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Abstract—In this paper, two-sided uniformly normal distribution 

techniques were used in the derivation of monotone likelihood ratio. 
The approach mainly employed the parameters of the distribution for 
a class of all size α. The derivation technique is fast, direct and less 
burdensome when compared to some existing methods. 
 

Keywords—Neyman-Pearson Lemma, Normal distribution. 

I. INTRODUCTION 
N statistical hypothesis testing, a uniformly most powerful 
(UMP) test is a hypothesis test which has the greatest power 

1-β among all possible tests of a given size α. Neyman-
Pearson Lemma further states that the likelihood-ration test is 
UMP for testing simple (point) hypothesis. 

Let X denote a random vector taken from a parameterized 
family of probability density function (pdf) or probability 
mass function (pmf) given as f(x), which depends on the 
unknown deterministic parameter ߠ א  the parameter space .ߔ 
 Let H0 .1ߔ ݀݊ܽ ଴ߔ is partitioned into two disjoint sets ߔ
denote the hypothesis that ߠ א  ଴  and H1 denote theߔ
hypothesis that ߠ א  . ଵߔ

The binary test for hypotheses is performed using a test 
function ߔሺݔሻ. 

 

ሻݔሺߔ ൌ ൜1, ݔ ݂݅ א ܴ
0, א ݔ ݂݅  ܣ

 
meaning that H1 is in force if the measurement ܺ  R and that א
H0 is in force if the measurement ܺ ܣ .A א ׫ ܴ is a disjoint 
covering of the measurement space. 

Hence, a test function ߔሺݔሻ is uniformly most powerful of 
size α if for any other test function ߔሺݔሻ we have 

 
ሻݔԢሺߔఏܧఏబאఏ݌ݑܵ ൌ ᇱߙ ൑ ߙ ൌ  ሻݔሺߔఏܧఏబאఏ݌ݑܵ

ሻݔᇱሺߔఏܧ ൌ 1 െ ᇱߚ ൑ 1 െ ߚ ൑ ߠ ∀ ሻݔሺߔఏܧ א  ଵߔ 
 
 To introduce the UMP to Normal distribution, we consider 

the standard normal distribution of the family of Normal 
distribution. Section II contains review of UMP test. In 
Section III, we explained hypothesis testing – uniformly most 
powerful tests. Section IV is devoted to the results in standard 
normal distribution. 
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II. UNIFORMLY MOST POWERFUL (UMP) TEST 
Reference [4] pioneered modern frequentist statistics as a 

model-based approach to statistical induction anchored on the 
notion of a statistical model.  

As  
 

G൛݃ఊሺzሻ, ݖ א Ժ, ߠ א Ѳ ⊆ ℜௗ. dim Ѳ ൏ Ժൟ 
 
Fishers proposed to begin with pre-specified G as a 

hypothetical infinite population. He estimated the specification 
of G as a response to the question: what population is this a 
random sample? A mis-specified G would vitiate any 
procedure relying on ݃ఊሺzሻ or the likelihood function. 
Reference [5] argued for inductive inference spearheaded by 
his significant testing, and [8] argued for inductive behavior 
based on Neyman-Pearson testing. However, neither account 
gave a satisfactory answer to the canonical question. When do 
data provide evidence for a substantive claim hypothesis? 

Over the last three decades, Fisher’s specification problem 
has been recast in the form of model selection problems. The 
essential question, how could n infinite set of all possible 
models that could have given rise to data be narrowed down to 
a single statistical model . These models may be nested or 
non-nested. For non-nested case, see [2], [3], [11], [6], [1], and 
[9]. In the nested case, we consider a parametric family of 
densities and two hypotheses as H0 and H1. When the domain 
of density is dependent on parameter, the theories for 
hypothesis testing and model selection have not developed. 
For the testing problem of type 

