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Abstract—In this paper, a digital control algorithm based on
delta-operator is presented for high-frequency digitally-controlled
DC-DC switching converters. The stability and the controlling
accuracy of the DC-DC switching converters are improved by using
the digital control algorithm based on delta-operator without
increasing the hardware circuit scale. The design method of voltage
compensator in delta-domain using PID (Proportion-Integration-
Differentiation) control is given in this paper, and the simulation
results based on Simulink platform are provided, which have verified
the theoretical analysis results very well. It can be concluded that, the
presented control algorithm based on delta-operator has better stability
and controlling accuracy, and easier hardware implementation than the
existed control algorithms based on z-operator, therefore it can be used
for the voltage compensator design in high-frequency digitally-
controlled DC-DC switching converters.
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I. INTRODUCTION

HE digitally-controlled DC-DC switching converter is

gaining wider attention for its obvious advantages, such as
the flexibility to implement complicated control strategies and
algorithms, the programmability to realize reconfigurable
power system, faster design process, high power conversion
efficiency, robustness to noise, and insensitivity to parameter
drifts of components. Not only can dynamically manages the
system power supply, the digitally-controlled DC-DC
switching converter can also realize the digital cycle feedback
control inside the power and increase its performances
consequently [1], [2].

The voltage compensator is a key part of the digitally-
controlled DC-DC switching converter, which is designed
based on the output voltage feed-back loop [3], [4]. There are
lots of digital control algorithms for the voltage compensator,
such as digital PID control, incomplete differential control
algorithm [5], fast P processing plus IIR filter control method
[6], digital fast P slow ID control [7], current feed-forward
DC-DC digital control algorithm [8] and so on. Traditionally,
the z-domain discrete model is used to describe the digital
control algorithms, and the transfer function of digital
compensator is obtained by z-transform. However, algorithms
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described by z-domain model have inherent defects for the
high-frequency  digitally-controlled DC-DC  switching
converters [9].

With the increase of switching frequency of DC-DC
converters, the performances of system based on the z-domain
discrete model will be degraded. Firstly, the z-domain discrete
model does not converge to its corresponding s-domain
continuous model, which will decrease the controlling accuracy
of the system. Secondly, the poles and zeros of the transfer
function in z-domain are closing to the unit circle, as shown in
Fig. 1, which degrade the stability of system. Thirdly, the
distances between zeros and poles are becoming shorter, which
will increase the sensitivity of poles to the finite word length of
controlling coefficients, so even very little variation in
controlling coefficients can cause the poles moving to the
outside of the unit circle of z-plane. Those defects will impact
the accuracy and stability of digitally-controlled DC-DC
switching converters seriously.
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Fig.1 Moving of pole and zero of transfer function in z-domain when
sampling frequency is increased

The delta-operator was proposed by Richard Middleton and
Graham Goodwin in the 1980s [10]. It has been proved that for
high sampling frequency, the properties of system based on
delta-domain model converges to the corresponding s-domain
continuous model [11], and the stable region of the system
tends to the entire left half delta-plane. In addition, since the
poles are insensitive to the controlling coefficients, the little
variations in the coefficients will not affect the stability of the
system, so there is no need for very high bit-width registers to
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store these coefficients, thus the control algorithm based on
delta-operator can reduce the complexity of circuit and reduce
the area of controlling chip. This is a good solution for the
problem appeared in z-domain when the sampling frequency is
very high.

In this paper, a digitally-controlled buck DC-DC switching
converter system is built in MATLB platform. The PID control
algorithm is adopted for the voltage compensator design of this
system in continuous domain, and a stable delta-domain control
algorithm is obtained by the transformation between s-domain
and delta-domain. In the case of high sampling frequency,
considering the limited word length characteristics for
hardware implementation, the simulation and experimental
results show that the DC-DC switching converter using
delta-operator has the good stability and accuracy.

The structure of this paper is as follows. In Section II, the
overview of delta-operator is introduced, and the realization of
voltage compensator in delta-domain is given, including the
structure of hardware circuit. In Section III, the experimental
results are provided to verify the theoretical analysis results.
The conclusion is given in Section IV.

