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Characterizations of ['-Semirings by Their Cubic
Ideals
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Abstract—Cubic ideals, cubic bi-ideals and cubic quasi-ideals of
a I'-semiring are introduced and various properties of these ideals
are investigated. Among all other results, some characterizations of
regular I'-semirings are achieved.
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I. INTRODUCTION

EMIRINGS which is a common generalization of rings

and distributive lattices, was introduced by Vandiver [8].
It has been found very useful for solving problems in different
areas of pure and applied mathematics, information sciences,
etc., since the structure of a semiring provides an algebraic
framework for modelling and studying the key factors in
these applied areas. Ideals of semiring play a central role
in the structure theory and useful for many purposes. The
theory of I'-semirings was introduced by [6]. Since then many
researchers enriched this field.

The theory of fuzzy sets was proposed by Zadeh [9] and
used as a mathematical tool for describing the behavior of the
systems that are too complex or illdefined to admit precise
mathematical analysis by classical methods and tools. The
study of fuzzy algebraic structure was started by Rosenfeld [7].
The learning of cubic sets and cubic subgroups were initiated
by Jun et al. [3], [4]. Khan et al. [5] applied this in case of
cubic h-ideals of hemirings. Chinnadurai et al. [1], [2] used
this notion to study cubic bi-ideals and cubic lateral ideals in
near-ring and ternary near-ring respectively. As an extension
of these results, in this paper we have presented cubic ideal
in I'-semiring and studied various properties of this ideal.
Also, we have defined cubic bi-ideals and cubic quasi-ideals
of I'-semiring and used these to obtain some characterizations
of regular and intra-regular I'-semiring.

II. PRELIMINARIES

We recall the following preliminaries for subsequent use.
Definition 1. Let S and I' be two additive commutative
semigroups with zero. Then S is called a I'-semiring if there
exists a mapping S x I' x S — S ( (a,a,b) — aab) satisfying
the following conditions:

(i) (a4 b)ac = aac + bac,
(i) aa(b + ¢) = aab + aac,
(iil) a(a+ B)b = aab + affb,
(iv) aa(bBe) = (aab)pBe.
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(v) Ogaa = 0g = aalg,

(vi) a0rb = 0g = b0ra

for all a,b,c € S and for all «, 5 € I". For simplification we
write 0 instead of Og and Or.

Example 1. Let S be the set of all mxn matrices over Zg
(the set of all non-positive integers) and 1" be the set of all
nxm matrices over Zg , then S forms a I'-semiring with usual
addition and multiplication of matrices.

A subset A of a I'-semiring S is called a left(resp. right)
ideal of S if A is closed under addition and STA C A
(resp.AT'S C A). A subset A of a I'-semiring S is called
an ideal if it is both left and right ideal of S. A subset A
of a I'-semiring § is called a quasi-ideal of S if A is closed
under addition and ST'A N AI'S C A. A subset A of a
I"-semiring S is called a bi-ideal if A is closed under addition
and AT'STA C A.

Definition 2. A fuzzy subset of a nonempty set X is defined
as a function p : X — [0,1].

Definition 3. Let X be a non-empty set. A cubic set A in X is
a structure A = {< x, i, f >: 2 € X} which briefly denoted
as A =< i, f > where i = [pu~, "] is an interval valued
fuzzy set (briefly, IVF) in X and f is a fuzzy set in X.
Definition 4. For any non-empty set G of a set X, the
characteristic cubic set of G is defined to be the structure

X6 (@) =< &, Gy (), 1y (@) : @ € X > where
el@) =L ~TifacG
=[0,0] ~ 0 otherwise.
and
(@) =0ifz€C

=1 otherwise.

Throughout this paper, unless otherwise mentioned S denotes
the I'-semiring and for any two set P and (), we use the
following notation:

N{P,Q}=PNQand U{P,Q} =PUQ.

III. BASIC DEFINITIONS AND RESULTS OF CUBIC IDEALS

In this section, the notions of cubic ideals in I'-semiring are
introduced and some of their basic properties are investigated.
Definition 5. Let < i, f > be a non empty cubic subset of
a I'-semiring S. Then < g, f > is called a cubic left ideal
[cubic right ideal] of S if

0 a +y) 2 nfa),

max{ f(z), f(y)} and

(i) p(zyy) 2 1Y), f(zyy) < f(y) [respectively fi(zvy)

a(@), f(zyy) < f(=)).

ay)l fle +y) <

U
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forall z,y € S, vy eT.

