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Abstract—In this paper, Backstepping method is proposed to 

synchronize two fractional-order systems. The simulation results 
show that this method can effectively synchronize two chaotic 
systems. 
 

Keywords—Backstepping method, Fractional order, 
Synchronization. 

I. INTRODUCTION 

RACTIONAL calculus is very interesting area, which has 
been originated from 17th century. For demonstrate the 

chaotic behavior some fractional-order differential systems 
such as Chua circuit [1], Duffing system [2], jerk model [3], 
Chen system [4], the Fractional-order Lü system [5], Rossler 
system [6], Arneodo system [7] and Newton–Leipnik system 
[8] have been found. Chaotic systems are difficult to be 
synchronized. Control of chaotic systems has been considered 
as an important and challenging problem because of 
sensitivity of initial conditions. Different control technique as 
in [9] (FSMC) strategy for synchronization of chaotic systems 
has been proposed. In [10] an active sliding mode controller 
has also been presented to synchronize two chaotic systems 
with parametric uncertainty. An algorithm is designed to 
determine parameters of active sliding mode controller in 
synchronizing different chaotic systems have been studied in 
[11]. A systems with uncertainties of an adaptive sliding mode 
controller has also been studied in [12].Over the past decade, 
Backstepping has become the most popular design method for 
adaptive nonlinear control because it can guarantee global 
stabilities, tracking, and transient performance for a broad 
class of strict feedback systems. It has been shown that many 
chaotic systems as chaos, including Duffing oscillator, van der 
pol oscillator, Rossler system, Lorenz system, Lü system, 
Chen system and Chua’s circuit, can be transformed into non-
autonomous form has been studied in [13]-[15] and the 
backstepping control schemes have been employed to control 
these chaotic systems with key parameters unknown. In 
particular, the output of the controlled chaotic system has been 
designed to asymptotically track any smooth and bounded 
reference signals generated from a known reference model 
which may be a chaotic system. In this paper Backstepping 
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method is applied to synchronize two fractional-order chaotic 
systems. 

II. BACKSTEPPING METHOD FOR FRACTIONAL SYSTEM 
Consider two dynamical systems. The master system and 

slave system as: 
 
ଵሶݔ ൌ ଶݔ)ܽ  െ  (ଵݔ
 
ଶሶݔ ൌ(ߓ െ ଷݔଵݔଵ െݔ(ܽ ൅  ଶݔߓ
 
ଷሶݔ ൌ െβݔଷ െδݔସ ൅ݔଵݔଶ 
 
ସሶݔ  ൌ െ݀ݔସ ൅ ଷݔ݂ ൅  ଶ                 (1)ݔଵݔ
 
ଵୀሶݕ  (ଵݕଶିݕ)ܽ 
 
ଶୀ ሶݕ ଵݕܾ  െ   ଷݕଵݕଶିݕܿ
 
ଷୀ ሶݕ ଵݕ 

ଶ െ  ଷݕ݀
 
ସୀሶݕ െݕଵݕଷ െδݕସ                               (2) 
 

The fractional order derivatives of the systems (1) and (2) 
are  
 
Dכ

xଵן ൌ ଶݔ)ܽ  െ  (ଵݔ
 
Dכ

xଶן ൌ(ߓ െ ଷݔଵݔଵ െݔ(ܽ ൅  ଶݔߓ
 
Dכ

xଷן ൌ െβݔଷ െδݔସ ൅ݔଵݔଶ 
 
Dכ

xସן ൌ െ݀ݔସ ൅ ଷݔ݂ ൅  ଶ                    (3)ݔଵݔ
 
Dכ

yଵן ൌ  ଵݑ൅(ଵݕଶିݕ)ܽ 
 
Dכ

yଶן ൌ ଵݕܾ  െ  ଶݑଷ ൅ݕଵݕଶିݕܿ
 
Dכ

yଷן ൌ ଵݕ
ଶ െ ଷݕ݀ ൅  ଷݑ

 
Dכ

yସן ൌ െݕଵݕଷ െδݕସ ൅    ସ                       (4)ݑ
 
The error dynamics are 
 
Dכ

eଵן ൌ  ܽ(݁ଶି݁ଵ)൅ݑଵ 
 
Dכ

eଶן ൌ ܾ݁ଵ ൅ ଵሺܾݔ െ ߛ ൅ ܽሻ െ ܿ݁ଶ െ ଶሺܿݔ ൅ ሻߛ െ ݁ଷሺ݁ଵ ൅ ଵሻݔ െ ݁ଵݔଷ ൅  ଶݑ
 

Dכ
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ଶ ൅ ଵݔ
ଶ ൅ 2݁ଵݔଵ െ ݀݁ଷ ൅ ߚଷሺݔ െ ݀ሻ ൅ ସݔߜ െ ଶݔଵݔ

ሶ ൅  ଷݑ
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Dכ
ଷݕଵݕeସ= െן െ ସݕߜ ൅ ସݑ ൅ ସݔ݀ െ ଷݔ݂ െ  ଶ                    (5)ݔଵݔ

 
In this section, the backstepping design technique is applied 

to obtain control laws of error system (5). The design 
procedure is divided into the following steps. 

