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Abstract—In this paper, the results of Kano from one dimensional
cosine and sine series are extended to two dimensional cosine and sine
series. To extend these results, some classes of coefficient sequences
such as class of semi convexity and class R are extended from
one dimension to two dimensions. Further, the function f(z,y) is
two dimensional Fourier Cosine and Sine series or equivalently it
represents an integrable function or not, has been studied. Moreover,
some results are obtained which are generalization of Moricz’s
results.
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I. INTRODUCTION

HE study of special trigonometric series in one
dimensional cosine and sine series as well as in two
dimensional ones characterize some properties from their
coefficients has been kept up by many authors ( [6], [7], [10],
[8], [2], [3], [4], [5]). Their central topics are mostly concerned
with Fourier Series Problem and Integrability Problem, which
as is shown later, are equivalent in our cases.
Let {a;;} be double sequence of real numbers such that

ajr, — 0 as j+k — oo, (1)

D> Ana < o 2)
7 k

where j, k run over either 0,1, 2, ... or 1,2, 3, ... independently
of one another. Here Ajjaj, = ajr — Gjy16 — Gjrt1 +

and

Aj+1,k+1-
The following notations are used:

D10k = Qjk — Gj41,k
No1ajr = ajr — G5 pr1

Conditions (1) and (2) express the fact that {a;;} is a
double null sequence of bounded variation.
Under conditions (1) and (2), the double cosine series

flzy) = ZZAJ’\’“ a;, cos jx cos ky 3)
§=0 k=0
on the positive quadrant 7% = [0,7] x [0,7] of the two

dimensional torus, where Ay = % and \; = 1forj =1,2,3, ...
converges for all 0 < z,y < 7 while the double sine series

g(z,y) = ZZajk sin jx sin ky 4)
j=1k=1
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converges for all z,y. Let Spn(z,y) =
m n
ZZ)\j/\k aji cos jrcosky  (m,n > 0) be
§=0 k=0
the rectangular partial sum of the series (3) and
flz,y) = lim Sp,.

m—+n—oo

It can be seen that in the most cases, double cosine series (3)
is more prickly than the double sine series (4). When (1) and
Arraj, > 0 are satisfied, then (4) is integrable on T2 if and
only if ZZ %%k < 00. However, for (3) if the condition

A
(1) and (2) are satisfied, then (3) is integrable on 72 and it is
the Fourier series of f.
A double sequence {a;x} is said to be quasi-convex if

DO G+ Dk + 1) Agsagy| < oo ©)

=0 k=0

and convex if

Apajr >0 (4,k>0) (6)

It can be easily noted that every bounded convex sequence
is also quasi-convex.

Concerning the L'-convergence of the double cosine series
Moricz [5] proved the following result:
Theorem [5] If a double sequence {a;;} satisfies (1) and (5)
then the sum f(x,y) of series (3) is integrable and (3) is a
Fourier series of f(x,y). If, in addition,

Nopajy > 0, Np2aj, > 0, (4,k>0) @)

then
[|Smn — fll = 0, as min(m,n) — oo 8)

if and only if

ampln(m+2)in(n+2) =0 as max(m,n) — co. (9)

The aim of this paper is to present more results concerning
these problems. In this concern, some results have been
extended by extending the semi-convexity of coefficient
sequences from one dimension to two dimension as:

Definition A double sequence {a;;} is said to be a
semi-convex null sequence, if (1) and

o0 o0
. Nooajp + No2aj gy
>3 -G n| 2 e
s eard + D22aj 1k + D220 41 k41
< 400, (ajr=0; for either j=0ork=0)

holds.
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II. SEMI-CONVEX NULL SEQUENCES

The first main result of this paper which is slight
generalization of that of Moricz [5] reads as follows:
Theorem 1 If a double sequence {a;} is a semi-convex null
sequence, i.e., if (1) and (10) then (3) is a Fourier Series, or
equivalently, it represents an integrable function.