II. THE CONTROL ALGORITHM BASED ON DELTA-OPERATOR
FOR DC-DC CONVERTER

A. Delta-Operator

The delta-operator is also called as incremental difference
operator and it is defined as:

z-1
5—T ()

where T is the sampling cycle (the inverse of sampling
frequency), and z~! is the backward shift operator.
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Fig. 2 Relations among s-plane, z-plane and delta-plane

For a stable continuous system, the real part of its conjugate
complex pole (s=c+jm), o, must be less than 0, that means that
the stable region is located in the left half plane of the s-plane,
as shown in Fig. 2 (a). In this case, the magnitude of the poles in
the discrete z-domain (|z|=e°") should be less than 1, and the
stable region is located within the unit circle of z-plane, as
shown in Fig. 2 (b). From (1), it can be seen that, in the
delta-plane, the stable region is still a circle, but the center of it
is located at (-1/T, 0), and the radius of it is equal to 1/T, as
shown in Fig. 2 (c). With the increase of sampling frequency,
the stable region in the delta-plane is changed as follows: The

center is moving along the negative direction of the real axis,
and the radius is increasing, namely the stable region is full of
the whole left half plane. Therefore, with the increase of
sampling frequency the discrete delta-domain model converges
to the corresponding continuous s-domain model. The digital
control algorithm based on delta-operator provides a new
feasible control scheme for high-frequency digitally-controlled
DC-DC converters.

B.The Digital
Delta-Operator

Fig. 3 shows the configuration of a digitally-controlled buck
DC-DC switching converter which is consist of power stage
and digital controller. The digital controller is composed of
analog-to-digital converter (ADC), voltage compensator, and
digital pulse-width modulator (DPWM). As shown in Fig. 3, vg
and vo are the input and output voltage, respectively; vref [n] is
the digital reference voltage, and d[n] is the digital duty ratio
calculated by the voltage compensator; d(t) is the analog pulse
signal converted by DPWM from d[n]. Through the output
buffer, the analog pulse signal d(t) controls the power switches,
S1 and S2, on or off, to regulate the output voltage. L and C are
the power inductor and output filter capacitor, respectively, and
R is the equivalent load resistor.
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Fig. 3 Digitally-controlled buck DC-DC switching converter
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For the voltage compensator with PID control algorithm, its
continuous transfer function, Ge(s), can be given as:

1+1+ -2
G, (5) = K—t— e

s(l+—)
Wpl

(W, #0) @)

where K is the gain of root locus (constant), Wi, W:> and W5
are two zeros and one pole, respectively.

By setting reasonable positions of zeros and poles in (2), the
good stability and the dynamic performances of the power
system can be obtained. Usually, the first zero, W.: , can be set
at 1/2 to 1/4 of turning frequency of the controlled object to
compensate for the negative effects of the PI controller. The
second zero, W.: , is such designed so as to cancel a pole of
controlled object, thus can be configured at the turning
frequency of the controlled object. On the other hand, in order
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to suppress the high-frequency noise and ensure the system's
Bode curve declining with the slope of -40dB/dec at high
frequency, the pole, W, can be set at high frequency domain.
Based on above consideration, the zeros and pole of voltage
compensator can be designed as:

1

W = 3
e ©
Wes = 4)
" Jic
w, =(2"-1)f, (N=2,3...) 5)

where f is the switching frequency of DC-DC converter. The
value of K should be chosen as a moderate value to make the
tradeoff between the low-frequency gain and the phase margin.

To implement the digital control, the continuous transfer
function of the voltage compensator should be converted into
its discrete counterpart. By using the bilinear conversion, the

equivalent discrete transfer function of the voltage
compensator, G.(z), can be obtained from (2):
2
az"+bz+c
G(2) =y ©)
dz° +ez+ f

where a, b , ¢, d, e and f are the control coefficients of PID
voltage compensator in z-domain, they have the
definite relationship with Wz , W.. , Wy and K in (2).
Furthermore, by merging (1) and (6) we can get the transfer
function of voltage controller in delta-domain, G.(3), as shown
in (7):

@ a'd’+b's+c' _a+h's ' +c's”
T dv52+e15 d'+e'571
%

G,(5)=G,(2)|s-

where a’, b’, ¢’, d’, and e’ are the control coefficients of PID
voltage compensator in delta-domain, they have the
definite relationship with a, b, ¢, d, e and f in (6).