 
:଴ܪ ߠ ൑ ߠ ݎ݋ ଵߠ ൒ ଵߠଶሺߠ ൏  ଶሻߠ

 
Against 

:ଵܪ ଵߠ ൑ ൏ ߠ  ଶߠ
 
When a class of size-α tests is considered, and the family is 

one-parameter exponential distributions, a uniformly most 
powerful (UMP) test to exist. However, under these 
conditions, a UMP test does not exist for H0:  θ1 < θ < θ2 

against H1: θ < θ1 θ > θ2 ܽ݊݀ H଴:  θ ൌ θ଴ against Hଵ: θ ്  θ଴. 
Whereas, if the class of size-α tests is reduced to a class by 
taking only the unbiased test and the family of distributions is 
Polya type, we know that a UMP test does not exist for testing 
problems of the two latter types of hypothesis testing. When a 
UMP test does not exist, we may use the same approach used 
in the estimation problems. Imposing a restriction on the test 
to be considered and finding optimal test within the class of 
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test under the restriction. Two such types of restrictions are 
unbiasedness and invariance. Under some distributional 
assumptions, let the power function of any test φ, ܧ଴ሼ߶ሺܶሻሽ, is 
continous in θ. Let us consider a test of size-α unbiased 

 

࣯ఈ ൌ ൜߶ א ఏబܧ|ࣞ
ሼ߶ሺܺሻሽ ൌ  ݀݊ܽ ߙ

߲
ߠ߲ ఏሼ߶ሺܺሻሽ|ఏୀఏబܧ ൌ 0ൠ 

 
In this situation the two sided test is  
 

߶൫ܶሺݔሻ൯ ൌ ቐ
1   ݂݅ ܶሺݔሻ ൏  ܿଵ ݎ݋  ܶሺݔሻ ൐ ܿଶ
;ሻ  ܿ௜ݔ௜             ݂݅ ܶሺߛ     ݅ ൌ 1, 2
0                   ݂݅ ܿଵ ൏ ܶሺݔሻ ൏  ܿଶ

 

 
where ܿଵ, ܿଶ, ,ଵߛ  ఏబሼ߶ሺܶሻሽ α andܧ ଶ are obtained byߛ
ఏబሼܶ߶ሺܶሻሽܧ ൌ  ఏబሼܶሽ. Such a test is therefore UMP size-αܧߙ
unbiased test in ࣯ఈfor testing ܪ଴ against ܪଵ. Consider a 
family of distribution which it supports is dependent on its 
parameter. In such a situation the UMP test is known for 
uniform and double exponential distributions, see [7].  

III. HYPOTHESIS TESTING – UNIFORMLY MOST POWERFUL 
TESTS 

We give the definition of a uniformly most powerful test in 
a general setting which includes one-sided and two-sided tests. 
We take the null hypothesis to be  

 
:଴ܪ ߠ א Ω଴ 

 
And the alternative to be  
 

:ଵܪ ߠ א Ω଴ 
 
We write the power function as Pow(θ, d) to make its 

dependence on the decision function explicit. 
Definition: A decision function d* is a uniformly most 

powerful (UMP) decision function (or test) at significance 
level α0 if  
(1) Pow(θ, d*) ≤ α0, ∀ ߠ א  Ω଴ 
(2) For every decision function d which satisfies (1), we have 

Pow(θ, d) ≤ Pow(θ, d*), , ∀ ߠ א  Ωଵ . 
Do UMP tests ever exist? If the alternative hypothesis is 

one-sided then they do for certain distributions and statistics. 
We proceed by defining the needed property on the population 
distribution and the statistic. 

Definition: Let T = t(X1, X2, . . . , Xn) be a statistic. Let f(x1, 
x2, . . . , xn|θ) be the joint density of the random sample. We 
say that f(x1, x2, . . . , xn|θ) has a monotone likelihood ratio in 
the statistic T if for all ߠଵ ൌ  ଶ the ratioߠ

 
݂ሺݔଵ,  ଶሻߠ|௡ݔ …
݂ሺݔଵ,  ଵሻߠ|௡ݔ …

 

 
depends on ݔଵ, ଶݔ ,ଵݔ)௡ only through tݔ …   ௡ሻ and theݔ …
ratio is an increasing function of ݂ሺݔଵ,  .௡ሻݔ …

Example: Consider a Bernoulli distribution for the 
population, i.e. we are looking at a population proportion. So 
each Xi = 0, 1, and p = P(X = x). The joint density is  
 

݂ሺݔଵ, ሻ݌|௡ݔ … ൌ ௡௫ҧሺ1݌  െ ሻ௡ି௡௫ҧ݌  
 
where 

ҧݔ ൌ
1
݊

෍ ௜ݔ

௡

௜ୀଵ

 

