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Delay-dependent H ., performance analysis for
Markovian jump systems with Time-varying delays

Yucai Ding, Hong Zhu, Shouming Zhong, and Yuping Zhang

Abstract—This paper considers H., performance for Markovian
jump systems with Time-varying delays. The systems under consid-
eration involve disturbance signal, Markovian switching and time-
varying delays. By using a new Lyapunov-Krasovskii functional and
a convex optimization approach, a delay-dependent stability condition
in terms of linear matrix inequality (LMI) is addressed, which
guarantee asymptotical stability in mean square and a prescribed H oo
performance index for the considered systems. Two numerical exam-
ples are given to illustrate the effectiveness and the less conservatism
of the proposed main results. All these results are expected to be of
use in the study of stochastic systems with time-varying delays.

Keywords—H ., performance; Markovian switching; Delay-
dependent stability; Linear matrix inequality (LMI)

[. INTRODUCTION

TOCHASTIC modeling has come to play an important

role in many branches of science and industry. Markovian
jump systems (MJSs) are a special class of stochastic hybrid
systems. Loosely speaking, a MJS is a hybrid system with
state vector that has two components z(t) and r(¢). The first
one is in general referred to as the state, and the second
one is regarded as the mode. In its operation, the jump
system will switch from one mode to another in a random
way, based on a Markovian chain with finite state space
S ={1,2,--- N} [1]. Many dynamical systems subject to
random abrupt variations can be modeled by MJS such as
a manufacturing system, a networked control system (NCS)
etc. Due to their extensive applications in many files, much
research has investigated such a class of stochastic systems
and lots of significant results have been reported. For more
details on such systems we refer the readers to [2-4] and the
references therein.

With the maturity of H, control theory, many works have
been devoted to H, control of time delayed Markovian jump
linear systems. Based on the stochastic version of bounded
real lemma, sufficient conditions for the existence of H.,
controllers for continuous stochastic systems were presented
in terms of linear matrix inequalities in the work [5-10].

The stability and stabilization conditions for stochastic
systems classified into two types: the one is delay-independent
conditions which are applicable to delays of arbitrary size; the
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other is delay-dependent conditions which include information
on the size of delays. Since the stability of systems depends ex-
plicitly on the time-delay, the delay-independent conditions are
more conservative, especially for small delays. Compared with
delay-independent conditions, the delay-dependent conditions
are usually less conservative. It is worth pointing out that re-
cent research efforts in the study of delay systems are towards
developing less conservative delay-dependent results. Delay-
dependent stability and H, control results were presented
by resorting to some bounding techniques for some cross
terms and using model transformation to the original delay
system. It is worth pointing out that recent research efforts
in the study of delay systems are towards developing less
conservative delay-dependent results[5]. It has been shown that
the conservatism in the existing delay-dependent results are
mainly caused by using model transformation to the original
delay system or resorting to bounding techniques for some
cross terms. Recently, some new methods have been provided
to reduce the conservative without using model transformation,
such as convex analysis method[11-13], delay decomposition
approach [13,14].

This article deals with the H, performance of Markovian
jump systems with time-varying delays. The method used
is based on Lyapunov-Krasovskii approach. Novel delay-
dependent sufficient conditions are obtained to guarantee the
considered systems are asymptotically stable in mean square
and guarantee a prescribed H, performance index in terms of
linear matrix inequality. The presented results are derived by
exploiting a new Lyapunov-Krasovskii functional and a convex
optimization approach. Two numerical examples are provided
to show the effectiveness of the proposed results.

II. SYSTEM DESCRIPTION AND DEFINITIONS

Consider the following stochastic hybrid systems:

o(t) =A(re)a(t) + Aa(re)a(t — 7(t))

+ Dy (r)w(t) (1a)
z(t) =C(ry)z(t) + Calry)z(t — 7(¢))

+ Dy (ry)w(t) (1b)
z(t) =¢(t), te[-m,0] (1)

where z(t) € R™ is the state vector; w(¢) is the noise signal
which is assumed to be an arbitrary signal in £5]0 o0); ¢(¢) is
a compatible vector-valued initial function defined on [—72, 0];
A(re), Aa(re), Di(re), C(re), Cq(ry) and D(ry) are real
constant matrices with appropriate dimensions. {ry,¢ > 0}
is a continuous-time Markovian process with right continuous
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trajectories and taking values in a finite set S = {1,2,--- | N}
with transition probability matrix II = 7;; given by

