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semiring and discuss some properties of commuting regular I'-
semiring. We also obtain a necessary and sufficient condition for
I"-semiring to possess commuting regularity.
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I. INTRODUCTION

ommuting regular rings and semigroups were studied

by H. Doostie, L.Pourfaraj in [4] and by Amir H
Yamini, Sh.A.Safari Sabet in [1]. The notion of I'-semiring
was introduced by M.Muralikrishna Rao [7]. All definitions
and fundamental concepts concerning I'-semirings can be
found in [5],[7]. In this paper we introduce the notion of
commuting regular I'-semiring. We also discuss some proper-
ties of commuting regular I"-semiring and obtain a necessary
and sufficient condition for I'-semiring to possess commuting
regularity.

Let S and I" be two additive commutative semigroups. Then
S is called I'-semiring if there exists a mapping S x I' x §' —
S(image to be denoted by aab for a,b € S, € I) satisfying
the following conditions.

(i) ac(b+ ¢) = aadb + aac

(i) (a 4+ b)ac = aac + bac

(iii) a(a + B)b = aab + afb

(iv) aa(bfc) = (aab)fe, for all a,b,c € S and for all
a,BeT.

A non empty subset A of a I-semiring S is called a sub
I'-semiring of S if A is a sub semigroup of S and AT'A C A.
A T'-semiring S is said to be commutative if aab = baa
for all a,b € S and for all & € I'. An element ¢ in a I'-
semiring S is said to be an idempotent in S if there exists an
a € I such that e = ece. In this case, we say that e is an
a-idempotent. If every element of S is an idempotent, then
S is called an idempotent I'-semiring. For an element a in a
I'-semiring S, if there exists an element b € S and o, 5 € T’
such that a = aabBa and b = bBaab, then b is said to be
an (o, B inverse of a. In this case, we write b € V(a). we
also denote it by a;’lﬁ ie., a;ﬁlﬂ € VA(a). An element s in
a I'-semiring S is said to be regular if s € sI'ST's, where
sI'ST's = {saxfs;x € S;a, 3 € I'}. A I'-semiring S is said
to be regular if every element of S is regular. A I'-semiring
S is called a rectangular I'-band if aabfBa = a for all a,b €
S and «,3 € I'. Two elements a and b of a I'-semiring S

S.Krishnamoorthy is with Ramanujan Research Centre, Department Of
Mathematics, Government Arts College, Kumbakonam - 612 001, Tamilnadu,
India.

R.Arul Doss is with Department Of Mathematics, Amrita School of
Engineering, Amrita Vishwa Vidyapeetham University, Ettimadai, Coimbatore
- 641 105, Tamilnadu, India. E-mail : aruldoss_ kmu@yahoo.co.in

are said to commute with each other if aadb = baa for all
o € T'. An element of a I'-semiring S which commutes with
every element of S, is called a central element of .S. A regular
I’-semiring with the central idempotents is called clifford I'-
semiring.

II. COMMUTING REGULAR I'-SEMIRING

Definition I1.1. A I'-semiring S is called commuting regular if
for each x,y € S, there exists an element s € S and o, 3,7 €
T such that ray = yaxfBsyyaz.

Theorem IL.2. Let S be a rectangular I'-band. Then S is
commutative if and only if S is commuting regular

Proof: If S is a commutative I'-semiring, then for each
a,b € S, there exists an « € I' such that aab = baa. Since
S is a rectangular I'-band, there exists an element ¢ € .S and
8,7 € I such that aab = baafcybaa. Hence S is a com-
muting regular I'-semiring. Conversely if S is a commuting
regular I"-semiring, for each z,y € S, there exists an element
z € Sand «, 8,7 € S such that zay = yaxBzyyax. Since S
is a rectangular I'-band, zay = yazfzyyaxr = yax. Hence
S is a commutative I'-semiring. [ ]

Theorem I1.3. If S is a commuting regular I'-semiring with
set E of the idempotents, then E is a regular sub I'-semiring of
S. Moreover for every element a of E, there exists an element
a € T such that a € V2 (a).

Proof: If S is a commuting regular I'-semiring, then for
each a € S, there exists an element s € S and o, 3,7y € T
such that aca = aaafBsyaca. If acafBs = b, then byb =
(acafs)y(aaafs) = (aaafsyaca)Bs = acafs = b. Hence
E is not empty. For elements xax = x and ydy = y in E,
there exists an element ¢ € S and «, 3, € I" such that zay =
yazftyyaz. Now (zay)d(zay) = zal(ydy)azftyyaxr =
za(yaxftyyax) = (vax)ay = zay. Consequently, E is a
sub I'-semiring of S and zaxax = x yields that E is a regular
sub I'-semiring of S. Hence = € V.*(x).

|

Corollary I1.4. Let S be a commuting regular I'-semiring with
set E of the idempotents. Let a € S and let o, 3,y € I'. If
b € VP(a), then for any ~y-idempotent e of S, (i) acevb is
(B-idempotent (ii) bBevya is a-idempotent.

