, for squared error
loss with uniform prior distribution on «; and as, turns out
to be min(Y1, Yz) which is the same as M) for A = 0.

1. IMPROVING UPON M),

Consider the group G = ¢g(x). =2+ ¢,c € R of affine
transformations. Under this transformation :X;; — X;; +
¢,Y; = Yi4+cand M — M+ c. We take the the squared error
loss L(d, M) = (d— M )?then estimation problem is invariant.

Theorem 1: Let us consider the class of estimators of the
form My = Yoin + )\O’d)(%). Further, define the estimator
M A by

My, = DMy,if A<~yx
Mw*,if A > v,

where y* = @ Then My, improves M, with respect to the

squared error loss if P(A > %) > 0 for some n = {aq, as}.
Proof : The mean squared error risk of M, is given by

MSE[M,] E[(Yonin + Aog(%) — M)?]
0 1N (;\/5 v
[5 + NG (W) - )\ﬁb(ﬁ)
Y 3y Y 1
{cb(ﬁ) - ﬁ(q’(?) =51
= P(A)
where v = .

)\ =
Fo(52)
3 (p(L)y— L
= ﬁ *’Yerﬁ{l 2(CI)(\/i) 2)}
2 o)

= f
which is the minima of (). We know <1>(0) 1. When 7 is
positive, O( \[) is greater than 3, that is f1>( =) — 3 > 0. Thus,
%{CI)(}) 3} is positive. If fy is negative, f{é(%) -3
is positive. Therefore f(v) has the maximum value at v = 0

and we obtain

sy < et < V8.

Thus, Sup. ¢ f(7) = ‘[ = ~*. According to Brewster-Zidek
technique [4] we can say that if A > - then M, can be
improved by M +« as in that case the risk of ]V[w will be less
than that of M, and this completes the proof of the theorem.
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IV. COMPARISON OF DIFFERENT ESTIMATORS BASED ON
BIAS AND MSE

The biases and mean squared error risks are calculated for
the above estimators by the method of Monte-Carlo simulation
for different values of ||, where v = *—%2. The graphs of
these biases and MSE risks are drawn for the above estimators.
In these graphs the X axis represnts |y| and Y axis represents
the bias or MSE risks. The bias performances of the above
estimators are given in Table I, II, III and Table IV. From,
these four tables we observe that as || increases the value
of absolute biases of all the estimators decrease excluding the
estimator 7). The MSE risks performances are given in Table
V, VI, VII and Table VIII. From these four tables it is observed
that the risk performances of the estimators become better as
the value of || increases. It is also observed that in most of
the cases the risk of M \, for A = V3 /2 is lower than the other
estimators. From the graphs also it is clear that as the value
of || tends to oo the bias and risk values tend to 0. From the
Fig. 6 it is observed that the bias as well as risk performance
of the estimator 7" is better than 7 . In fact, as the value of A
increases the bias and risk values increase. We present below
the graphs of biases of different estimators and the graphs of
Mean squared error risks of different estimators.

Table I: Bias of Estimator M by

vl A=0 A=+3/2 A=4-2vV2 A=+2

0.0  -0.5077 -0.2048 -0.0979 -0.0130
0.5  -0.3369 -0.1048 -0.0229 0.0421
1.0 -0.2008 -0.0499 0.0033 0.0455
1.5 -0.0991 -0.00069 0.0340 0.0616
2.0  -0.0251 0.0285 0.0474 0.0625
2.5  -0.0058 0.0148 0.0221 0.0279
3.0 -0.0014 0.0035 0.0053 0.0067
3.5 -0.00056 0.00002 0.00022 0.00038
4.0  -0.0001 -0.00001 0.00002 0.00004
4.5 0.00000 0.00001 0.00001 0.00001
5.0 -0.00002 -0.00002 -0.00002 -0.00002
6.0  0.00001 0.00001 0.00001 0.00001

Table II: Bias of Estimator 1)

2] T A=+v3/2 A=1 A=125 A=15
0.0 -0.3622 -0.1710 0.1414 00862 -0.0310
0.5 -0.2230 -0.0783 -0.0559 00142 0.0276
1.0 -0.1190 -0.0313 -0.0177  0.0076 0.0329
L5 -0.0391 0.0119 0.0198 0.0346 0.0493
20 00118 0.0333 0.0366 0.0428 0.0490

2.5 0.0098 0.0147 0.0154 0.0168 0.0182
3.0 0.0027 0.0024 0.0024 0.0023 0.0022
3.5 -0.00005 -0.00029 -0.00033 -0.0004 -0.00047
4.0  -0.00002 -0.00012 -0.00013  -0.00016  -0.00019
4.5 0.00001 -0.00001 -0.00001 -0.00002  -0.00002
5.0 -0.00002 -0.00003 -0.00003  -0.00003  -0.00003
6.0  0.00001 0.00001 0.00001 0.00001 0.00001

Table III: Bias of Estimator t.