 
Let ݌ଵ ൏  ଶwe have݌
 

݂ሺݔଵ, … ,  ଶሻ݌|௡ݔ
݂ሺݔଵ, … ,  ଵሻ݌|௡ݔ

ൌ ൤
ଶሺ1݌ െ ଵሻ݌
ଵሺ1݌ െ ଶሻ݌

൨
௡௫ҧ

൤
1 െ ଶ݌

1 െ ଵ݌
൨

௡

 

 
So the ratio depends on the sample only through the sample 
mean ݔҧand it is an increasing function of ݔҧ. (It is an easy 
algebra exercise to check that if 
 

ଶ݌ ൐ ଶሺ1݌ ݄݊݁ݐ ଵ݌ െ ଵሺ1݌ଵሻ/ሺ݌ െ ଶሻሻ݌ ൐ 1. ሻ 
 

Example: Now consider a normal population with unknown 
mean ߤ and known varianceߪଶ. So, the joint density is 
 

݂ሺݔଵ, … , ሻߤ|௡ݔ ൌ  
1

ሺ2ߨሻగ
ଶൗ ఙ೙ ݌ݔ݁ ൭െ

1
ଶߪ ෍ሺݔ௜ െ ሻଶߤ

௡

௜ୀଵ

൱ 

 
Now let μ1 < μ2. A little algebra shows 
 

݂ሺݔଵ, … ,  ଶሻߤ|௡ݔ
݂ሺݔଵ, … ,  ଵሻߤ|௡ݔ

ൌ ݌ݔ݁ ቆ
݊

ଶߪ ଶߤҧሺݔ െ ଵሻߤ ൅
ሺߤଵ

ଶ െ ଶߤ
ଶሻ݊

ଶߪ2 ቇ 

 
So the ratio depends on ݔଵ, ,ଶݔ … ,  ҧ, and theݔ௡ only throughݔ
ratio is an increasing function ofݔҧ. 

Theorem 1: Suppose ݂ሺݔଵ, … ,  ሻhas a monotoneߠ|௡ݔ
likelihood ratio in the statisticܶ ൌ ሺݐ ଵܺ, … , ܺ௡ሻ. Consider 
hypothesis testing with alternative hypothesis ܪ௔: ߠ ൐  ଵ andߠ
null hypothesisܪ଴: ߠ ൑ ߠ :଴ܪ ݎ݋ ଴ߠ ൌ ,଴ߙ ଴. Letߠ ܿ be 
constants such thatܲሺܶ ൒ ܿሻ ൌ  ଴. Then the test that rejectsߙ
the null hypothesis if ܶ ൒ ܿ is a UMP test at significant level, 
 .଴ߙ

Example: We consider the example of a normal population 
with known variance and unknown mean. We saw that the 
likelihood ratio is monotone in the sample mean. So if we 
reject the null hypothesis when ഥܺ ௡ ൒ ܿ, this will be a UMP 
test with significance level ߙ ൌ ܲሺ തܺ௡ ൒  ଴ሻ. Give a desiredߤ|ܿ
significance level ߙ଴ , we choose c so this equation holds. 
Then the theorem tells us we have a UMP test. So for every 
ߤ ൐  .ሻ as large as possibleߤሺݓ݋ܲ ଴, our test makesߤ

Example: We consider the example of a Bernoulli 
distribution for the population (population proportion). To be 
concrete, suppose the null hypothesis is ݌ ൑ 0.1 and the 
alternative is ൐ 0.1 . We have a random sample of size n = 20. 
Let തܺ be the sample proportion. By what we already done, the 
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test that rejects the null hypothesis when തܺ ൒ ܿ will be a UMP 
test. We want to choose c so that ሺ തܺ ൒ ܿሻ ൌ  ଴. However, തܺߙ
is a discrete RV (it can only be 0/20, 1/20, 2/20,    , 19/20), so 
this is not possible. Suppose we want a significant level of 
0.005. Using software (or a table of the binomial distribution) 
we find that ܲሺݔҧ ൒ ݌|6/20 ൌ 0.1ሻ ൌ 0.0113 and ܲሺݔҧ ൒
݌|7/20 ൌ 0.1ሻ ൌ 0.0024. So we must take c = 7/20. Then the 
test that rejects the null if ݔҧ ൒ 7/20 is a UMP test at 
significance level 0.005.  