In the first step we consider the stability of the first equation 
of system (5) 
 
Dכ

wଵן ൌ  ܽ(݁ଶି݁ଵ)൅ݑଵ 
 
Dכ

wଵן ൌ  ܽ(݁ଶିݓଵ)൅ݑଵ                                                         (6) 
 
where ݓଵ ൌ ݁ଵ   and  ݁ଶ  and ݑଵ are controllers choose the first 
Lyapunov functional candidate as follow 
 
vଵ = ଵ

ଶ
 wଵ

ଶ ൐ 0                                                  (7)  
      
The derivative of the above function is 
 
vଵሶ = wଵwଵሶ  
 
vଵሶ = wଵ Dכ

ଵି஑ሺDכ
 wଵሻן

 
vଵሶ = wଵ Dכ

ଵି஑ሺa(eଶିwଵ)൅uଵሻ 
 
Assuming controllers, 
 
݁ଶ= ןଵ ሺݓଵሻ 
 
כଵି݇ଵDݓܽ=ଵݑ

ଵି஑ wଵ 
 
vଵሶ ሺ݁ଵሻ= െ݇ଵwଵ

ଶ ൅ wଵDכ
ଵି஑ሺa          (ଵן

    
where ݇ଵ is a positive constant and for  
 
ଵן  ሺݓଵሻ ൌ 0, the equation is 
 
vଵሶ ሺ݁ଵሻ= െ݇ଵwଵ

ଶ 
 

Subsequently the zero solution of (7) is asymptotically 
stable. 

 
ଶ= eଶݓ െ ןଵ ሺݓଵሻ 
 

When eଶ  is considered as an controller, ןଵ ሺ݁ଵሻ  is                                                                                                                             
estimative function. Defining 
 
ଶ= eଶݓ െ ןଵ ሺݓଵሻ 
 
Dכ

wଵן ൌ  ଵݑ൅(ଵݓଶିݓ)ܽ 
 
Dכ

wଶן ൌ ଵݓܾ ൅ ଵሺܾݔ െ ߛ ൅ ܽሻ െ ଶݓܿ െ ଶሺܿݔ ൅ ሻߛ െ ݁ଷሺ݁ଵ ൅ ଵሻݔ െ ଷݔଵݓ ൅  ଶݑ
 
Substituting ݑଵ=ܽݓଵି݇ଵDכ

ଵି஑ wଵ 
 
Dכ

כଶି݇ଵDݓܽ =wଵן
ଵି஑ wଵ 

 
Dכ

wଶן ൌ ଵݓܾ ൅ ଵሺܾݔ െ ߛ ൅ ܽሻ െ ଶݓܿ െ ଶሺܿݔ ൅ ሻߛ െ   ݁ଷሺ݁ଵ ൅ ଵሻݔ െ ଷݔଵݓ ൅   ଶݑ
(8) 

where ݁ଷ and ݑଶ are controllers now, we candidate the second 
Lyapunov function as 
 
vଶሺݓଵ, ଶሻ= vଵሺwଵሻݓ ൅ ଵ

ଶ
ଶݓ 

ଶ ൐ 0                      (9)    
    
vଶሺݓଵ, ଶሻݓ ൌ െ݇ଵwଵ

ଶ ൅ wଶDכ
ଵି஑ (Dכ

 wଶሻן
 
vଶሺݓଵ, ଶሻݓ ൌ െ݇ଵwଵ

ଶ ൅ wଶDכ
ଵି஑(ܾݓଵ ൅ ଵሺܾݔ െ ߛ ൅ ܽሻ െ

ଶݓܿ െ ଶሺܿݔ ൅ ሻߛ െ ݁ଷሺ݁ଵ ൅ ଵሻݔ െ ଷሻݔଵݓ ൅  ଶݑ
 
Assuming controllers 
 
ଶݑ ൌ െሾ(ܾݓଵ ൅ ଵሺܾݔ െ ߛ ൅ ܽሻ െ ଶݓܿ െ ଶሺܿݔ ൅ ሻߛ െ ݁ଷሺ݁ଵ ൅ ଵሻݔ െ

כଷሻ]െ ݇ଶDݔଵݓ
஑ିଵ wଶ  

(10) 
 