Proof Consider, for z,y 2 0( mod ),

m n
Z Z ajy cos jx cos ky
j=1k=1
1

4sinzxsiny

m n

Z Z a1 (2 cos jx sinx)(2 cos ky sin y)

j=1k=1

m n
ZZ aji[sin(j + 1)z — sin(j — 1)z]
4sm:rsmy et

[sin(k + 1)y — sin(k — 1)y]
1 m

= — Z[ aj,1(sin 2y — sin 0y)
4sinxsiny =

+ a; 2(sin 3y — sin 1y)

+ a; 3(sindy —sin2y) + ...

+ aj n(sin(n + 1)y —sin(n — 1)y)]
(sin(j + 1)z —sin(j — 1)z)

m

= Z[ siny(aj,0 —

aq 2)
451na;51ny 7

+sin2y(a;,1 — aj,3)
+sin3y(aj2 —aja) + ...
+sinny(ajn—1 — ajnt1)
ajnsin(n + 1)y + a; 41 sinny|
(sin(j + 1)z — sin(j — 1)z)

1 m n
=T Z Z(a]‘,k—l

4sinzsiny = L=
(sin(j + 1)z —sin(j — 1))

4smwsmy

— aj k41)sinky

(a1,k—1 — a1, k+1)(sin 2z — sin 0z)+

(ag)k_l — ag k+1)(sin 3z — sinx)+
(ag,k—1 — a3 k+1)(sin 4z — sin 2x)
+ .t

(@m,k—1 — Qm k1) (sin(m + 1)z

—sin(m — 1)z)]sinky + I2

n
Z [ Aoi(ar,k—1 + aq,)(sin 2z — sin Oz)+
4s1nxsmy =

Aot (az,k—1 + a2 k) (sin 3z — sinz)+

No1(as,k—1 + as k) (sin 4z — sin 2z)

+ .o+ Do1(@m,k—1 + @m k)

(sin(m + 1)z — sin(m — 1)z)]sin ky + I2
1

n
—72 [ Doi(ao,k—1+ ao,k — az,k—1 — az,x) sinz+
4bll’l:L’SlIly —

No1(ay g—1 + a1k — a3 x—1 — az ) sin 2z+
No1(ag k-1 + azk — ag k-1 — aq)sin3z

+ .+ Do1(@m—1,k—1 F CGm—1,k—
Gmg1,k—1 — Gm1,k) Sinme

+ Aot (am, k—1 + @m k) sin(m + 1)z

+ D01 (@mt1,k—1 F Gmg1,k)

sinmz|sinky + I2

m n
DD A k1 a1k a1+ ak)

4smxsm
Yicik=1

sinjzsinky] + I + I
=lo+ 11+ 12

flz,y)= lim [Io+ 11+ I2]
(m,n)—o0

By applying double summation by parts

lim Ig
(m,n)—o0

o0
= 4smxsm Z

=1k

Mg

[Ar1(aj_1 k-1 +aj_1x +ajr—1+ajk)

.
Il
i

sin jz sin ky|

Mg

>

Yisik

[Ao2(aj—1 k-1 +aj_1k +aj k-1 +aj k)
Isinzsing i1, j—1, 3, 7,

Il
=

D;(x)Dy,(y)]

3

where D, (z) = sin kz, the conjugate Dirichlet kernel

) k=1
and since,
~ T sinn/2z | |sin (n+1)/2z
/7r Dn(w) do — f—‘l\' QSina/v/Q (QSina)v dzx (n even)
B e Sl W 3/ M7 P
1/2 1/2
B /7( (sin(n+1)x/2>2 de / /7' (sinn/2x>2 e /
o x sinxz/2 o sinz/2
= O(n)
Therefore,

(m,n)—oco

lim  Io=0 | > > [jklAga(aj_1 k-1 +aj_1xk +aje_1 + aj,k)])

Further,

> Z[A()l(aj—l,k—l + a1,k +ajk-1
j=m+1k=1

+aj 1) sin ja sin ky|

lim I = dsinzsiny siny
(m,n)—oco

By making use of abel’s transformation twice

lim I
(m,n)—oco
1 oo oo
_ 2eing > S An(aj i1 k-1 +aj1k +ajr-1 +ajk)
= jmmal k=1
Dj(x) sin ky]
= > S lits(aj_1k-1+ a1k + aj k-1 + a; k) F(2)D;(y)]
j=mal k=1
=0 > Slkldosalaj_1 k-1 +aj_1k +ajr—1+aj)ll
jmmal k=1
—o(1)

where F), (z) is the conjugate Fejer’s kernel. Similarly,
Z [Fk|N22(aj—1,k—1
=n+

I, = Jz:; 1 = O(l)