What about two-sided test alternatives? It can be shown that 
there is no UMP test in the setting. 

IV. UNIFORM MOST POWERFUL (UMP) TEST 
Let ܺ ൌ ሺ ଵܺ, … , ܺ௡ሻ be an independent random sample. A 

test φ for testing ܪ଴: ߠ א Ԅ଴ against ܪ௔: ߠ א Ԅଵ is said to be a 
uniformly most powerful test of size α if it is of size- α and it 
has no smaller power than that of any other test α, in class of 
level α tests i.e.  

ሻሽݔሺߔఏሼܧఏబאఏ݌ݑܵ ൌ 0 
 

ሻݔԢሺߔఏܧఏబאఏ݌ݑܵ ൌ ᇱߙ ൑ ߙ ൌ  ሻݔሺߔఏܧఏబאఏ݌ݑܵ
 
and for every ߠ א Ԅ଴, 
 

ሻሽݔԢሺߔఏሼܧ ൐  ሻሽݔሺߔఏሼܧ
 
The known theorem provided a UMP test of size α for one-

sided testing problem ܪ଴: ߠ ൏ :ଵܪ ଴ againstߠ  ߠ ൐  ,଴ߠ 
whenever the p.d.f of ߠ א  .has monotone likelihood ratioߔ
The theorem holds for such distributions provided they have 
monotone likelihood ratio in ሺݔሻ. For testing ܪ଴ against ܪଵ 
and test of the form 

 

߶ሺݔሻ ൌ ቐ
1                 ߶ሺݔሻ ൐ ܭ
ሻݔ௜               ߶ሺߛ ൌ ܭ
0                 ߶ሺݔሻ ൏ ܭ

 

 
has non-decreasing power function and is UMP of its size 
provided its size is positive. 

Reference [10] explained that for every ߙ, 0 ൏ ߙ  ൏ 1, and 
every ߠ଴ א Ԅ, there exist numbers െ∞ ൏ ܭ ൏ ൅∞ ܽ݊݀ 0 ൑
ߛ  ൑ 1  and  such that the test given above is UMP size α test 
of ܪ଴ against  ܪଵ. 

Examples of Uniformly Most Powerful Test 
If the same result of MPT test is obtained for UMP by 

changing the composite range ܪଵ: ߠ ൐ 0 to specified range 
and then consider alternative hypothesis ܪ଴: ߠ ൌ  ଴then theߠ
result obtained is said to be UMPT. i.e when H0 is simple and 
H1 is composite (one-sided) then a UMPT exist. 

On the other hand, if H0 is simple generally no UMPT 
exists. 

Example 1  
Let X1, X2, . . . , Xn be a random sample of size n from a 

distribution with density 

ሻߠ|ݔሺܨ ൌ ൜ି݁ߠఏ௫, ݔ ൐ 0
0,  ݁ݏ݅ݓݎ݄݁ݐ݋

 
For testing ܪ଴: ߠ ൌ :ଵܪ ଴ againstߠ ߠ ൐  ଴ isߠ ଴ whereߠ

specified, what is the UMPT? 
Solution 
In this case H0 is simple and H1 is composite. Let  ܪଵ: ߠ ൌ

ଵߠ ൐ :଴ܪ ଴ be the simple hypothesis. Then MPT forߠ ߠ ൌ  ଴ߠ
against ܪଵ: ߠ ൐  ଴ is given byߠ

