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Abstract—We introduce the notion of commuting regular Γ-
semiring and discuss some properties of commuting regular Γ-
semiring. We also obtain a necessary and sufficient condition for
Γ-semiring to possess commuting regularity.
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I. INTRODUCTION

Commuting regular rings and semigroups were studied
by H. Doostie, L.Pourfaraj in [4] and by Amir H

Yamini, Sh.A.Safari Sabet in [1]. The notion of Γ-semiring
was introduced by M.Muralikrishna Rao [7]. All definitions
and fundamental concepts concerning Γ-semirings can be
found in [5],[7]. In this paper we introduce the notion of
commuting regular Γ-semiring. We also discuss some proper-
ties of commuting regular Γ-semiring and obtain a necessary
and sufficient condition for Γ-semiring to possess commuting
regularity.

Let S and Γ be two additive commutative semigroups. Then
S is called Γ-semiring if there exists a mapping S×Γ×S →
S(image to be denoted by aαb for a, b ∈ S, α ∈ Γ) satisfying
the following conditions.

(i) aα(b+ c) = aαb+ aαc
(ii) (a+ b)αc = aαc+ bαc
(iii) a(α+ β)b = aαb+ aβb
(iv) aα(bβc) = (aαb)βc, for all a, b, c ∈ S and for all

α, β ∈ Γ.
A non empty subset A of a Γ-semiring S is called a sub

Γ-semiring of S if A is a sub semigroup of S and AΓA ⊆ A.
A Γ-semiring S is said to be commutative if aαb = bαa
for all a, b ∈ S and for all α ∈ Γ. An element e in a Γ-
semiring S is said to be an idempotent in S if there exists an
α ∈ Γ such that e = eαe. In this case, we say that e is an
α-idempotent. If every element of S is an idempotent, then
S is called an idempotent Γ-semiring. For an element a in a
Γ-semiring S, if there exists an element b ∈ S and α, β ∈ Γ
such that a = aαbβa and b = bβaαb, then b is said to be
an (α, β) inverse of a. In this case, we write b ∈ V β

α (a). we
also denote it by a−1

α,β i.e., a−1
α,β ∈ V β

α (a). An element s in
a Γ-semiring S is said to be regular if s ∈ sΓSΓs, where
sΓSΓs = {sαxβs;x ∈ S;α, β ∈ Γ}. A Γ-semiring S is said
to be regular if every element of S is regular. A Γ-semiring
S is called a rectangular Γ-band if aαbβa = a for all a, b ∈
S and α, β ∈ Γ. Two elements a and b of a Γ-semiring S
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are said to commute with each other if aαb = bαa for all
α ∈ Γ. An element of a Γ-semiring S which commutes with
every element of S, is called a central element of S. A regular
Γ-semiring with the central idempotents is called clifford Γ-
semiring.

II. COMMUTING REGULAR Γ-SEMIRING

Definition II.1. A Γ-semiring S is called commuting regular if
for each x, y ∈ S, there exists an element s ∈ S and α, β, γ ∈
Γ such that xαy = yαxβsγyαx.

Theorem II.2. Let S be a rectangular Γ-band. Then S is
commutative if and only if S is commuting regular

Proof: If S is a commutative Γ-semiring, then for each
a, b ∈ S, there exists an α ∈ Γ such that aαb = bαa. Since
S is a rectangular Γ-band, there exists an element c ∈ S and
β, γ ∈ Γ such that aαb = bαaβcγbαa. Hence S is a com-
muting regular Γ-semiring. Conversely if S is a commuting
regular Γ-semiring, for each x, y ∈ S, there exists an element
z ∈ S and α, β, γ ∈ S such that xαy = yαxβzγyαx. Since S
is a rectangular Γ-band, xαy = yαxβzγyαx = yαx. Hence
S is a commutative Γ-semiring.

Theorem II.3. If S is a commuting regular Γ-semiring with
set E of the idempotents, then E is a regular sub Γ-semiring of
S. Moreover for every element a of E, there exists an element
α ∈ Γ such that a ∈ V α

α (a).