A cubic ideal of a I'-semiring S is a non empty cubic subset
of S which is a cubic left ideal as well as a cubic right ideal
of S. Note that if < g, f > is a cubic left or right ideal of
a I'-semiring S, then 2(0) D z(x) and f(0) < f(z) for all
T eS.

A cubic right ideal is defined similarly. By a cubic ideal

< [, f >, we mean that < ji, f > is both cubic left and cubic
right ideal.
Example 2. Consider S be the additive commutative
semigroup of all non positive integers and I' be the additive
commutative semigroup of all non positive even integers. Then
S is a I'-semiring if ayb denotes the usual multiplication of
integers a,~y,b where a,b € S and v € . Let < j1, f > be a
cubic subset of 9, defined as follows

fi(z) =M1 if z=0
=[0.6,0.7] if x is even
=1[0.1,0.2] if x is odd

and
flz)y =0 if =0
0.4 if x is even
0.9 if x is odd

The cubic subset < i, f > of S is a cubic ideal S.
Throughout this section, we prove results only for cubic
left ideals. Similar results can be obtained for cubic right
ideals and cubic ideals.
Theorem 1. A cubic set C' =< i, f > of S is a cubic left
ideal of S if and only if any level subset C; =< [ig, f; >:=
{z € S:pu(x) D[tt] and f(z) < t,t € [0,1]} is a left ideal
of S, provided it is non-empty.

Proof: Let < i, f > be a cubic left ideal of S and assume
that < fig, fy ># ¢ for t € [0,1]. Let z,z € S and a,b €<
fie, fr >. Then pi(a + b) O N{x(a), (b))} 2 [t,t] and f(a +
b) < max{f(a), f(b)} < t; implies that a + b €< iz, f; >
Also, in addition for v € T, p(zya) 2 p(a) 2 [t,t] and
f(zya) < f(a) < t which implies xya €< pg, fr >. So,
< g, fr > is a left ideal of S. Conversely, suppose < fiz, fi >
is a left ideal of S. If possible, suppose < i, f > is not
a cubic left ideal of S. Then there exist a,b € S such that
fia+b) C Njila), i(b)} or f(a+b) > max{f(a), f(5)}.
Taking to = 1[f(a-+b) +max{f(a), f(b)}], we see that t; €
[0,1] and f(a+b) > to > max{f(a), f(b)} whence a,b € fi,
but a+b & f;, - which is a contradiction. Therefore, j1(a+b) D
N{u(a), z(b)} and f(a+b) < max{f(a), f(b)}for all a,b €
S. The other property can be proved similarly. Consequently,
< 1, f > is a cubic left ideal of S. [ ]

Theorem 2. Let A be a non-empty subset of a I'-semiring
S. Then A is a left ideal of S if and only if the characteristic
function x4 =< [iy.,, fx. > is a cubic left ideal of S.

Proof: Assume that A is a left ideal of S and z,y € S
and v € I'. Suppose iy, (x +y) C Ny, (), fiya ()}
and fy,(z +y) > max{fy,(x), fy,(y)} It follows that
Fia (@) = 0.0y (2). o ()} = 1and £y, (24+3) = 1,
max{ fy,(x), fy.(y)} = 0. This imply that z,y € A
but « +y ¢ A — a contradiction. So, [y, (z + y) 2

N{Hixa (@), Ixa ()} and fy, (2+y) < max{fy, (@), fx.(y)}
Similarly we can show that (zvyy) 2 u(y), f(zvy) < f(y).
Therefore x4 =< iy ,, fy. > is a cubic left ideal of S.
Conversely, assume that x4 =< [iy,, [y, > is a cubic
left ideal of S for any subset A of S. Let z,y € A,
a,b € S and v € T. Then iy, (z) = Jiy,(y) = 1 and
Fea (@) = Foa(y) = 0. Now ji(x +) 2 N{ii(x). ily)} = L
f(x+y) <max{f(z), f(y)} = 0 and fi(zyy) 2 Aly) = 1.
f(zyy) < f(y) =0 . This implies = 4+ y, zyy € A. Hence A
is a left ideal of S. ~ |

Definition 6. Let A =< i, f > and B =< 60, g > be two
cubic sets of a I'-semiring S. Define intersection of A and B
by

ANB=<[,f>N<0,g>=<anb,fUg>.