 
ߠሺܮ ൌ ሻݔ|଴ߠ
ߠሺܮ ൌ ݔ|ଵߠ

൑ ݇ 

 
Since 

൯ݔหߠ൫ܮ ൌ ,ఏ௫మି݁ߠఏ௫భି݁ߠ  … ,  ఏ௫೙ି݁ߠ
 

൯ݔหߠ൫ܮ ൌ ௡݁ିߠ  ∑ ఏ௫೔ 
 
Therefore 

൯ݔ଴หߠ൫ܮ
൯ݔଵหߠ൫ܮ

ൌ
଴ߠ

௡݁ି ∑ ఏబ௫೔

ଵߠ
௡݁ି ∑ ఏభ௫೔

൑ ݇ 

 
൯ݔ଴หߠ൫ܮ
൯ݔଵหߠ൫ܮ

ൌ
଴ߠ

௡

ଵߠ
௡ ݁ି ∑ ఏబ௫೔ା∑ ఏభ௫೔ ൑ ݇ 

 
൯ݔ଴หߠ൫ܮ
൯ݔଵหߠ൫ܮ

ൌ
଴ߠ

௡

ଵߠ
௡ ݁∑ ௫೔ሺఏభିఏబሻ ൑ ݇ 

 
Taking the natural log, we have 
 

ln ቊ
ߠ൫ܮ ൌ ൯ݔ଴หߠ
ߠ൫ܮ ൌ ൯ݔଵหߠ

ቋ ൌ ln ൜
଴ߠ

௡

ଵߠ
௡ ݁∑ ௫೔ሺఏభିఏబሻൠ ൑ ln ݇ 

ൌ ln ൬
଴ߠ

ଵߠ
൰

௡

൅ ln൫݁∑ ௫೔ሺఏభିఏబሻ൯ ൑ ln ݇ 

ൌ ln ൬
଴ߠ

ଵߠ
൰

௡

൅ ෍ ଵߠ௜ሺݔ െ ଴ሻߠ lnሺ݁ሻ ൑ ln ݇ 

ൌ ෍ ଵߠ௜ሺݔ െ ଴ሻߠ ൑ ln ݇ െ ln ൬
଴ߠ

ଵߠ
൰

௡

 

ൌ ሺߠଵ െ ଴ሻߠ ෍ ௜ݔ ൑ ln
݇

ቀߠ଴
ଵߠ

ቁ
௡ ൌ ln

ଵߠ݇
௡

଴ߠ
௡  

 
Let ln ௞ఏభ

೙

ఏబ
೙ ൌ ݇ଵ since ln ௞ఏభ

೙

ఏబ
೙  is a constant, then we have 

 

ൌ ሺߠଵ െ ଴ሻߠ ෍ ௜ݔ ൑ ݇ଵ 

ൌ ෍ ௜ݔ ൑
݇ଵ

ሺߠଵ െ ଴ሻߠ
 

 
Also, let ௞భ

ሺఏభିఏబሻ
ൌ ݇ଶ since  ௞భ

ሺఏభିఏబሻ
 is also a constant, then we 

have 

ൌ ෍ ௜ݔ ൑ ݇ଶ 
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Divide through by n, we have 
 

ൌ
1
݊ ෍ ௜ݔ ൑

݇ଶ

݊ ൌ ܿଵ 

ൌ
1
݊

෍ ௜ݔ ൑
݇ଶ

݊
ൌ ܿ 

 
Therefore,   

ҧݔ ൑ ܿ 
 
Since the same MPT will be obtained for each simple 
hypothesis ܪଵ: ߠ ൌ ଵߠ ൐ ҧ ݔ ,଴ߠ ൑ ܿ is the UMPT. 

Example 2 
Let X1, X2, . . . , Xn be a random sample of from ܰሺߠ, 1ሻ, 

find the UMPT for testing 
 

ߠ :଴ܪ ൌ :ଵܪ ݐݏ݊݅ܽ݃ܽ 0 ߠ ൐ 0. 
 
Solution 
:଴ܪ ߠ ൌ :ଵܪ ଴ againstߠ ߠ ൐  .଴, we want to find a UMPTߠ

Here H0 is simple and H1 is composite. Consider a specific 
alternative hypothesis ܪଵ: ߠ ൌ ଴ߠ ൐ 0. Then an application of 
Neyman-Pearson lemma to test ܪ଴: ߠ ൌ 0 against ܪଵ: ߠ ൌ  ଴ߠ
gives 

 

൯ݔหߠ൫ܮ ൌ  
1

ߨ2√ߪ
݁ି ଵ

ଶఙమሺ௫భିఓሻమ
 ൈ  

1
ߨ2√ߪ

݁ି ଵ
ଶఙమሺ௫మିఓሻమ

 ൈ  
1

ߨ2√ߪ
݁ି ଵ

ଶఙమሺ௫యିఓሻమ
 

ൈ  … ൈ
1

ߨ2√ߪ
݁ି ଵ

ଶఙమሺ௫೙ିఓሻమ
 

 

൯ݔหߠ൫ܮ ൌ  ൬
1

ߨ2√ߪ
൰

௡

݁ି ଵ
ଶఙమ ∑ሺ௫೔ିఓሻమ

 

 