+aj_1x+ajr—1+a;)l]

lim
(m,n)—oco0

k
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This concludes that f € L by Lebesgue’s theorem. Thus,
(3) should converge to f every where apart from z,y = 0(
mod 7). Hence, (3) should be the Fourier series by virtue of
generalized du Bois-Reymond theorem [9], [1].

III. DOUBLE COSINE AND SINE SERIES

S. A. Tejakovski [11] has proved the following result for
one dimensional trigonometric sine series:

Theorem 3 [11] If {b,} is a quasi-convex null sequence,

E by sin kx is a Fourier series if and only if
k=1

> k
}; — < (10

and this cannot be replaced by the mere convergence of
k=1 &

In connection with the above theorem Kano [12] proved the
following result:

Theorem 4 [12] If {b,} is a null sequence such that

< >’<+oo (1)

oo oo
ao . . . .
then 3 + E ay cos kx or E b sin kx is a Fourier series,

Z’f2

k=1
or equivalently, it represents an integrable function.

In this paper, the Theorem 4 has also been extended
from one dimensional trigonometric series to two dimensional
trigonometric series and it reads as follows:

Theorem 5 If {an, } is a double null sequence such that

3,
(jk)’<+oo (12)

then (3) or (4) is a Fourier series, or equivalently, it represents
an integrable function.

>y

Jj=1k=1

Proof Here, the proof is given for (3) (cosine series) only since
it goes in quite the same way for (4) (sine series).

Let

m n
Smn(2,y) = ZZajk cos jx cos ky
j=1k=1
m n
= aik[smjx] [sin ky]’
=tk=1J

where prime means derivative.

Performing double summation by parts twicer,

Srnn(xyy) = ; kg J+ 1)(k+ I)AQQ (]k‘ ) F/( ) Ii(y)

-1

Aj,n—1 - /
=3 n (G ) B@RAG
—1

- ma () Fa
+mnA (%) (@) ()
,me< )D/(z)D )

_zon (5mk) B

+mn (Cj;l’;j) Dl () D, (v)

3 u

1(@)FL(y)

(@) Dy, (v)

where F,,,(:v) the conjugate Fejer’s kernel and by Zygmund’s
theorem

[ @ =ow

J—7

Moreover, for any fixed 2,y 2 0( mod 2m)

; o (225 ) F@ P w)

jn—1)
1

<> ST GHDE+1D)AR (‘”—’“) Fi(2)Fi (y)
j=1 k=n—1 ik
B m— oo 2 5 ik
- Jlk:;l(j+1) ey An(jk))
O(1), m — oo.

Similarly, for n — oo,

A m—1,k ﬁ"
zm ( )

and for m,n — oo

1(2)Fi(y) = 0(1)

n—1

> mene (L2 Bl @) W) = 00)
k=1

Dk
and for m,n — oo
aAm—1,n—1 ~
VAN —— | F,
e <(m—1>(n—1>) "

G+ D)k + 1) Ao (7(;?1)1(,:: 1))

1(95)13‘7271(11)

—lk=n—1 o1 (@) F 1 (y)

o % G0 12y (tmtet )
(J,_%: 2 <<m_1)<n_1>>

also, it is known that D/ () =

m
S nine (“—") B (2) Dl (y)
=1 Jmn

O(n/x?), therefore
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Similarly,

and

’;onl (inilj) ~in(ac)f)i(y) —0 m — oo

mn (m> D! (z)D!,(y) — 0 max(m,n) — co.
mn

For all z,y,

2

o0
flz,y)= lim  Spp =0 ST+ D2k +1)2 0 (%’“)
1k=1 J

m,n— oo

J

exists and f(z,y) € L by Lebesgue’s theorem.
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