P { ‘ } Wijh+0(h)7 27&]7
r{Ti4n = Jlre =i} =

t+h = JITt 1+7Tiih+0(h), i=7,

h
AN _ g, 7y > 0 for i # j is the

where A > 0 and }Lim

—

transition rate from mode 7 at time ¢ to mode j at time ¢ + h
N

and 7;; = — Z mi;. In system (1), 7(t) denotes the time-

J=1,5#
varying delay when the mode is in r; and satisfies
o<r(t)<7, 7)) <p<l, 2

where 7; and 75 are the time delay lower and upper bounds,
respectively.

For simplicity, for each possible r, = i, i € S, a matrix
R(r;) will be denoted by R;, for example, A(r;) is denoted
by A;, Ay(ry) is denoted by Ag;, and so on.

III. MAIN RESULTS

1) Stability analysis: In this section, We first propose a
delay-dependent sufficient condition for stability of system
(1a) with w(t) = 0.

Theorem 1. Given scalars 7, i, the free nominal system (1a)
is asymptotically stable in mean square for any time delay
7(t) satisfying (2), if there exist symmetric positive-definite
matricesP;, Q1;, Q2, Q3, R and such that for every i € S,

3 T
q)ll - I * ( ) Q2 ] < 07 (33.)
- (bl T T
(1)12 - | * ( ) QZ ] < 07 (3b)
- @2 _I 7
Bo — T2 <()’ 3c
21 | % —(5)2623 ] ( )
- @2 T T
oy — 2 <0, 3d
22 * _(5)2Q3 | ( )
N
S < @
j=1
X1 X2
{ x  Xoo ] >0, 0
where
momEomp g
s 12 B I I
P, = * * H‘;’B H:IA - 5T
*  x % —Xp0—Qz 0
L * k * * H§5
fmome nE o
* H%Z H%J H%4 H%E)
Dy = * w1133 I3t V5T
* * * H34 _U5
| * * * * 35
N
MG' =PA;i + ATP + Y mii P+ Xu+ Qui + 7R
j=1

+ ATT + Ty A + Ly + LT
% =P Ag; + ThiAgi + Ny — Ly + L3,
% =X — Ny + LT, 1} = ATl + LY — 1,
3% = — (1 — wW)Qu; — Lo — LI + No + N7,
33 =— Ny — LY+ NI, m3* = NF - LT,
2 =ALTE + N - LT,
I13% =Xo5 — X11 — N3 — Ni — Qs,
54 = — X5 — N} +QF,
I =(3)%(Q2 + Qs) — Toi — T,
N
' =P A; + AT P + Z mii P+ X1+ Qui + TR
j=1
+ ATT + T As — Q2.
3% =P Ag; + ThiAagi + Uy — Vi,
B =X+ WV 4+ Qo I3° = ATTE — 7L,
03P =—(1-p)Qu+ U+ Uy — Vo=V,
2 =vf +v, - vl n¥=-v,-vl +ufl,
H§° =ALTE v Ul VT,
3% =Xop — X11 + V3 + V5' — Qo
I3 = — X1y —Us + VT,
M3t = — Xoo — Uy — UYL,

.
13° =(§)2(Q2 +Q3) — Toi — Ty,

Proof. Consider a Lyapunov-Krasovskii functional
candidate for the free nominal system as
V=VitVa+Vs+Vi+Vs ®)

VQ‘/:;L ey f R [y e
= :m £ (5)@u(r)(s)ds,
iy [ /+0 (5)Qai(s)dsdh

) /M
[ [ ot

Let £ be the weak infinitesimal generator of the random
process {x¢, r;}. Then, for each i € S, we have

$)Qsx(s)dsdb,

LV =LV + LV + LV3 + LV + LV, (6)
where
LVy =227 () P(A(t, r)x(t) + Aa(t, re)a(t — (1))
N
ZW”PJ
j=1
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o= @00 ] LX e [0 ]
[ea] e xR,

t
LV3 g/fi . (ZWUQU) s)ds + 27 () Qi (t)

(1= @ (= (£)Quiz(t — (1)),
£V =27 (1)(Qs + Qa)ilt) — / T (5)Qui (s
-7 /t T (9@

LVs =27 (t)Ra(t) — /ti x7(s)Ra(s)ds
<tz (t)Rx(t) — /t o xT (s)Ra(s)ds.

