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Abstract—This paper deals with the problem of delay-dependent
stability for neural networks with distributed delays. Some new
sufficient condition are derived by constructing a novel
Lyapunov-Krasovskii ~ functional approach. The criteria are
formulated in terms of a set of linear matrix inequalities, this is
convenient for numerically checking the system stability using the
powerful MATLAB LMI Toolbox. Moreover, in order to show the
stability condition in this paper gives much less conservative results
than those in the literature, numerical examples are considered.
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I. INTRODUCTION

TABILITY analysis for neural networks have attracted
many researchers attention due to the fact that in many
applications the designed neural networks is required to have
a unique and stable equilibrium point [1-3]. the occurrence
of time delays is unavoidable during the processing and
transmission of the signals because of the finite switching
speed of amplifiers in electronic networks or finite speed for
signal propagation in biological networks ,the existence of
time delay may cause instability and oscillation of neural
networks.Therefore stability analysis of delayed neural
networks has been extensively investigated and reported in
the literature; see [4-15], and the references cited therein.
When bounded distributed delay appear in a neural
network,stability results for such a class of delayed neural
networks were reported in [16-19]. In the case when
unbounded distributed delayed appear in a neural network,
stability results were provided in [20-22] by using the
M-matrix theory and the Lyapunov functional method.
Usually, delay-dependent stability results are less
conservative than delay-dependent ones, especially when the
delay size is small [23,24]. In this paper, we concerned with
the problem of stability analysis for neural networks with
distributed delay. The distributed delay is assumed to be
unbounded. Delay-dependent  stability conditions are
obtained,which can be easily checked by MATLAB LMI
Toolbox.Finally, in order to show the stability condition in
this paper gives much less conservative results than those in
the literature, numerical examples are considered.
Notations: The notations in this paper are quite standard.
I denotes the identity matrix with appropriate dimensions,R"
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denotes the n dimensional Euclid space, and R™*"is the set
of all m x n real matrices, * denotes the elements below the
main diagonal of a symmetric block matrix. For symmetric
matrices A and B.the notation A > B(respectively,A > B )
means that the matrix A — B is positive definite (respectively,
nonnegative).

II. PROBLEM STATEMENT

Consider a class of delay neural networks described by the
following equation

n

f1i(t) = —cipi(t) + Z dijg; (i () + > aijg;(ui(t = <))

Jj=1
n t

#3005 [ ksl s)gpls())ds + 1
=1 /oo

(D

pi(t) = ¢i(t), —oo <t <0 2

for i = 1,2,...,n, u;(t) is the state of the ith unit at time
t;c; > 0 denotes the passive decay rate; a;j, b;j,d;; are the
interconnection matrices representing the weight coefficients
of the neurons; ¢ is a constant scalar representing the delay
of the neural network; ¢;(t), ¢ = 1,2,...,n, is the initial
condition of the neural network; I;, ¢ = 1,2,...,n, is the
external constant inputs; ¢;(-), ¢ = 1,2,...,n, is the
activation function; the delay kernel k; is a real valued
continuous nonnegative function defined on [0, +oo],which is
assumed to satisfy jboo ki(s)ds = 1,1 = 1,2,...,n. The
following assumptions are adopted throughout the paper.
Assumption 1:Each neuron activation function g;(-), in (1)
satisfies the following condition:

9;(r1) — g;(r2)
T —T9

0<

<lj, Vri,re e R, i=1,2,...,n.
3)

where [; > 0 and assume that L = diag{ly,l2,...,l,}.

Based on Assumption 1, it can be easily proven that there
exists one equilibrium point for (1) by Brouwer‘s fixed-point
theorem. Assuming that p* = [u},us,..., 1 )T is the
equilibrium point of (1) and using the transformation
() = p(-) — p*the system (1) can be converted to the
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following system :

@i(t) = —cizi(t) + Z dij fi(z;(t)) + Z aij fi(zj(t —<))
+ Z bij /7 kj (t — s)fj(xj(s))ds
" 4

which can be re-written as

#(t) = —Cu(t) + Df(x(t)) + Af (2(t = <))

+B/ K(t—s)f(z(s))ds ®)
where
C’ = dmg{cz} A = [azj]nx'mB - [b'L]]anvD - [dj}nx’ﬂ
and vector z(t) = [x1(t),z2(t), ..., 2. (D]7, fx(t) =

[fl(xl(t))7f2(x2(t) v '7fn($n(t))]T’
filzi(t)) = gi(zi(t) + pi) — 9i(17), K(s) = diag{ki(s)}.

By Assumption 1, it is easy to see that
Ogifj(r)glh VreRr#0,i=1,2,...,n ©)
r

Lemma 1 [25].For any positive semi-definite matrices X =
X1 X2 X3
*  Xog Xaz| >0,the following integral integral inequality
* * X33
holds:

f/t @7 (5) X332 (s)ds
t—s

t 1‘(t) r X11 X12 X13 Z()(t) (7)
S/ x(t*C) * X22 X23 l’(t*§) ds

t=s| i(s) * * 0 x(s)
Lemma 2 [26].Let ( € R*,T =T'7 € R"™*" and B € R™*"

such that rank(G) < n. Then, the following statements are
equivalent:

(1) ¢"'T¢ <0, G¢=0,( #0,

(2) (GHITG* <0, ®

where G+ is a right orthogonal complement of G.

III. MAIN RESULTS

In this section,a new Lyapunov functional is constructed
and a less conservative delay-dependent stability criterion is
obtained.