Proposition 1. Intersection of a non-empty collection of
cubic left ideals is a cubic left ideal of S.

Proof: Let A; = {< p;, fi >: i € I} be a non-empty
family of ideals of S. Let a,b,z,y,z € S and v € I.
Then

(QF)@+y) = 0 lu@+y}2 0{n{i@), mw)h
= m{irg[ﬁi(:c), iglﬁi(y)}
= n{( 0,7 (), (0 7is) ()}

(,-gffi)(x +y) = Sllelg){f(x +9)} < sup{max{fi($)7 Tity)}}
= max{sileul)fi( x), Supfv( )}
= max{(U f;)(z 2), (Ufz)( )}

Again

(iglﬁi)(my) = Z,QI{/NH(-T'Y?/)} ) Z,Ql{ﬁi ()} = (Z_Qlﬁi)(y)-

(Y f)(zyy) = S_lel?{fi(x'}’y)} < S_g?{fi(y)} =(0,f))-

(U fi)(x)

el

= sup{fi(l')} < sglla{max{fi(a)a fi(b)}}
= max{supfl( ), Szlelll)fZ(b)}

icl

= max{(iglfz)( a), (Zglfv)(b)}

Hence, N A, = {< N, U f; >:1 € I} is a cubic left ideal
i€l iel’ el

of S. u

Proposition 2. Let f : R — S be a morphism of

I'—hemirings and A =< ¢,g > be a cubic left ideal of S,

then f~1(A) is a cubic left ideal of R where f~1(4)(z) =<

FHUO) (@), fH9) (@) >=< ¢(f(x)),g(f(x)) >

Proof: Let f : R — S be a morphism of I'-semirings.
Let A =< ¢,g > be a cubic left ideal of S and r,s € R,
v € I'. Then

FHr +5)
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Thus < f~ (d))(yc), f~1(g)(z) > is a cubic left ideal of R.
|
Definition 7. A cubic left ideal < ji, f > of a I-semiring
S, is said to be normal cubic left ideal if 2(0) = 1, f(0) =0
Proposition 3. Given a cubic left ideal < p,f > of a
[-semiring S, let < fiy, f+ > be a cubic set in S obtained
by fis(2) = filw) + 1 — (0), f1(x) = f(z) — F(0) for all

x € 5. Then < jiy, fy > is a normal cubic left ideal of S.

Proof: For all 2,y € S and v € T, we have jiy(0) =
f(0) + 1= 7i(0) = T, £4(0) = f(0) - f(0) = 0 Now,

fis(w+y) =iz +y)+1—7(0)
;mmurxn+1fmm _
= N{{ii(x) + 1 - 7(0)}, {ily) + 1 - 7(0)}}

= {4+ (z), i+ (y) }

frlz+y) = flz+y)— f(0)

max{ f(x), f(y)} — f(0)
max{{f(z) — f(0)},{f(y) — f(0)}}
= max{ fy(z), f+(y)}

IVAN

and
fir(zyy) = Blzyy) + 1= 1(0) 2 fly) + 1 — (0) = fis(y).
fa(wyy) = flzyy) — £(0) < fly) — f(O) = fe(y)-

Hence, < fiy, f+ > is a normal cubic left ideal of S.
]

Definition 8. Let A =< i, f > and B =< v, g > be cubic
subsets of X. The cartesian product of A and B is defined
by (Ax B)(z,y) = (< 4, f > x <v,g >)(z,y) = (<
fx v, fxg >)(ey) = [N{p(z), v(y)}, max{f(z),9(y)}]
for all z,y € X.
Theorem 3. Let A =< i, f > and B =< v,g > be cubic
left ideals of a I'-semiring S. Then A X B is a cubic left ideal
of the I'-semiring S x S.