Proof: If S is a commuting regular Γ-semiring, then for
each a ∈ S, there exists an element s ∈ S and α, β, γ ∈ Γ
such that aαa = aαaβsγaαa. If aαaβs = b, then bγb =
(aαaβs)γ(aαaβs) = (aαaβsγaαa)βs = aαaβs = b. Hence
E is not empty. For elements xαx = x and yδy = y in E,
there exists an element t ∈ S and α, β, γ ∈ Γ such that xαy =
yαxβtγyαx. Now (xαy)δ(xαy) = xα(yδy)αxβtγyαx =
xα(yαxβtγyαx) = (xαx)αy = xαy. Consequently, E is a
sub Γ-semiring of S and xαxαx = x yields that E is a regular
sub Γ-semiring of S. Hence x ∈ V α

α (x).

Corollary II.4. Let S be a commuting regular Γ-semiring with
set E of the idempotents. Let a ∈ S and let α, β, γ ∈ Γ. If
b ∈ V β

α (a), then for any γ-idempotent e of S, (i) aαeγb is
β-idempotent (ii) bβeγa is α-idempotent.

Proof: Let b ∈ V β
α (a). Then (aαb)β(aαb) =

(aαbβa)αb = aαb and (bβa)α(bβa) = (bβaαb)βa = bβa.
Since (eγbβa)α(eγbβa) = eγbβa and (eγaαb)β(eγaαb) =
eγaαb, by theorem II.3, eγbβa, eγaαb ∈ E.
Now, (aαeγb)β(aαeγb) = aα(eγbβaαeγbβa)αb =
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aαeγ(bβaαb) = aαeγb. Moreover, (bβeγa)α(bβeγa) =
bβ(eγaαbβeγaαb)βa = bβeγ(aαbβa) = bβeγa.

Theorem II.5. Let S be a commuting regular Γ-semiring with
set E of α-idempotents. Let e, f ∈ E and α ∈ Γ. Then the
set Sα

α(e, f) = {g ∈ V α
α (eαf) ∩ E; gαe = fαg = g} is a

regular sub Γ-semiring of S.

Proof: Since S is a commuting regular Γ-
semiring, there exists an element s ∈ S and
α, β, γ ∈ Γ such that eαf = fαeβsγfαe. Then
(eαf)α(eαf) = fαeβsγfα(eαe)αf = (fαeβsγfαe)αf =
eα(fαf) = eαf . Now, (eαf)α(eαf)α(eαf) = eαf ,
(eαf)αe = fαeβsγfα(eαe) = eαf and
fα(eαf) = (fαf)αeβsγfαe = eαf . This yields
(eαf) ∈ Sα

α(e, f) and we can also prove that
fαe ∈ Sα

α(e, f) which implies Sα
α(e, f) �= φ. Let

x, y ∈ Sα
α(e, f). Since S is a commuting regular Γ-

semiring, there exists an element t ∈ S and α, β, γ ∈ Γ
such that xαy = yαxβtγyαx. Then (xαy)α(xαy) =
xα(yαy)αxβtγyαx = xα(yαxβtγyαx) = (xαx)αy = xαy.
(eαf)α(xαy)α(eαf) = (eαfαxαeαf)αyαeαf =
eαfαyαeαf = eαf . (xαy)α(eαf)α(xαy) =
xα(yαe)α(fαx)αy = (xαy)α(xαy) = xαy. Hence
xαy ∈ V α

α (eαf)∩E. Moreover, (xαy)αe = xα(yαe) = xαy
and fα(xαy) = (fαx)αy = xαy. Let x ∈ Sα

α(e, f). Then
xα(eαf)αx = (xαe)α(fαx) = xαx = x. This shows that
sα

α(e, f) is a regular sub Γ-semiring of S.

Remark II.6. The set Sα
α(e, f) is called the (α, α) sandwich

set of e and f. It has an obvious alternative characterization
Sα

α(e, f) = {gαg = g ∈ S; gαe = g = fαg, eαgαf =
eαf}.

Lemma II.7. Let S be a commuting regular Γ-semiring. Let
a, b ∈ S and let α, β, γ ∈ Γ. Suppose a′ ∈ V β

α (a) and
b′ ∈ V α

β (b). Then for each g ∈ Sα
α(a′βa, bβb′), b′αgαa′ ∈

V β
β (aαb).