ߠ൫ܮ ൌ 0หݔ൯
ߠ൫ܮ ൌ ൯ݔ଴หߠ

ൌ
൬ 1

ߨ2√ߪ
൰

௡
݁ି ଵ

ଶఙమ ∑ሺ௫೔ି଴ሻమ

൬ 1
ߨ2√ߪ

൰
௡

݁ି ଵ
ଶఙమ ∑ሺ௫೔ିఏబሻమ

൑ ݇ 

 

ߠ൫ܮ ൌ 0หݔ൯
ߠ൫ܮ ൌ ൯ݔ଴หߠ

ൌ
݁ି ଵ

ଶఙమ ∑ሺ௫೔ሻమ

݁ି ଵ
ଶఙమ ∑ሺ௫೔ିఏబሻమ

൑ ݇ 

 
ߠ൫ܮ ൌ 0หݔ൯
ߠ൫ܮ ൌ ൯ݔ଴หߠ

ൌ ݁
ଵ

ଶఙమ ∑ሺ௫೔ିఏబሻమି ଵ
ଶఙమ ∑ሺ௫೔ሻమ

൑ ݇ 

 
ߠ൫ܮ ൌ 0หݔ൯
ߠ൫ܮ ൌ ൯ݔ଴หߠ

ൌ ݁
ଵ

ଶఙమ ∑൫ఏమି ଶ௫೔ఏబ൯ ൑ ݇ 

 

ln ቊ
ߠ൫ܮ ൌ 0หݔ൯
ߠ൫ܮ ൌ ൯ݔ଴หߠ

ቋ ൌ ln ൬݁
ଵ

ଶఙమ ∑൫ఏమି ଶ௫೔ఏబ൯൰ ൑ ݈݊݇ 

 
1

ଶߪ2 ෍ሺߠଶ െ ଴ሻߠ௜ݔ2  ln ݁ ൑ ݈݊݇ ൌ ݇ଵ 

 

෍ሺߠଶ െ ଴ሻߠ௜ݔ2  ln ݁ ൑  ଶ݇ଵߪ2

 

െ 2ߠ଴ ෍ ௜ݔ ൑ ଶߠଶ݇ଵെ݊ߪ2 ൌ  ݇ଶ 

 

෍ ௜ݔ ൒  
݇ଶ

െ 2ߠ଴
ൌ  ܿଵ 

෍ ௜ݔ ൒   ܿଵ 

 
1
݊ ෍ ௜ݔ ൒   

ܿଵ

݊
ൌ ܿ 

 
Therefore 

ҧݔ ൒  ܿ 
 
where c is determined such that ܲሺݔҧ ൒ ߠ|ܿ ൌ 0ሻ and not by 
 ଴ and the critical region willߠ ଵ (hence independent ofܪ ݊݅ ଴ߠ
be the same if we had selected another value of ߠ ൌ ଵߠ ൐ 0. 
Therefore the test given by ݔҧ ൒ ܿ is a UMPT. 

Example 3 
Let X1, X2, . . . , Xn be a random sample from ܰሺ0,  .ଶሻߪ

Find the UMPT for testingܪ଴: ߪଶ ൌ :ଵܪ ݏݑݏݎ݁ݒ 1 ଶߪ ൐ 1. 
Solution 
Consider a particular simple alternative hypothesis ܪଵ: ൌ

ଶߪ ൌ ଴ߪ
ଶ ൐ 1. Then the MPT for testing ܪ଴ against is given by 

 

൯ݔଶหߪ൫ܮ ൌ  
1

ߨ2√ߪ
݁ି ଵ

ଶఙమሺ௫భିఓሻమ
 ൈ  

1
ߨ2√ߪ

݁ି ଵ
ଶఙమሺ௫మିఓሻమ

  ൈ  … 

ൈ
1

ߨ2√ߪ
݁ି ଵ

ଶఙమሺ௫೙ିఓሻమ
 

 

൯ݔหߠ൫ܮ ൌ  ൬
1

ߨ2√ߪ
൰

௡

݁ି ଵ
ଶఙమ ∑ሺ௫೔ିఓሻమ

 

 