Proof: Let (x1,22), (y1,y2) € S x S and v € I'. Then

(B x v)((w1,22) + (y1,¥2))
= (nxv)(x1 +y1, T2 + Y2)
= {a(x1 + 1), V(@2 + y2) }

2 N{N{f(z1), i)}, N{w(z2), U(y2
= n{n{z(x1), v(z2)}, N {7i(y1), v(y

=n{(m x V) (w1, 22), (X V)(y1,y2)

)3}
)3}
}

(f x g)((z1,22) + (y1,92))

=(f x g)(@1+y1, 2+ y2)

max{f(z1 +y1), g(x2 + y2)}
max{max{f(z1), f(y1)}, max{g(x2), g(y2) }}
max{max{f(z1), g(x2)}, max{f(y1), f(y2)}}
= max{(f x g)(x1,22), (f X 9)(y1,92)}

and

A

(1 x V) (w1, 22)7(y1,y2))

= (o x V) (@17y1, T27Y2)
N{F(w1yy1), V(w2vy2) }

N{7(y1), v(y2) }

(B xv)(y1,y2)-

(f x g)((z1,22)7(y1,92))

= (f x g)(w1vy1, T27Y2)

= max{f(z1vy1), 9(x2vy2)}
< max{f(y1),9(y2)}

= ([ x9)(y1,y2)-

Hence, A x B is a cubic left ideal of S x S. |

v H

IV. CuBic BI-IDEALS AND CUBIC QUASI-IDEALS

Definition 9. Let A =< i, f > and B =< 0,9 > be two
cubic sets of a I'-semiring S. Define composition of A and B
by

AU .B=<p,f>T.< §,g >=< ﬁl‘cg, fTeg >

where
AlH(@) = uln{ii(a),0(01)}]
z=a1vb1
= 0, if x cannot be expressed as above
and
fTeg(w) = inf{max{f(a1),g(b1)}}

z=a1vb1
= 1,if x cannot be expressed as above
for x,a1,bp € S and v € I B
Definition 10. Let A =< pi, f > and B =< 0,9 > be two
cubic sets of a I'-semiring S. Define generalized composition
of A and B by

A0.B =< i, f > 0. < 0,9 >=< Jio.0, fo.g >

where
fiocb(x) = Uln{N{z(as), 6(bi)}}]
o= Z aiibs
_ i=1
= 0, if x cannot be expressed as above
and
foeg(w) = inflmax{max{f(a:), g(bi)}}]

n
= Zai%‘bz’

= 1,if x cannot be expressed as above

where x,a;,b; € S and v; € ', for i=1,...,n.
Proposition 4. Let A =< [y, f >, B =< Jis,g > be
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two cubic ideal of a I'-semiring S. Then AI'.\B C Ao.B C
ANB C A,B, where AT.B =< 1Tz, fTeg > and
Ao.B =< [110ci2, f0.g >.

Proof: Suppose A =< i1, f >, B =< [i2,g > be two
cubic ideals of a I'-semiring S. Then

(ﬁlocﬁQ)(-r) = U{O{m{ﬁl(av)a aﬁ2(bL)7}}}

n
z= Zai%bi
i—1
where z,a;,b; € S and ; € T
D U{n{ii(ar), i2(b1))}}

T=a1vb1

where z,a1,b; € Sand y €
= (1 Tepiz)(x)

(focg)(z) = inf{max{max{f(a:), g(bi)}}}

n
r= Zam,@
i=1
where z,a;,b; € S and v; € T’

< inf{max{f(a1),9(b1)}}

Tz=a17b1

where z,a1,bp € Sand v €T
= (fTeg)(x)
Therefore, AI'.B C Ao.B.

(rocpi2)(w) = V{O{N{fin(aq), fi2(bi) }} }

o= Zai%bi
i=1
where x,a;,b; € S and v; € I’
< U{n{im(ai)}t}

c U{m{ﬁl(zai%bi)}} = pa(x)
= Zai%‘bz‘

(foeg)(w) = mf{max{max{f(ai), g(b:)}}}

r= Zai%bi
i=1
where z,a;,b; € S and v, € T
= inf{maxf(a;)}

> inf{max{f(zai%bi)}} = f(x)

i=1
n

z= E a;vib;
i=1

Since this is true for every representation of z, Ao.B C A.
Similarly we can prove that Ao.B C B. Therefore, Ao.B C
A N B. Hence the Proposition. |

Definition 11. A cubic subset < ji, f > of a I'-semiring S
is called cubic bi-ideal if for all z,y € S and o, € " we
have

) alz +y) 2 0{a(@), w(y)} f(o+y) <max{f(z), f(y)}

(i) pa(zay) 2 N{a(x), i(y)}. flray) < max{f(z), f(y)}
(i) f(rayBz) 2 fpx),a(z)},  flraypfz) <
max{f(z), f(z)}

Definition 12. A cubic subset < j, f > of a I'-semiring S is
called cubic quasi-ideal if for all x,y € S we have

) alz +y) 2 {a@), i(y)} f@+y) <max{f(zx), f(y)}
(i) (10:Cs) N (Cys00it) € i (forms) U (ys0e) 2 1.
Theorem 4. A cubic subset < i, f > of a I'-semiring S is a
cubic left ideal of S if and only if for all z,y € S, we have

() alz +y) 2 0{a(), wy)} f(@+y) < max{f(z), f(y)}
(1) Cxs0ct € fis Nys0cf 2 f.