Theorem 1 Given that the Assumption 1 hold, the system (5)

is globally asymptotic stability if there exist matrices P >

0,01 >0,Q2 > 0,R; > 0,Ry > 0, diagonal matrices F =

diag{e;} > 0,5 = diag{s;} > 0,A1 > 0, Ay > 0 and matrix
X1 X1z Xig

X = * Xoo X3 | > 0, such that the following LMI
* * X33

holds:

Ry — X33 >0 &)

rHTart <o (10)

where
Qi1 Q2 Qg Qg Qs

¥ Qoo oz Qoy 0

Q = * * 933 Q34 7A2L
* * * Oyy 0
k * * * 955

=[-C D A B 0], R=R;+cRs
Q1 = —2PC + Q1 +¢X11 + X13 + X5 + CTRC
Q9 =—LA, —CS+ PD—CTRD
O3 =PA—-CTRA, Q. =PB—-CTRB
Qs = cX12 — X153+ X15
Qo9 = Qs+ E —2A, + 25D + DTRD
Qo3 = SA+ DTRA, Q24 =SB+ DTRB
Qg3 = —Qa + ATRA — 275, Q34 = ATRB

Qu=-E+BTRB

Q55 = —Q1 + ¢ X220 — Xoz — X35

Proof: Construct a new class of Lyapunov functional
candidate as follow:

zy) = Z Vi(xe)

with

n ~z; (1)

F(2(5)Q2f (a(s))ds

t—gs

Va(zy) = /t;;rT(s)le(s)ds +

=3 [ ko
w(xt):/ttg T () Rui(s ds+/ﬂ/+ﬁ

Then, taking the time derivative of V(t) with respect to t along
the system (5) yield

(s))dsdo

s)Ro(s)dsdf

V(xt) = Z Vz‘(%)
where
Vi(z) = ©(t) + 2 ; sifi(@i(t))a:(t) (11

=227 (t) Pi(t) + Zf;(x(t))S:Jb(t)
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Vo(zy) = 27 (1)Qi2(t) — 27 (t — <)Qra(t — <)
+ (@) Qaf (x(t) — fT(x(t — <)) Qaf((t — <))
(12)
Va(ae) =17 (a(1)) Zez / k(o) P2 (ws(t—0))do

(13)

In the derivative of V};(xf) we use Cauchy’s inequality
f p(s ([ p*(s)ds)([ ¢*(s)ds) and assumption
Jo~ ki ( )ds = 1 we can obtaln that

Vs (o) < f7(a(t) Ef ((t)

/Kts

(s))ds) TE/ K(t—s)f(x(s))ds)

(14)
Vi(xy) = a7 () Ry (t) — 27 (t — ) Ryie(t — <)
4o (8) Roi (1) — / " AT (B) Rai(B)d8
= iT(t)Ri(t) — (tt N S)Ry2(t — <)
- /; (B)(R2— Xs3)2(8)dB— / B)X33i(B)df
(15)

Using Lemma 1, we can obtain that

t
_/ &7 (8) Xaa#(8)dB <a™ (t)(sX11 + X13 + XT)a(t)
t—
+227 () (s X12— X13+ X135)z(t—3)
+aT (t—¢) (s Xoo — Xo3— X23)z(t—3)
(16)

From (6), we can get that there exist positive diagonal matrices
A1, Ay such that the following inequalities holds:

=2fT(2(t)) M [f(x(t)) — La(t)] >0 (17)

=2f"(a(t = ) Aalf(a(t = <) — La(t <)) 2 0 (18)
From (9) and (11)-(18), we can obtain that:

V(w) < €7 (1)04(t) (19)
where
() = [ (1), fM (1), FF(2(t <)),

/ K(t— 8)f(a(s))ds) T, 2T (t — <]

By Lemma 2, £7(¢)Q&(t) < 0 with T¢(t) = 0 is equivalent
to (IH)TQI+ < 0. Therefore, if LMIs (9),(10) hold, then the
neural networks (5) is asymptotically stable. This completes
the proof. u

Remark 1 Theorem 1 provides an delay-dependent LMI
condition,under which the delayed neural network in (5) is
guaranteed to have a unique equilibrium point, which is
globally asymptotically stable.It is worth pointing out that
via a similar approach as in the proof of Theorem 1, we can

deal with the case when the delays in ¢ are different.
When B = 0,the delayed neural network in (5) reduces to

@(t) = =Ca(t) + Df(x(t)) + Af (2(t - <)) (20)

In this case, by Theorem 1, it is easy to have the following
result.

Theorem 2 Given that the Assumption 1 hold, the system
(5) is globally asymptotic stability if there exist matrices
P >0, >0,Q2 >0,R; >0,Ry > 0, diagonal matrices

S = diag{s;} > 0,A7 > 0,A2 > 0 and matrix
X1 X Xi3
X = * Xoo  Xo3| > 0, such that the following LMI
* * X33
holds:
Ry — X33>0 (20
(THTewt <0 (22)
where
=[-C D A 0
O P P13 Puy
o — * @22 @23 0
- * * @33 —A2L
* * * DPyy

Oy = —2PC+ Q1+ X1 + X3+ X5+ CTRC
®13 =LA, —CS+PD—C"RD
$3=PA—-CTRA
Py =< X12 — X134+ X
Boy = Q2 — 2A1 + 25D + DTRD
Bo3 = SA+ DTRA, $g3 = —Qy + ATRA — 2,
Byy = —Q1 +cXao — Xoz — Xoy
Proof: The proof of the Theorem 2 is consequence of

Theorem 1 by choosing £ = 0. Hence the proof is omitted.
|

IV. EXAMPLE

In this section,we provide a numerical example to
demonstrate the effectiveness and less conservatism of our
delay-dependent stability criteria.
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Example 1 Consider a delayed neural network in (5) with distributed delay is assumed to be unbounded.
parameters as Delay-dependent stability conditions have been obtained,
which can be easily checked by MATLAB LMI Toolbox.
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