To obtain the main results, we consider the following two

cases: 0 < 7(t) < Fand § < 7(t) < 7.
When 0 < 7(t) < 7, we have

-3
,%/ 7 (5)Qyi(s)ds
t—1

T T T
< [:p(t—g)—x(t—T)] Qs [x(t—g)—x(t—T) ,
and
_ g t " (5)Qai(s)ds
2th(t)
=5 @ (5)Qui(s)as

27 -3
1t
n(t) = = / i(s)ds
7(t) t—7(t)
Itis easy to see lim fi(t) = z(t— I), lim g¢;(t) = z(t).
(=5 27 7(t)—0

Adding the following terms to (6)

0 =26"(ON [alt = 7(8) =2t - T) — (5 — () AW®)],
0 =267 (1)L [(t) — 2(t — 7(t)) — (1)1 (1))],
0=2 [arT(t)Tu + abT(t)Tgi} [—i(t) + A1)
+Aqi(t — (1))
where
() = ") 2" (t—r(t) 2T (t - 7)o"
N =[N{ Ni Ni N{ NJTT

(t—7) " (1),

L=[L{ Ly Ly L Lg]"

Hence, we can obtain

LV < ()T e¢(t)

where
& —(5-rO)N ()L
= G -T)Q 0|,

* * —57(t)Q2
") =" 11 @) g1 ()]

It is easy to see ®1; and Pq2 result from P, ,o and
;1) z, respectively, where we have deleted the zero row
and the zero column. Denoting: ¢{'(t) = [¢7(¢) f{(t)] and
T'(t) = [€7(t) g¥ (t)]. The LMIs (3a) and (3b) imply ® < 0

because
0 wena0 + g 06 = o).

and ® is convex in 7(t) € [0 F].
When 7 < 7(t) < 7, we have

-2 / i_% 7 (5)Qsi(s)ds

< =5 (r—7(0) FF Qs (1)
= 5 (r(0) = 5)03 (1) Qs02(1).
and
_2/;; &7 (5)Qoit(s)ds
<- [x(t) —a(t— %)]TQQ [w(t) —x(t - %)] ;
where

It is easy to see z(t — 1), lm got) =

T(t)%%

(lim fa(t) =
z(t — 5) Adding the following terms to (6)
0=2¢"()U [w(t — (1) —a(t — 7) — (T = 7(1) L2 (V)]
0 =267V [a(t = 3) = alt —7(t) = (+(t) = T)ga(®))]
0=2 |27 (T + 2" (O)Ti] [~a(t) + Asa(t)

+Aaiz(t —7(t))],

T
2
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where
U=l v us uf ud]",
V=WV v vV

Hence, we can obtain

where
) Dy —(r—7())U
e=| * —Z(7—7()Qs 0 ,

¢ty = 1€7(t) f2(t) g2 (1)).

It is easy to see P37 and P9y result from @T@)%% and
@T(t)_ﬁ, respectively, where we have deleted the zero row
and the zero column. Denoting: ({ (t) = [£7(t) f3 (t)] and

T (t) = [€7(t) g3 (t)]. The LMIs (3¢) and (3d) imply ® < 0
because

PO e o) + "2 E 082G (0)
— T@ad).

and ® is convex in 7(t) € [T 7).

Hence, if (3a)-(3f) are satisfied , then the considering free
nominal system is guaranteed to be asymptotically stable in
mean square. This completes the proof.

2) H., performance: In the sequel, we shall deal with
the H., performance of the system (1). For this purpose, we
consider stochastic Lyapunov functional (5) and the following
index:

Ju(t) =€ {/Ot [ZT(S)Z(S) - 'waT(s)w(s)] ds} .