Proof: Assume that < g, f > is a cubic left ideal of S.
Then it is sufficient to show that the condition (ii) is satisfied.

Let x € S. If x can be expressed as = = Zamibi, for
=1

a;,b; € S and v; € I' ; i=1,...,n, then we have

(Ges0c) (@) = UIN{N{Cys (i), i(bi) )]

n
z= Z aiibi
i=1

< uln{n{7(aivibi)}})

n
o= E aiibs
i=1

n

< U[ﬂ{ﬁ(z a;ibi) | = fi(z).

i=1

n
= Z aiibi
i=1

(Mxsocf)(x) = inflmax{max{ny (ai) f ()} }]

n
= Z a;7ib;
i=1

= inf[mlax{max_{f(bi}ﬂ

n
o= E aiibi
i=1

> inf[mlax{max{f(ai%bi)}}]
o= Z a;Yib;
> inf[max{f(z a;ivibi)}] = f(z).

n
z= Z a;yib;
=1

This implies that szocﬁ C 1, nysocf 2 f. Conversely,
assume that the given conditions hold. Then it is sufficient
to show the second condition of the definition of cubic ideal.
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Let x,y € S and v € I'. Then we have

lery) 2 (Csod)(@79) = VIIN{Cea (@) B0 10050
=Y oy < (foetis) U (nys0cf)) (wayfz)
Tyy= @704 = maX{(fochS)(xayﬂz), (nXSOCf) (fl:ozyﬂz)}

= max{inf(max(f(a;), 75 (b:))), nf (max(nys (ai), (b))}

rayPz= Z azfyzbz rayPz= Z a{yzbz

2 fiy)(since zyy = 7y).

fleyy) < (nxsocf)(z7y) i=1 i=1
Bl ir??[rr?ax{nf;g{nm (a:), F(b:)}}] < max{max(ny (), f(2)), max(f(x),mys(2))}
i (since zayBz + 0y = zayfz)
TYY= Z az’Yz 0 = max{f(;zr), f(Z)}
< f(y)(since 12’yy = z7Y). Similarly, we can show that f(zay) 2 N{u(x),n(y)},
Hence < i, f > is a cubic left ideal of S. ] f(zay) < max{f(z), f(y)} for all 2,y € 5 and & € F.

Theorem 5. Let A =< pi,f > and B =< v,g > be a
cubic right ideal and a cubic left ideal of a I'-semiring S,
respectively. Then AN B is a cubic quasi-ideal of S.

Proof: Let x,y be any element of S. Then

(rNv)(z+y)

V. REGULARITY AND INTRA-REGULARITY

=Mz +y),v(z+y)} In this section, the concept of regularity in I'-semiring are
2 {N}u(), n(y)}, {v(z), v(y) 1} studied by using cubic ideal, cubic bi-ideal, cubic quasi-ideal.
=n{n{a(),v(z)}, N{nly),v(y)}} Definition 13. A I'-semiring S is said to be regular if for each
={(EnNo)(z), (ENv)(y)}. x € S, there exist a € S and «, 3 € T such that z = zaaSx.
Theorem 6. Let S be a regular I'-semiring. Then for any
(fUg)(z+7y) cubic right ideal A =< pu,f > and any cubic left ideal
=max{f(z+7v),g(x+y)} B =<v,g>of S we have A’ .B=ANB.
< max{max{f(z), f(y)}, max{g(x), g(y)}}
= max{max{f(z),g(z)}, " {f(v),9(y)}} Proof: Let S be a regular I'-semiring. By Proposition 4,
=max{(f Ug)(x),(fUg)(y)}. we have AT'.B C AN B. For any a € S, there exist x; € S
On the other hand, we have %llinal’ Pr €T such that a = acnz1fa.