Proof: (aαb)β(b′αgαa′)β(aαb) =
aα(bβb′αg)αa′βaαb = aα(gαa′βa)αb = aαgαb =
aα(a′βaαgαbβb′)αb = (aαa′βa)α(bβb′αb) =
aαb. Moreover (b′αgαa′)β(aαb)β(b′αgαa′) =
b′α(gαa′βa)α(bβb′αg)αa′ = b′α(gαg)αa′ = b′αgαa′.
Hence b′αgαa′ ∈ V β

β (aαb).

Theorem II.8. Let S be a commuting regular Γ-semiring. Let
a, b ∈ S and α, β ∈ Γ. Then V α

β (b)ΓV β
α (a) ⊆ V β

β (aαb).

Proof: Let a, b ∈ S and let α, β ∈ Γ. Suppose a′ ∈
V β

α (a) and b′ ∈ V α
β (b). Then by lemma II.7, b′αgαa′ ∈

V β
β (aαb) for all g in Sα

α(a′βa, bβb′). Now, (a′βa)α(a′βa) =
(a′βaαa′)βa = a′βa and (bβb′)α(bβb′) = (bβb′αb)βb′ =
bβb′. Then by theorem II.5, bβb′αa′βa ∈ Sα

α(a′βa, bβb′). By
lemma II.7, b′α(bβb′αa′βa)αa′ ∈ V β

β (aαb). Hence b′αa′ ∈
V β

β (aαb).

Theorem II.9. Let S be a commuting regular Γ-semiring with
set E of idempotents. Let α, β ∈ Γ. Then V β

α (e) ⊆ E for every
e in E.

Proof: Suppose x ∈ V β
α (e). Then xβeαx = x and

eαxβe = e. Since xβe is α-idempotent and eαx is β-
idempotent, xβe ∈ V α

α (xβe) and eαx ∈ V β
β (eαx). Then by

theorem II.8, (eαx)β(xβe) ∈ V α
β (xβeαeαx) which implies

that eαxβxβe ∈ V α
β (x). Now x = xβ(eαxβxβe)αx =

(xβeαx)β(xβeαx) = xβx which implies x ∈ E.

Theorem II.10. Let S be a Γ-semiring. Then S is a commuting
regular if and only if SΓS is a clifford Γ-semiring

Proof: Suppose S is a commuting regular Γ-semiring.
Then for x ∈ S and an α-idempotent e ∈ S, there exists
s ∈ S and α, β, γ ∈ Γ such that xαe = eαxβsγeαx.
Now, eαxαe = (eαe)αxβsγeαx = eαxβsγeαx = xαe.
Symmetrically, eαxαe = eαx. Hence eαx = xαe which
follows that the idempotents in S are central. For any
x, y ∈ S, there exists z ∈ S and α1, β1, γ1 ∈ Γ such that
xα1y = yα1xβ1zγ1yα1x. Moreover, there exists u ∈ S and
α2, β2 ∈ Γ such that zγ1yα1x = yα1xγ1zα2uβ2yα1xγ1z.
Hence xα1y = (yα1xβ1yα1x)γ1zα2uβ2yα1xγ1z. Since
yα1xβ1yα1x is regular in commuting regular Γ-semiring
S, yα1xβ1yα1x = yα1xβ1yα1xα3vβ3yα1xβ1yα1x
for some v ∈ S and α3, β3 ∈ Γ. Let e =
yα1xβ1yα1xα3v. Then e is a β3-idempotent in S
such that yα1xβ1yα1x = eβ3yα1xβ1yα1x and so
xα1y = eβ3(yα1xβ1yα1xγ1zα2uβ2yα1xγ1z) = eβ3xα1y.
Now, there exists w ∈ S and α4, β4 ∈ Γ such that
eβ3xα1y = xα1yβ3eα4wβ4xα1yβ3e. Then xα1y =
xα1yβ3eα4wβ4(xα1yβ3e) = (xα1y)β3(eα4wβ4eβ3)(xα1y)
which implies that xα1y is regular. Hence SΓS is regular.
Conversely suppose SΓS is a clifford Γ-semiring. Since the
idempotents of S are central, for any x, y ∈ S and α, β ∈ Γ,
there exists an idempotent e such that xαy = eβ(xαy).
Let u = eαx and v = eαy. As u, v ∈ SΓS, there
exist u′, v′ ∈ S and β, γ, δ ∈ Γ such that uβu′δu = u
and vδv′γv = v. Since uβu′ and v′γv are central
idempotents, (yαx)β(u′δv′βeγxαyγu′δv′)γ(yαx) =
vδ(uβu′δv′βuγvγu′δv′γv)δu =
(vδv′γv)δv′βuγvγu′δ(uβu′δu) = ((vδv′)βu)γvγu′δu =
uβ(vδv′γv)γ(u′δu) = (uβu′δu)γ(vδv′γv) = uγv =
eγ(xαy) = xαy. Hence S is a commuting regular.