and ݁ଷ= ןଶ ሺݓଵ,  ଶሻݓ
 
vଶሺሶ ,ଵݓ ଶሻ = െ݇ଵwଵݓ

ଶ െ ݇ଶwଶ
ଶ + wଶDכ

ଵି஑ሺെןଶ(ןଵ൅  ((ଵݓ
 
where ݇ଶ is a positive constant, and for ןଶ ሺݓଵ,  ଶሻ=0, theݓ
equation is  
 
 vଶሺሶ ,ଵݓ ଶሻ = െ݇ଵwଵݓ

ଶ െ ݇ଶwଶ
ଶ ൏ 0  

 
This will guaranty that the zero solution of (9) is 

asymptotically stable. 
When ݁ଷ  is considered as a controllers in (8), ןଶ ሺݓଵ,  ଶሻݓ

is estimative function. Defining 
 
ଷ= eଷݓ െ ןଶ ሺݓଵ,  ଶሻݓ
 
we study (ݓଵ, ,ଶݓ  ଷሻݓ
 
Dכ

wଵן ൌ  ଵݑ൅(ଵݓଶିݓ)ܽ 
 
Dכ

wଶן ൌ ଵݓܾ ൅ ଵሺܾݔ െ ߛ ൅ ܽሻ െ ଶݓܿ െ ଶሺܿݔ ൅ ሻߛ െ ݁ଷሺ݁ଵ ൅ ଵሻݔ െ ଷݔଵݓ ൅  ଶݑ
 
Dכ

ଵݓwଷୀן
ଶ ൅ ଵݔ

ଶ ൅ ଵݔଵݓ2 െ ଷݓ݀ ൅ ߚଷ ሺݔ െ ݀ሻ ൅ ସݔߜ െ ଶݔଵݔ ൅           ଷ      (11)ݑ
                
Substituting ݑଵ=ܽݓଵି݇ଵDכ

ଵି஑ wଵ ,  
 
ଶݑ ൌ െሾ(ܾݓଵ ൅ ଵሺܾݔ െ ߛ ൅ ܽሻ െ ଶݓܿ െ ଶሺܿݔ ൅ ሻߛ െ ݁ଷሺ݁ଵ ൅ ଵሻݔ െ
כଷሻ]െ ݇ଶDݔଵݓ

஑ିଵ wଶ 
 
Dכ

כଵି݇ଵDݓܽ =wଵן
ଵି஑ wଵ 

 
Dכ

כwଶ= െ݇ଶDן
஑ିଵ wଶ െ ଵݓଷሺݓ ൅  ଵሻݔ

 
Dכ

ଵݓ wଷୀן
ଶ ൅ ଵݔ

ଶ ൅ ଷݓଵ െ݀ݔଵݓ2 ൅ ߚ) ଷݔ െ ݀ሻ ൅ ସݔߜ െ ଶݔଵݔ ൅     ଷ     (12)ݑ
                      
where ݑଷ is a controller. Now the Lyapunov function is 
 
vଷሺݓଵ, ,ଶݓ ଷሻ= vଵሺwଵሻݓ ൅ vଶሺݓଵ, ଶሻݓ ൅ ଵ

ଶ
ଷݓ 

ଶ ൐ 0 
 
vଷሺݓଵ, ,ଶݓ ଷሻ= െ݇ଵwଵݓ

ଶ െ ݇ଶwଶ
ଶ + wଷDכ

ଵି஑ሺDכ
 wଷሻן
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vଷሺݓଵ, ,ଶݓ ଷሻ= െ݇ଵwଵݓ
ଶ െ ݇ଶwଶ

ଶ + wଷDכ
ଵି஑( ݓଵ

ଶ ൅ ଵݔ
ଶ ൅

ଵݔଵݓ2 െ ଷݓ݀ ൅ ߚଷሺݔ െ ݀ሻ ൅ ଶሶݔଵݔସ   െݔߜ ൅  ଷݑ
 
Assuming controller 
 
ଵݓଷ=െൣݑ

ଶ ൅ ଵݔ
ଶ ൅ ଵݔଵݓ2 െ ଷݓ݀ ൅ ߚଷሺݔ െ ݀ሻ ൅ ସݔߜ െ ଶݔଵݔ

ሶ ൧ െ ݇ଷDכ
஑ିଵ wଷ(13) 

 
Therefore, the equation 
 
 vଷሶ ሺݓଵ, ,ଶݓ ଷሻ=െ݇ଵwଵݓ

ଶ െ ݇ଶwଶ
ଶ െ ݇ଷwଷ

ଶ ൏ 0  
 
where ݇ଷ a positive constant. The controller is ݑଵ, ,ଶݑ  ଷ willݑ
stabilize the (5). 
 