(AN B)ocxs) N (xso.(ANB))
(alev)(a) = U{n{a(e),p(b)}} 2 N{a(aaiz1), v(a)}

a=evyb

2 {p(a),v(a)} = (ENv)(a).
C (Aocxs) N (xso.B) € (AN B).

This completes the proof. ]
Lemma 1. Any cubic quasi-ideal of S is a cubic bi-ideal of (fTeg)(a) = inf{max{f(e),g(b)}}
S. a=e~b
Proof: Let < p,f > be any cubic quasi-ideal < max{ f(aa121), g(a)}
of S. It is sufficient to show that p(zayBz) 2 < max{f(a),g(a)} = (f Ug)(a).

Ni(x), i)}y, flrayBz) < max{f(z), f(z)} and
plray) 2 (), m(y)}, flray) < max{f(z),f(¥)} Therefore (ANB) C (A'.B). Hence A''B=ANB. N
for all z,y,z € S and o, 5 € T.

Coroll 1. If S b lar I'-semiring, then f
In fact, by the assumption, we have ororary © 8 TeBwar - -sciminiig, thel or Ay

cubic right ideal A =< p,f > and any cubic left ideal

f(zayBz) B =<Uv,g > of S we have Ao.B = AN B. Theorem 7. Let
) ((ﬁOCng) N (6X50cﬁ))(wayﬁz) S be a regular I'-semiring. Then

T = ~ i)ACA A fi bic bi-ideal A =< pi, f > of
- g{gumcxsxxgyﬁzb)_,) Goomfomuio) (4 € Aocxsocd for very cubic bideal 4 =< . f > 0
= N{U(NG(ai), G (01)), V(O (Cxs (C:f)“u( i)} (ii) A C Ao.xso.A for every cubic quasi-ideal A =< i, f >

cayBe= Z aiyibi  saysz= Y a;ivibi of S.

i=1

> n{n(p (x),C ( )),N (CXS (x), 1(2))}(since zayBz = zayBz) Proof: Suppose that A =< fi, f > be any cubic bi-ideal
= n{p(x), ,u(z)} of S and x be any element of S. Since S is regular there exist
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a € S and a, 3 € T such that z = xaafzr. Now

(FocCys0ch) ()

= U(m{(ﬁOLCXs)(az)aﬁ(bz)})

2 N{(fioclys ) (waa), filx)}
= n{u(n{ila:), (Gs) (i) }), i) }}

n
roa= E a;%i bl
i=1

2 Q{ﬁ(@, w(x)}(since zaa = zaafraa).
= [i(x)

(foenysocf)(x)
= inf(max{(focnys)(ai), f(b:)})

n
= Z aiibi
i=1

< max{(foerys)(zaa), f(z)}
= max{inf(max{(f(a:), nxs (b:))}), f (%)}

n
Toa= E a;"i bz
i=1

max{f(z), f(z)}(since zaa = rzaafraa)

f(z)

A

This implies that A C Ao.xso.A.
()=(ii) This is straight forward from Lemma 1.
|

Theorem 8. Let S be a regular I'-semiring. Then
(i) AN B C Ao.Bo A for every cubic bi-ideal A =< g, f >
and every cubic ideal B =< v,g > of S.
(i) An B C Ao.Bo.A for every cubic quasi-ideal
A =< p, f> and every cubic ideal B =< v, g > of S.

Proof: Suppose S is a regular I'-semiring and A =<
i, f >, B=<U,g > be any cubic bi-ideal and cubic ideal
of S, respectively and = be any element of S. Since S is
regular, there exist a € S and «, § € I such that x = zaafSx.
Now

(focvocp)(x)
= U(ﬂ{(ﬁocg)(ai)vﬁ(bi)})

= Z ai7ibi
i=1

2 N{(pocv) (zaa), i(x)}
= N{U(N{(ias), v(b:))}, ()}

n
Taa= E ai%bi
i=1

O n{n{p(z),v(afraa), i(x)}(since raa = raafraa)
2 (), v(x)} = (mNw)(w).

(focgocf)(x)
= inf(max{(f?lcg)(ai)v F(bi)})

z= Z a;vib;

< max{(foeg) (zaa), f(z)}
= max{inf(max{(f(a;), 9(b00))}), £ (2)}

n
raa= E a;%i bl
i=1

< max{max{ f(z), g(afzaa), f(x)}(since zaa = xaafraa)

2 max{f(z),g(x)} = (f Ug)(z).