III. GREEN’S EQUIVALENCES IN COMMUTING REGULAR
Γ-SEMIRING

Definition III.1. If a is an element of a Γ-semiring S,
the smallest left ideal of S containing a is SΓa ∪ {a}. An
equivalence L on S is defined by the rule that aLb if and only
if SΓa∪{a} = SΓb∪{b}. Similarly we define the equivalence
R by the rule that aRb if and only if aΓS∪{a} = bΓS∪{b}.

Lemma III.2. Let a and b be elements of a Γ-semiring S.
Then aLb if and only if there exist x and y in S and α, β ∈ Γ
such that xαa = b and yβb = a. Also, aRb if and only if
there exist u and v in S and γ, δ ∈ Γ such that aγu = b and
bδv = a

Lemma III.3. The relations L and R commute

Theorem III.4. Let S be a commuting regular Γ-semiring and
a, b ∈ S. Then aLb if and only if aRb.
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Proof: Suppose that aLb. By lemma III.2, there are x
and y in S and α, β ∈ Γ such that xαa = b and yβb = a.
So, there are t1, t2 in S and γ1, γ2, δ1, δ2 in Γ such that b =
xαa = aαxγ1t1γ2aαx and a = yβb = bβyδ1t2δ2yβb where
u = xγ1t1γ2aαx, v = yδ1t2δ2yβb. This implies aRb. Proof
of the converse is similar.

Remark III.5. The equivalence D is a two sided analogue of
L and R. Also, we define the equivalence J by the rule aJb
if and only if SΓa ∪ aΓS ∪ SΓaΓS ∪ {a} = SΓb ∪ bΓS ∪
SΓbΓS ∪ {b} if and only if there exist x, y, u, v ∈ S and
α1, α2, β1, β2 ∈ Γ such that xα1aα2y = b and uβ1bβ2v = a.
It is immediate that L ⊆ J and R ⊆ J. Hence since D is the
smallest equivalence containing L and R, we get D ⊆ J.

Theorem III.6. If S is a commuting regular Γ-semiring, then
D = J.

Proof: By remark III.5, it is enough to show that J ⊆
D. For elements a and b in S, let aJb. Then there are
x, y, u, v ∈ S and α1, α2, β1, β2 ∈ Γ such that xα1aα2y =
b;uβ1bβ2v = a. So there exists an element t1 in S and
γ1, γ2 ∈ Γ such that a = uβ1bβ2v = (uβ1xα1a)α2(yβ2v) =
(yβ2vα2uβ1xα1aγ1t1γ2yβ2vα2u)β1(xα1a) = w1β1c where
w1 = yβ2vα2uβ1xα1aγ1t1γ2yβ2vα2u and c = xα1a and so
aLc. Combining the relations xα1aα2y = b and c = xα1a,
we get cα2y = b. Then there exists an element t2 ∈ S
and δ1, δ2 ∈ Γ such that c = xα1a = (xα1u)β1(bβ2v) =
bβ2(vβ1xα1uδ1t2δ2bβ2vβ1xα1u) = bβ2w2, where w2 =
vβ1xα1uδ1t2δ2bβ2vβ1xα1u. This shows that cRb. Hence
J ⊆ D.
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