Under zero initial condition, it is easy to see that

Jw(t) <€ { /O t [27 (s)2(s) — /2" (s)w(s) + LV] ds}

Theorem 2. Given scalars 7, i, v > 0, (1) is asymptotically
stable in mean square with ~y-disturbance attenuation for any
time delay 7(t) satisfying (2), if there exist symmetric positive-
definite matricesP;, Q1;, Q2, Q3, R and such that for every
i€,

<I)1 —%N Wl W2
—(3)°Q2 0O 0
N 21 Dva‘, <0, (7a)
i * * -1 ]
o —IL Wi W |
* —(%)2622 0 0
% * 42T DzTi <0, (7b)
| * * * -1 ]
[ @, —ZU Wi W |
* —(%)2(93 0 0
% 7721 Dg; < 0, (70)
i * * -1 ]

2

* —(5)°Qs 0 0

* * —v21 D <0, 7d)

* * * -1
N
Zﬁilej <R, (Te)
j=1

X X

[ . X } >0, (7f)

where
Wr=[DLP, 0 0 0 0],
Wo=[Ci Cyui 0 0 0.

Proof. By Theorem 1 and Lemma 1, the desired results can
be obtained.

IV. NUMERICAL EXAMPLES

In this section, some numerical examples will be presented
to show the validity and the advantages of the main results
derived above. In the following two examples, we assume
the transition probability matrix II is given by the following
expression:

—T11 11
11 = .
22 —T22

Example 1. Let us consider the Markovian jump time-delay
system with the following parameters, which is borrowed
from [15].

Mode 1
A — [ —3.4888 0.8057
'] —0.6451 3.2684 |
A — [ —0.8620 —1.2919 |
W —0.6841  —2.0729 |
Mode 2
A, — | —2:4898  0.2895
7| 13396 —0.0211 |’
A — [ —2.8306  0.4978
@7 —0.8436 —1.0115 |

To compare the stochastic stability condition in [15], we
choose mo = 0.8, © = 0.9. Using Theorem 1 of this
paper, the allowable upper bounder 7 for different 71, can
be found in Table 1, which show that our result is less
conservative. For simulation purposes, let the initial condition
z(0) = [-0.5 0.5]T and 7 = 0.5586. Fig.1 and Fig.2 show
the simulation results of state z(t) of Mode 1 and Mode 2,
respectively.

Table 1: Comparisons of max. allowed 7.

T —0.1 —-0.3 —-0.5 -0.7 -0.9

[5] 0.4021 0.4010 0.4001 0.3993 0.3987

[15] 0.4252 0.4250 0.4248 0.4246 0.4242

This paper | 0.5586 0.5548 0.5520 0.5497 0.5479

Example 2. Let us consider the Markovian jump time-delay
system with the following parameters.
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o8|
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o.af

0.2

—0.2

State response

—0.4

—o6l

—o.8

4 6
Time[s]

Fig.1 States response of Mode 1 of Example 1

Mode 1

Mode 2

In this example, the parameters are given by p = 0.8 and
oo = 0.8, For different 71, Table 2 gives the maximum value
of 7 ensuring the asymptotically stable in mean square for the
considered systems with H, performance v = 2. Next, we fix
m11 = 0.3 and the minimum H ., performance y for different

An

Dll
Ch
Ca1

—3.4888 0.8057
—0.6451 3.2684

—0.6841 —2.0729

0.0403 0.6771 |,
—0.3375  —0.2959 |,

0],

1184

% —0.8620 —1.2919 ]
|
[0
0

—2.4898  0.2895
1.3396 —0.0211

—0.8436 —1.0115

0.5689 —0.2556 |
—1.4751 —0.2340 |,

0],

.3148.

7 can be obtained in Table 3.

% —2.8306 0.4978 ]
|
[0
0

Table 2: The max. allowed 7 for different ;.

T11

—0.1

-03 =05

-0.7  -0.9

Tmaz

0.523  0.521

0.520 0.519 0.518

Table 3: The min. allowed v for different 7.

T 0.1 0.2 0.3 0.4 0.5
Ymin | 0.3149 03149 03149 0.3778 1.2509
V. CONCLUSION
In this paper, the asymptotical stability and H.,

performance for Markovian jump systems with Time-varying
delays have been investigated. By using the Lyapunov-
Krasovskii functional and a convex optimization approach,

State response

4 6
Time[s]

Fig.2 States response of Mode 2 of Example 1

novel delay-dependent sufficient conditions are obtained to
guarantee the considered systems are asymptotically stable
in mean square and guarantee a prescribed H., performance
index in terms of linear matrix inequality. The numerical
examples demonstrate the effectiveness of the given methods.

The

foregoing results have the potential to be useful for the

study of stochastic systems with Markovian jump parameters
and time-varying delays.
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