ଶߪ൫ܮ ൌ 1หݔ൯
ଶߪ൫ܮ ൌ ଴ߪ

ଶหݔ൯
ൌ

൬ 1
ߨ2√

൰
௡

݁ିଵ
ଶ ∑ሺ௫೔ି଴ሻమ

ቆ 1
ߨ଴√2ߪ

ቇ
௡

݁
ି ଵ

ଶఙబ
మ ∑ሺ௫೔ି଴ሻమ

൑ ݇ 

 
ଶߪ൫ܮ ൌ 1หݔ൯

ଶߪ൫ܮ ൌ ଴ߪ
ଶหݔ൯

ൌ ଴ߪ
௡݁

ିଵ
ଶ ∑ሺ௫೔ሻమ ା ଵ

ଶఙబ
మ ∑ሺ௫೔ሻమ

൑ ݇ 

 

ln ቊ
ଶߪ൫ܮ ൌ 1หݔ൯

ଶߪ൫ܮ ൌ ଴ߪ
ଶหݔ൯

ቋ ൌ ln ቆߪ଴
௡݁

ିଵ
ଶ ∑ሺ௫೔ሻమ ା ଵ

ଶఙబ
మ ∑ሺ௫೔ሻమ

ቇ ൑ ݈݊݇ 

ൌ lnሺߪ଴
௡ሻ ൅ ln ቆ݁

ିଵ
ଶ ∑ሺ௫೔ሻమ ା ଵ

ଶఙబ
మ ∑ሺ௫೔ሻమ

ቇ ൑ ݈݊݇ 

 

lnሺߪ଴
௡ሻ ൅ െ

1
2

෍ሺݔ௜ሻଶ  ൅  
1

଴ߪ2
ଶ ෍ሺݔ௜ሻଶ ൑ ݈݊݇ 

 

െ
1
2

෍ሺݔ௜ሻଶ  ൅ 
1

଴ߪ2
ଶ ෍ሺݔ௜ሻଶ ൑ ݈݊݇ െ  lnሺߪ଴

௡ሻ ൌ ln ቆ
݇

଴ߪ
௡ቇ ൌ ݇ଵ 

 

െ
1
2

෍ሺݔ௜ሻଶ  ൅  
1

଴ߪ2
ଶ ෍ሺݔ௜ሻଶ ൑ ݇ଵ 

 

െ ෍ሺݔ௜ሻଶ  ൅  
1

଴ߪ
ଶ ෍ሺݔ௜ሻଶ ൑ 2݇ଵ 

 

െߪ଴
ଶ ෍ሺݔ௜ሻଶ  ൅  ෍ሺݔ௜ሻଶ ൑ ଴ߪ2

ଶ݇ଵ 

 

෍ ௜ݔ
ଶሺߪ଴

ଶ െ 1ሻ ൒ െ2ߪ଴
ଶ݇ଵ 

 

෍ ௜ݔ
ଶ ൒

െ2ߪ଴
ଶ݇ଵ

ሺߪ଴
ଶ െ 1ሻ ൌ ܿ 

 

෍ ௜ݔ
ଶ ൒ ܿ 
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where  

ܿ ൌ
െ2ߪ଴

ଶ݇ଵ

ሺߪ଴
ଶ െ 1ሻ 

 
Observe that as long as ߪ଴

ଶ ൐ 1 the MPT will remain the 
same for each simple alternative hypothesis ܪଵ: ଶߪ ൌ ∑ ௜ݔ

ଶ ൒
ܿ where c is determined once. α, the probability of type 1 
error, is specified, and independent of ߪ଴

ଶ. Thus, ܲሺ∑ ௜ݔ
ଶ ൒

ሻ݁ݑݎݐ ݏ݅ ଴ܪ|ܿ ൌ  Since the critical region is independent of .ߙ
଴ߪ

ଶ, the test obtained here is UMPT. If we were 
testingܪ଴: ଶߪ ൌ 1 against  ܪଵ: ଶߪ ൏ 1, it can be verified that 
the corresponding UMPT is ∑ ௜ݔ

ଶ ൑ ܿ. 