ସ= eସݓ െ ןଷ ሺݓଵ, ,ଶݓ  ଷሻݓ
 
Dכ

wଵן ൌ ן(ݓଶିݓଵ)൅ݑଵ 
 
Dכ

wଶן ൌ ଵݓܾ ൅ ଵሺܾݔ െ ߛ ൅ ሻߙ െ ଶݓܿ െ ଶሺܿݔ ൅ ሻߛ െ ݁ଷሺ݁ଵ ൅ ଵሻݔ െ ଷݔଵݓ ൅  ଶݑ
 
Dכ

wଷן ൌ ଵݓ
ଶ ൅ ଵݔ

ଶ ൅ ଵݔଵݓ2 െ ଷݓ݀ ൅ ߚଷሺݔ െ ݀ሻ ൅ ସݔߜ െ ଶݔଵݔ
ሶ ൅  ଷݑ

 
Dכ

ଷݕଵݕwସ= െן െ ସݕߜ ൅ ସݑ ൅ ସݔ݀ െ ଷݔ݂ െ  ଶ              (14)ݔଵݔ
 
Substituting ݑଵ, ,ଶݑ   ଷݑ
 
 Dכ

כଵି݇ଵDݓܽ =wଵן
ଵି஑ wଵ 

 
 Dכ

כwଶ= െ݇ଶDן
஑ିଵ wଶ െ ଵݓଷሺݓ ൅  ଵሻݔ

 
 Dכ

wଷן ൌ െ݇ଷDכ
஑ିଵ wଷ 

 
Dכ

ଷݕଵݕwସ= െן െ ସݕߜ ൅ ସݑ ൅ ସݔ݀ െ ଷݔ݂ െ  ଶ              (15)ݔଵݔ
       

where ݑସ  is a controller the Lyapunov function is  
 
vସሺݓଵ, ,ଶݓ ,ଷݓ ସሻ=െ݇ଵwଵݓ

ଶ െ ݇ଶwଶ
ଶ െ ݇ଷwଷ

ଶ+wସDכ
ଵି஑ሺwସሻ 

 
vସሺݓଵ, ,ଶݓ ,ଷݓ ସሻ=െ݇ଵwଵݓ

ଶ െ ݇ଶwଶ
ଶ െ ݇ଷwଷ

ଶ ൅ wସDכ
ଵି஑ሺݕଵݕଷ െ

ସݕߜ ൅ ସݔ݀ െ ଷݔ݂ െ      ସݑଶ)൅ݔଵݔ
                            
Assuming 
 
ଷݕଵݕସ = െሾെݑ  െ ସݕߜ ൅ ସݑ ൅ ସݔ݀ െ ଷݔ݂ െ ଶሿݔଵݔ െ kସDכ

஑ିଵሺwସሻ   (16)    
                                                 
The time derivative is  
 
vସሶ (ሺݓଵ, ,ଶݓ ,ଷݓ ସሻ=െ݇ଵwଵݓ

ଶ െ ݇ଶwଶ
ଶ െ ݇ଷwଷ

ଶ െ ݇ସwସ
ଶ ൏ 0 

 
where ݇ସ is a positive constant. 

III. NUMERICAL SIMULATION 
Numerical simulations have been carried out using the 

MATLAB to solve the sets of fractional- order differential 
equations related to the master and slave systems. It has been 
shown that all of the state variables of the slave system 
converge to that of the master system. The simulation results 
verify the performance of the Backstepping controller. We 
applied Backstepping control to synchronize two fractional-

order systems by considering the values ݍଵ ൌ ଶݍ ൌ ଷݍ ൌ ସݍ ൌ
0.95,ܽ ൌ 10, ܾ ൌ 28, ܿ ൌ ଼

ଷ
, ݀ ൌ 1.The initial conditions for 

the master system are (1,1,1,1) and for slave system are (3, 4, 
6, 5). The values of ሺ݇ଵ,݇ଶ, ݇ଷ, ݇ସሻ, is chosen as (10, 10, 10, 
10). 

 

 
Fig. 1 Synchronization between master and slave system 

 

 

Fig. 2 Synchronization between ݔଶሺ௧ሻ and ݕଶሺ௧ሻ 
 

 

Fig. 3 Simulation result between ݔଷሺ௧ሻ and ݕଷሺ௧ሻ 
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Fig. 4 Simulation result between master and slave system 

 

 

Fig .5 Synchronization of control signal ݑଵሺ௧ሻ 
 

 

Fig .6 Synchronization of control signal ݑଶሺ௧ሻ 

IV. CONCLUSION 
In this paper synchronization between fractional order 

master and slave systems has been investigated by using 
backstepping control method. Through simulation it has been 
established that our analytical results and computational 
results are in excellent agreement.  

 

 

Fig. 7 Synchronization of control signal ݑଷሺ௧ሻ 
 

 

Fig. 8 Synchronization of control signal ݑସሺ௧ሻ 
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