vl e=1/3 c¢=1/2 c=1 c=+3
0.0  -0.0059 -0.0078 -0.0124 -0.0163
0.5 0.0762 0.0656 0.0451 0.0336
1.0 0.1676 0.1274 0.0552 0.0183
1.5 0.2535 0.1844 0.0746 0.0255
2.0 0.2967 0.2026 0.0737 0.0295
2.5 0.2096 0.1269 0.0337 0.0109
3.0 0.1016 0.0524 0.0084 0.0014
3.5 0.0229 0.0097 0.00062  -0.00034
4.0 0.0081 0.0028 0.00008  -0.00008
4.5 0.0017 0.00049 0.00002 0.00000
5.0  0.00054 0.0001 -0.00002  -0.00002
6.0 0.0001 0.00002 0.00001 0.00001
Table IV: Bias of Estimator H,
vl ¢=05 c=1 c=v2 c=2
0.0 -0.4500 -0.3103 -0.1897 -0.0743
0.5 -0.2947 -0.1876 -0.0926 0.0203
1.0 -0.1762 -0.1077 -0.0248 0.1056
1.5 -0.0862 -0.0419 0.0286 0.1565
2.0 -0.0207 0.0014 0.0452 0.1581
2.5 -0.0045 0.0020 0.0192 0.0772
3.0 -0.0012 0.00001 0.0038 0.0207
3.5 -0.00055 -0.00047  -0.00004 0.0020
4.0 -0.0001 -0.00009  -0.00004  0.00027
4.5 0.00000 0.00000 0.00000 0.00002
5.0 -0.00002 -0.00002  -0.00002  -0.00002
6.0  0.00001 0.00001 0.00001 0.00001

Table V: Mean Squared Error of Estimator M,y

&1 T A=0 A=+3/2 A=4-2V/2 A=+2
0.0 0.6572 0.7767 0.6659 0.6776 0.7058
0.5 0.4331 0.4866 0.4479 0.4650 0.4901
1.0 0.3136 0.3239 0.3301 0.3472 0.3663
1.5 0.259%4 0.2485 0.2759 0.2933 0.3100
2.0 0.1971 0.1804 0.2094 0.2228 0.2345
2.5 0.0858 0.0791 0.0888 0.0929 0.0964
3.0 0.0210 0.0198 0.0213 0.0219 0.0224
35 0.0013 0.0013 0.0013 0.0013 0.0014
4.0 0.0002  0.00019 0.0002 0.0002 0.0002
4.5 0.00001  0.00001 0.00001 0.00001 0.00001
5.0 0.00000  0.00000 0.00000 0.00000 0.00000
6.0  0.00000  0.00000 0.00000 0.00000 0.00000
Table VI: Mean Squared Error of Estimator 77
2] T A=+v3/2 A=1 A=125 A=15
0.0 0.6572 0.6432 0.6494 0.6671 0.6926
0.5 0.4331 0.4428 0.4494 0.4653 0.4859
1.0 0.3136 0.3364 0.3424 0.3551 0.3701
1.5 0.2594 0.2870 0.2925 0.3035 0.3156
2.0  0.1971 0.2187 0.2224 0.2298 0.2375
2.5 0.0858 0.0916 0.0926 0.0945 0.0965
3.0 0.0210 0.0216 0.0217 0.0219 0.0221
35 0.0013 0.0013 0.0013 0.0013 0.0013
4.0 0.0002 0.0002 0.0002 0.0002 0.00019
4.5 0.00001 0.00001 0.00001 0.00001 0.00001
5.0  0.00000 0.00000 0.00000 0.00000 0.00000
6.0  0.00000 0.00000 0.00000 0.00000 0.00000

1483



Table VII: Mean Squared Error of Estimator ¢.
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vl e=1/3 c¢=1/2 c=1 c=+3
0.0  0.4249 0.4765 0.6523 0.8718
0.5 0.3326 0.3627 0.4640 0.5818
1.0 0.2932 0.3091 0.3597 0.4012
1.5 02950 0.2985 0.3132 0.3139
2.0 0.2665 0.2538 0.2403 0.2250
25 0.1291 0.1154 0.0992 0.0902
3.0 0.0334 0.0283 0.0229 0.0211
35 0.0021 0.0017 0.0014 0.0013
4.0 0.00031 0.00025 0.0002 0.00019
4.5 0.00002  0.00001  0.00001  0.00001
5.0  0.00000  0.00000  0.00000  0.00000
6.0 0.00000  0.00000  0.00000  0.00000

Table VIII: Mean Squared Error of Estimator H.,

vl ¢=05 c=1 c=v2 =2

0.0  0.7629 0.6950 0.6082 0.4810
0.5 0.4826 0.4643 0.4372 0.3843
1.0 0.3258 0.3384 0.3557 0.3671

1.5 0.2516 0.2753 0.3185 0.3742
20 0.1832 02037 0.2398 0.3186
2.5 0.0798 0.0848 0.0983 0.1364
3.0 0.0199 0.0206 0.0224 0.0295
35 0.0013 0.0013 0.0013 0.0016
4.0 0.00019  0.00019 0.0002 0.00022
4.5 0.00001  0.00001  0.00001  0.00001
5.0 0.00000 0.00000 0.00000 0.00000
6.0 0.00000  0.00000 0.00000  0.00000

The Bias Tl for different values

The Bias M., for different values
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