Proof: Let b € VP(a). Then (aabd)B(acd) =
(aabBa)ab = aab and (bfa)a(bfa) = (bfaad)fa = bBa.
Since (eybfa)a(evbfa) = eybfa and (eyaab)B(eyaad) =
eyaab, by theorem IL.3, eybBa,eyaab € E.
Now, (acevyb)B(aceyd) = aa(eybfaceybfa)ab =
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acey(bfaab) = aceyb. Moreover, (bfeya)a(bBeya) =
blB(eyaabfeyaad)fa = bfey(aabfa) = bfevya. [ ]

Theorem ILS. Let S be a commuting regular I'-semiring with
set E of a-idempotents. Let e, f € E and o € T'. Then the
set S%(e, f) = {g € V¥eaf)NE; gae = fag = g} is a
regular sub I'-semiring of S.

Proof: Since S is a
semiring, there exists an element s € S and
ao,B8,7v € T such that eaf = faeBsyfae. Then
(cafjaleaf) = fachsyfaleac)af = (facBsyfac)af =
ea(faf) = eaf. Now, (eaf)a(eaf)aleaf) = eaf,

commuting regular TI'-

(eaf)ae = faeBsyfaleae) = eaf and
faleaf) = (faf)aefsyfae = eaf. This yields
(eaf) € S%(e,f) and we can also prove that

fae € S%(e,f) which implies S%(e, f) # ¢. Let
x,y € S%e,f). Since S is a commuting regular I'-
semiring, there exists an element t € S and «a,(3,7 € T

such that zay = yaxftyyaz. Then (ray)a(ray) =
za(yay)azftyyaxr = va(yazftyyax) = (zax)ay = zay.
(eaf)a(zay)aleaf) = (eafaxaeaf)ayaeaf =
eafayaeaf = eaf. (zay)aleaf)a(zay) =
za(yae)a(faz)ay = (zay)a(zay) = zay. Hence

zay € V¥ (eaf)NE. Moreover, (zay)ae = za(yoe) = zay
and fa(ray) = (fax)ay = zay. Let x € S (e, ). Then
zaleaf)ar = (zae)a(fazr) = raxr = x. This shows that
s%(e, f) is a regular sub I'-semiring of S.

|

Remark I1.6. The set S% (e, f) is called the (o, &) sandwich
set of e and f. It has an obvious alternative characterization
Sale. f) = {9ag = g € S; gae = g = fag, eagaf =
eaf}.

Lemma I1.7. Let S be a commuting regular I'-semiring. Let
a,b € S and let a,B3,y € T. Suppose o' € VP(a) and
v' € Vg (b). Then for each g € Sg(a'Ba,bpt’), bV'agaad’ €
V; (acd).

Proof: (aa)B(V agaa’) B(acd) =
ac(bpb ag)ad’ facd = aa(gad Ba)ab = aagab =
ac(a’ BaagabBb)ab = (aca’ Ba)a(bBY ab) =
aab.  Moreover  (Vagaa')B(aad)B(b agaa’) =
bVa(gad Ba)a(bfbag)aa’ = Va(gag)ad = Vagad.
Hence V' agaa’ € Vﬂﬂ(aab). ]

Theorem I1.8. Let S be a commuting regular I'-semiring. Let
a,be S and o, €T. Then Vﬂo‘(b)FVf(a) C Vg(aab).

Proof: Let a,b € S and let a,3 € T. Suppose o
VP(a) and b € V(). Then by lemma IL7, b'agaa’
Vﬁﬁ(aab) for all g in S%(a'Ba,bBb"). Now, (a'Ba)a(a’Ba) =
(a’Baca’)Ba = da'Ba and (bBY )a(bBY) = (bBY ab)Bd =
blb'. Then by theorem IL5, b8 aa’Ba € S (a’Ba, bBb’). By
lemma IL.7, ' a(bpV ad’ fa)aad’ € Vﬂ’@(aab). Hence b'aa’ €
Vﬁﬁ(aab). |

S
S

Theorem IL9. Let S be a commuting regular I'-semiring with
set E of idempotents. Let o, 3 € T. Then V2 (e) C E for every
einE.