(i)=(ii) This is straight forward from Lemma 1. |
Definition 14. A I'-semiring S is said to be intra-regular if
for each x€S, there exist ai,a; €S, and 0,4, 8; € ', i€ N,

the set of natural numbers, such that x = Zaiaimnlﬂia;.
i=1

Theorem 9. Let S be a intra-regular I'-semiring. Then

AN B C Ao.B for every cubic left ideal A =< i, f > and

every cubic right ideal A =< v, g > of S.

Proof: Suppose S is intra-hemiregular. Let A =< g, f >
and A =< v, g > be any cubic left ideal and cubic right ideal
of S respectively. Now let x € S. Then by hypothesis there
exist aha; €S, and «a;, B;,n € T, ¢ € N, the set of natural

numbers, such that z = Zaiaixnz[j’ia;. Therefore
i=1

(o)) = Vln{n{7i(as), 7(60) 1]

= Zaz’ﬁbz
> (@), Papia))]
2 n{a(z),v(z)} = (RNV)(x).

(foeg)(z) = inf[max{max{f(a),g(b:)} }]

o= Zn: a;7ibi
i=1
< mzax[max{f(aiaﬂ)v g(mﬁla;)}]

< max{f(z),g(x)} = (f U g)(z).

Hence the proof. |
Theorem 10. Let S be both regular and intra-regular

I"-semiring. Then

(i) A = Ao A for every cubic bi-ideal A =< p, f > of S.

(ii) p = fropu for every cubic quasi-ideal A =< fi, f > of S.

Proof: Suppose § be both regular and intra-regular
I-semiring. Let « € S and A =< pu,f > be any cubic
bi-ideal of S. Since S is both regular and intra-regular, there
exist a;,b; € S and ai,ﬁi,a;,ﬂ;,n € I', ¢ € N such that

, ,
T = E oy a;opaenxB;b; Bix. Therefore
i=1
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(Hoci)(w) = VIn{n{z(ai), fi(bi) }}]

= Z aiibi
Z:1 ! ’
2 Q[m{ﬁ(ﬂmiaiaﬂ)7ﬁ(lﬂibzﬂzl‘m

n
= Z roya;ouaenx ;b B
i=1
2 fi().

(foef)(w) = inflmax{max{f(as), f(bi)}}]
S
< maasfmar{ (seuasca), (o505}
- Zn: zazazozna b Bix

i=1
< f(2).
Now Ao.A C Ao.xs C A. Hence Ao.A = A for every
cubic bi-ideal Aof S.
()=(ii) This is straightforward from the Lemma 1. |

REFERENCES

[1] V. Chinnadurai, K. Bharathivelan, “Cubic bi-ideals in near-rings”,
International Journal of computer and Mathematical Sciences, Vol. 5,
Issue 2(2016) 44 - 52

[2] V. Chinnadurai, K. Bharathivelan, "Cubic Lateral Ideals in Ternary Near -
Rings”, International Advanced Research Jou rnal in Science, Engineering
and Technology, Vol. 3, Issuel1(November 2016) 209 - 215

[3] Y.B. Jun, S.T. Jung and M.S. Kim, "Cubic subgroups”, Annals of Fuzzy
Mathematics and Informatics, 2(2011), 9 - 15.

[4] YB. Jun, C.S. Kim and K.O. Yang, "Cubic sets”, Annals of Fuzzy
Mathematics and Informatics, 4(2012), 83 - 98.

[5] A.Khan, Y.B. Jun, S.ILA. Shah, M. Ali, ”Characterizations of hemirings in
terms of cubic h-ideals”, Soft Comput, DOI 10.1007/s00500-014-1396-4

[6] M.M.K.Rao, “I'—semirings-1”, Southeast Asian Bull. of Math.,
19(1995)49-54

[7] A. Rosenfeld, "Fuzzy groups”, J. Math. Anal. Appl. 35(1971) 512-517

[8] H.S. Vandiver, Note on a simple type of algebra in which cancellation
law of addition does not hold, Bull. Amer. Math. Soc. 40 (1934) 914 -
920.

[9] L.A.Zadeh, "Fuzzy Sets”, Information and Control, 8(1965)338-353.

156