If the input and output of the compensator at kth cycle are
defined as e(k) and u(k), respectively, since 8 in (7) is a delay
factor, from (7) the relationship between the input and output of
the compensator can be expressed as (8):

u(k) = Duk—1)+ Ae(k) + Be(k—1)+Ce(k—2)  (8)

where A, B, C and D are the control coefficients, they have the
definite relationship with a’, b’, ¢’, d’, and €’ in (7).

Based on (8), the hardware circuit configuration of PID
voltage compensator based on delta-operator can be obtained as
shown in Fig. 4. Compared with the PID voltage compensator
based on z-operator, the circuit scale is reduced significantly.

e (k)
—

Fig. 4 Circuit configuration of PID voltage compensator based on
delta-operator

III. SIMULATION RESULTS

To verify the effectiveness of the presented control algorithm
based on delta-operator, a digitally-controlled buck DC-DC
switching converter is built in MATLAB, which is based on the
structure shown in Fig. 3. This DC-DC switching converter is
operating in the continuous conduction mode (CCM), the
parameters of the elements in the power stage are chosen as:
Ve=5.0 V,Vv,=1.8 V,L=2.2 uH, C=2.2 pF, R=2Q. By comparing
the output voltage waveforms of the DC-DC converter based on
z-operator and delta-operator, the advantages of delta-operator
can be observed obviously.

Firstly, when the switching frequency of DC-DC switching
converter is 1 MHz, and the fractional part of the control
coefficients is digitized with 10-bits, the output voltage
waveforms of the power system based on the z-, s- and the
delta-operator are shown in Fig. 5. It can be seen that, for the
steady-state values of output voltages, the systems based on
delta-operator and s-operator have almost same value which is
equal to 1.8 V theoretically, but the system based on z-operator
has deviated value. Moreover, when the switching frequency is
still 1 MHz, but the fractional part of the control coefficients is
digitized with 7-bits, the output voltage waveforms of the
power system based on the z-, s- and the delta-operator are
shown in Fig. 6. In this case, the steady-state values of output
voltages based on delta-operator and s-operator are same as that
shown in Fig. 5, but that based on z-operator has seriously
deviated value.

When the switching frequency of DC-DC switching
converter is increased to 5 MHz, and the fractional part of the
control coefficients is digitized with 11-bits and 7-bits,
respectively, the output voltage waveforms of the power system
based on the z-, s- and the delta-operator are shown in Figs. 7
and 8, respectively. It can be observed that, the steady-state
values of output voltages can still controlled at the ideal value
(1.8 V) if using delta-operator and s-operator, but which is
seriously deviated from the ideal value (1.8 V) if using
z-operator.

Simulation results show that, the controlling accuracy of
voltage compensator based on delta-operator is considerably
better than that of voltage compensator based on z-operator,
when the switching frequency is increased and/or the number of
bits of the control coefficients is decreased.
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Fig. 5 Comparison of output voltage waveforms when the switching frequency is 1 MHz, and the fractional part is 10-bits
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Fig. 6 Comparison of output voltage waveforms when the switching frequency is 1 MHz, and the fractional part is 7-bits
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Fig. 8 Comparison of output voltage waveforms when the switching frequency is 5 MHz, and the fractional part is 7-bits

IV. CoONCLUSION

In this paper, a digital control algorithm based on delta-
operator, applied for the digitally-controlled DC-DC switching
converters, has been presented. When the sampling frequency
is high, the delta-operator provides a smooth transition from the
discrete domain to the continuous domain. The design method

of digital voltage compensator for DC-DC switching converters
in delta-domain is given, and its effectiveness is verified using
Simulink platform simulation. Compared with z-domain
discrete model, using the digital control algorithm based on
delta-operator can upgrade both the stability and the controlling
accuracy of the DC-DC switching converters obviously, and in
addition, it is easily implemented by hardware circuit.
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Therefore, it can be used for the design of digital voltage
compensator, and it is especially useful for the design of
high-frequency  digitally-controlled DC-DC  switching
converters.
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