Proof: Suppose x € VPB(e). Then zfBeax = x and
eaxfe = e. Since zfe is a-idempotent and eax is (-
idempotent, zBe € V& (zfe) and eax € Vﬁﬂ(eaac). Then by
theorem 118, (eaz)B(xfe) € Vi'(rBeaeax) which implies
that eazfzfe € Vg'(z). Now z = zf(eaxfzfe)ar =
(xPeax)B(xfear) = xfz which implies = € E. |

Theorem IL.10. Let S be a I'-semiring. Then S is a commuting
regular if and only if ST'S is a clifford T'-semiring

Proof: Suppose S is a commuting regular I'-semiring.
Then for z € S and an a-idempotent e € S, there exists
s € S and «a,0,7y € I such that zae = eazxfsyeaz.
Now, eazae = (eae)axfsyeaxr = eaxfsyear = zae.
Symmetrically, eaxae = eax. Hence eax = zae which
follows that the idempotents in S are central. For any
x,y € S, there exists z € S and ay,1,71 € I such that
roy = yoyxfrzy1yarx. Moreover, there exists u € S and
g, 32 € T such that zyiycnz = yogxy zaufeya 7y 2.
Hence zaiy = (yaqzfryoiz)yizasufeyaizyiz. Since
yoqxfryagx is regular in commuting regular I'-semiring
S, yaizfryorr = yogzfryarzazvBzyorrfryaiz
for some v € S and a3,03 € I. Let e =
yorzfrycixzazv. Then e is a fz-idempotent in S
such that yayzxfiyonr = efsyarzfiycaix and  so
oy = efz(yonrfryarzyizagufayaizyiz) = efzrony.
Now, there exists w € S and ay,08; € T such that
efsxary = xzoayyfzeaqwfBiraiyfBze. Then zoayy =
zonyPzecswPba(zanyfze) = (zony)Bs(easwpefs)(zary)
which implies that za;y is regular. Hence ST'S is regular.
Conversely suppose ST'S is a clifford I'-semiring. Since the
idempotents of S are central, for any z,y € S and «, 3 € T,
there exists an idempotent e such that zay = ef(zay).
Let v = eaxr and v = eay. As u,v € SIS, there
exist v/,v' € S and B3,7,6 € T such that uBu'du = u
and vdv'yv = w. Since ufBu’ and v'yv are central
idempotents,  (yax)B(u'6v' Beyrayyu dv')y(yax) =
v (ufu' v’ Buyvyu' dv'yv)du =
(060" y0) 6V Buyvyu §(ufu'du) = ((vov")Bu)yvyu'du =
uB(vdv'yu)y(u'du) = (ubu/'du)y(vév'yv) = wuyv =
ey(zay) = xzay. Hence S is a commuting regular. ]

ITI. GREEN’S EQUIVALENCES IN COMMUTING REGULAR
I'-SEMIRING

Definition IIL.1. If a is an element of a I'-semiring S,
the smallest left ideal of S containing a is STa U {a}. An
equivalence £ on S is defined by the rule that a£b if and only
if STaU{a} = STbU{b}. Similarly we define the equivalence
R by the rule that aRb if and only if al' SU{a} = bI'SU{b}.

Lemma IIL.2. Let a and b be elements of a I'-semiring S.
Then a£b if and only if there exist x and y in S and o, 3 € T
such that xaa = b and yBb = a. Also, afRb if and only if
there exist u and v in S and 7,6 € I" such that ayu = b and
bév = a

Lemma IIL.3. The relations £ and R commute

Theorem IIL.4. Let S be a commuting regular I'-semiring and
a,b € S. Then aLh if and only if a®Rb.
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Proof: Suppose that a£b. By lemma IIL.2, there are x
and y in S and o, € T such that xaa = b and yBb = a.
So, there are t1,t5 in S and v1,72,01,02 in I" such that b =
raa = acxyitiysacx and a = yBb = bByd1tadaySb where
u = xy1t1y200x,v = yditadoySb. This implies afRb. Proof
of the converse is similar. |

Remark IILS. The equivalence ® is a two sided analogue of
£ and R. Also, we define the equivalence J by the rule aJb
if and only if STa U al'S U STal'S U {a} = STbUBS U
STbI'S U {b} if and only if there exist x,y,u,v € S and
ay,an, 01, B2 € T such that zaiacsy = b and uf1b02v = a.
It is immediate that £ C J and R C J. Hence since © is the
smallest equivalence containing £ and R, we get © C J.

Theorem I11.6. If S is a commuting regular I'-semiring, then
D=3

Proof: By remark IILS, it is enough to show that J C
D. For elements a and b in S, let aJb. Then there are
z,y,u,v € S and ay, s, B1,02 € I' such that xajaasy =
b;uf1bBv = a. So there exists an element ¢; in S and
71,72 € I' such that a = uf1b62v = (ubrzara)as(yfav) =
(yBavaguBrzarayitiyayBevasu) B (zara) = wiBic where
wy = yPovasufiraiayitiyeyPevasu and ¢ = xaja and so
afc. Combining the relations zajaasy = b and ¢ = zaa,
we get cany = b. Then there exists an element ¢ € S
and 01,92 € T such that ¢ = zaja = (zagu)Br(bfv) =
bﬁg(Uﬂlxa1u51t252bﬂ2vﬂlxalu) = b,@gwg, where Wy =
vBxaquditedobfovBixau. This shows that ¢Rb. Hence
JCo. |
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