Example 4  
Let X1, X2, . . . , Xn be a random sample from ݂ሺߠ|ݔሻ where  
 

݂ሺߠ|ݔሻ ൌ ൜
1

ሻൠߠሺ߁ ݁ି௫ݔఏିଵ,     ݔ ൐ 0, ߠ ൐ 0 

 
What is the UMPT for testing ܪ଴: ߠ ൌ :ଵܪ ଴ againstߠ ߠ ൐

 ?଴ߠ
Solution 
Let us consider the alternative  ܪଵ: ߠ ൌ ଵߠ ൐  ଴. Then MPTߠ

for ܪ଴: ߠ ൌ :ଵܪ ଴ againstߠ ߠ ൐  ଴ is given byߠ
 

൯ݔหߠ൫ܮ ൌ  
1

ሻߠሺ߁ ݁ି௫భݔଵ
ఏିଵ  ൈ  

1
ሻߠሺ߁ ݁ି௫మݔଶ

ఏିଵ   ൈ  … ൈ
1

ሻߠሺ߁ ݁ି௫೙ݔ௡
ఏିଵ 

 

൯ݔหߠ൫ܮ ൌ  ൬
1

ሻ൰ߠሺ߁
௡

݁ି ∑ ௫೔ ෑ ௜ݔ
ఏିଵ

௡

௜ୀଵ

 

 
ߠ൫ܮ ൌ ൯ݔ଴หߠ
ߠ൫ܮ ൌ ൯ݔଵหߠ

൑ ݇ 

 

ߠ൫ܮ ൌ ൯ݔ଴หߠ
ߠ൫ܮ ൌ ൯ݔଵหߠ

ൌ  
൬ 1

଴ሻ൰ߠሺ߁
௡
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ఏబିଵ௡

௜ୀଵ

൬ 1
ଵሻ൰ߠሺ߁

௡
݁ି ∑ ௫೔ ∏ ௜ݔ

ఏభିଵ௡
௜ୀଵ

൑ ݇ 

 
ߠ൫ܮ ൌ ൯ݔ଴หߠ
ߠ൫ܮ ൌ ൯ݔଵหߠ

ൌ ቆ
ଵሻߠሺ߁
଴ሻቇߠሺ߁

௡

݁ି ∑ ௫೔ା ∑ ௫೔  
∏ ௜ݔ

ఏబିଵ௡
௜ୀଵ

∏ ௜ݔ
ఏభିଵ௡

௜ୀଵ
൑ ݇ 

 
ߠ൫ܮ ൌ ൯ݔ଴หߠ
ߠ൫ܮ ൌ ൯ݔଵหߠ

ൌ  
∏ ௜ݔ

ఏబିଵ௡
௜ୀଵ

∏ ௜ݔ
ఏభିଵ௡

௜ୀଵ
൑ ݇ 

 
ߠ൫ܮ ൌ ൯ݔ଴หߠ
ߠ൫ܮ ൌ ൯ݔଵหߠ

ൌ ෑ ௜ݔ
ఏబିଵିሺఏభିଵሻ

௡

௜ୀଵ

൑ ݇ 

 

ln ቊ
ߠ൫ܮ ൌ ൯ݔ଴หߠ
ߠ൫ܮ ൌ ൯ݔଵหߠ

ቋ ൌ ln ൭ෑ ௜ݔ
ఏబିଵିሺఏభିଵሻ

௡

௜ୀଵ

൱ ൑ ݈݊݇ 

ൌ ln ൭ෑ ௜ݔ
ఏబିఏభ

௡

௜ୀଵ

൱ ൑ ݈݊݇ 

 

ሺߠ଴ െ ଵሻlnߠ ൭ෑ ௜ݔ

௡

௜ୀଵ

൱ ൑ ݈݊݇ 

 

ln ൭ෑ ௜ݔ

௡

௜ୀଵ

൱ ൑
݈݊݇

ሺߠ଴ െ  ଵሻߠ

ln ቀ෍ ௜ቁݔ ൑
݈݊݇

ሺߠ଴ െ ଵሻߠ ൌ ݇ 

 

෍ ௜ݔ ൑ ݁௞ ൌ ݇ଵ 
 

෍ ௜ݔ ൑ ݇ଵ 

 
1
݊

෍ ௜ݔ ൑
݇ଵ

݊
ൌ ܿ 

 
Therefore, 
 

ҧݔ ൑ ܿ, Since ߠ଴ െ ଵߠ ൐  0 
 

Since the same MPT will be obtained for each simple 
hypothesis 

 
:ଵܪ ߠ ൌ ଵߠ ൐  ,଴ߠ

 
then 

ҧݔ ൑ ܿ is the UMPT. 
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