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Augmented Lyapunov approach to robust stability
of discrete-time stochastic neural networks with
time-varying delays
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Abstract—In this paper, the robust exponential stability problem
of discrete-time uncertain stochastic neural networks with time-
varying delays is investigated. By introducing a new augmented
Lyapunov function, some delay-dependent stable results are obtained
in terms of linear matrix inequality (LMI) technique. Compared with
some existing results in the literature, the conservatism of the new
criteria is reduced notably. Three numerical examples are provided to
demonstrate the less conservatism and effectiveness of the proposed
method.
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I. INTRODUCTION

ECENTLY, recurrent neural networks (see [1]-[7]), such

as Hopfield neural networks, cellular neural networks
and other networks have attracted considerable attention be-
cause of their potential applications in pattern recognition, im-
age processing, fixed-point computation, and so on. However,
because of the finite switching speed of neurons and ampli-
fiers, time delays, both constant and time-varying, are often
unavoidable in various engineering, neural networks, large-
scale, biological, and economic systems. Since the occurrence
of time delays may cause poor performance or instability, the
studies on stability for delayed neural networks are of great
significance. There has been a growing research interest on the
stability analysis problems for delayed neural networks, and
many excellent papers and monographs have been available.
On the other hand, during the design of neural network and its
hardware implementation, the convergence of a neural network
may often be destroyed by its unavoidable uncertainty due to
the existence of modeling error, the deviation of vital data, and
so on. These unavoidable uncertainty can be classified into two
types: that is, stochastic disturbances and parameters uncer-
tainties. As pointed out in [8] that, while modeling real nervous
systems, both of the stochastic disturbances and parameters
uncertainties are probably the main resources of the per-
formance degradations of the implemented neural networks.
Therefore, the studies on robust convergence of stochastic
delayed neural network have been a hot reach direction. Up
to now, many sufficient conditions, either delay-dependent or
delay-independent, have been proposed to guarantee the global
robust asymptotic or exponential stability for different class of
delayed neural networks (see [9]-[17]).
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It’s worth pointing out that most neural networks have been
assumed to be in continuous time, but few in discrete time.
In practice, discrete-time neural networks are more applicable
to problems that are inherently temporal in nature or related
to biological realities. And they can ideally keep the dynamic
characteristics, functional similarity, and even the physical or
biological reality of the continuous-time networks under mild
restriction. Thus, the stability analysis problems for discrete-
time neural networks have received more and more interest,
and some stability criteria have been proposed in the literature
(see [8],[16]- [26]). For the first time, Liu,Wang and Liu con-
sidered the robust stability for discrete-time stochastic neural
networks with time-varying delays in [8], and proposed some
delay-dependent stability criteria in terms of LMI approach.
By using a similar technique to that in [19], [20], the result
obtained in [8] has been improved by Luo et al. [17].

In this paper, some mew improved delay-dependent stabil-
ity criteria are obtained via constructing a new augmented
Lyapunov-Krasovskii function. These new conditions are less
conservative than those obtained in [8], [16]-[21]. Further-
more, three numerical examples are also provided to illuminate
the improvement of the proposed criteria.

Notation: The notations are used in our paper except where
otherwise specified. || - || denotes a vector or a matrix norm;
R, R™ are real and n-dimension real number sets, respectively;
N7 is positive integer set. I is identity matrix; * represents
the elements below the main diagonal of a symmetric block
matrix; Real matrix P > 0(< 0) denotes P is a positive
definite (negative definite) matrix; N[a, b] = {a,a+1,--- ,b};
Amin(Amaz) denotes the minimum (maximum) eigenvalue of
a real matrix; (2, %, 2?) is a complete probability space with
filtration & satisfying the usual condition; E(-) stands for the
mathematical expectation operator with respect to the given
probability measure.

II. PRELIMINARIES

Consider the following n-neuron discrete-time stochastic
neural network (DSNN) [8] with time delays of the form:

w(k+1) = C(k)z(k) + Ak) f(z(k)) + B(k)g(x(k — 7(k)))
= +8(k, z(k), z(k — 7(k)))w(k), ke NT

where z(k) = [z1(k),22(k), - ,z,(k)]T € R™ de-

notes the neural state vector; f(z(k)) = [fi(z1(k)), f2

(@2(k)), -, fu(zn (BT g(z(k — 7(k)) = [g1(z1(k —

(€]
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7(k)); g2(w2(k — 7(k))), - gn(@a(k — 7(k)))]" are the
neuron activation functions; Positive integer 7(k) represents
the transmission delay that satisfies 0 < 7(m) < 7(k) <
7(M), where 7(m),7(M) are known positive integers rep-
resenting the lower and upper bounds of the delay. C'(k) =
C + AC(k), A(k) = A+ AA(k), B(k) = B + AB(k).
C = diag(cy,ca, -+ ,cp) With |¢;| < 1 describes the rate with
which the ¢th neuron will reset its potential to the resting state
in isolation when disconnected from the networks and external
inputs; C, A, B € R™™™ represent the weighting matrices;
AC(k),AA(k), AB(k) denote the time-varying structured
uncertainties which are of the following form:

[AC(K), AA(K), AB(k)] = KF(F)[E: Ea  Ebl,

where K, FE., F,, Ey are known real constant matrices of
appropriate dimensions, F'(k) is unknown time-varying matrix
function satistying FT(k)F(k) < I,Vk € N*. w(k) is a
scalar Wiener process (Brownian Motion) on (2, Z, &) with
E(w(k)) = 0, E(w?(k)) = 1, E(w(i)w(j)) = 0,Vi # j; & is
the continuous function.

To obtain our main results, we need introduce the following

assumptions, definition and lemmas.
Assumption 1: For i € NT,2 # y € R, the neuron
activation functions in DSNN (1) satisfy

I < fi(z) = fi(y) <if o < 9:i@) —9:W) o+ (o
-y r—Yy

— b
where [, li+ 0, aj are known constant scalars.

Assumption 2: The continuous function § satisfies that
6T (k,x(k), x(k — 7(k)o(k, z(k), z(k — 7(k)))
< prat (k)z(k) + paa’ (k — 7(k))z(k — 7(k)),

where p; > 0, p2 > 0 are known constant scalars.
Assumption 3:

f(0) = g(0) =0, )

which means that (k) = 0 is a trivial solution of the DSNN
D).

Remark 2.1: As pointed out in [8], the constants
I, lj s 0y, aj in Assumption 1 are allowed to be
positive, negative or zero. Hence, the resulting activation
functions could be nonmonotonic, and are more general than
the usual sigmoid functions and the recently commonly used
Lipschitz conditions.

Definition 2.1: The DSNN (1) is said to be robustly ex-
ponentially stable in the mean square if there exist constants
a > 0and 8 € (0,1) such that every solution of the DSNN
(1) satisfies that

Elz(k)|®* <a-B*  sup
i€N[—7r,0]

3

E||z(2)||, V& > 0,

for all parameter uncertainties satisfying the admissible con-
dition.

Lemma 2.1: [27](Tchebychev Inequality) For any given
vectors v; € R™ i = 1,2,--- n, the following inequality
holds:

n n n
[Z Ui]T[Z vl <n Z vl v;.
i=1 i=1 im1

Lemma 2.2: [28] Given constant symmetric matrices
31,39, X3 where E{ = Y1 and 0 < ¥y = Eg, then
¥ + 2% %5 < 0 if and only if

21 E? —22 23
< Sy Y, <0or T ox, <0.

Lemma 2.3: [8] Let N and E be real constant ma-
trices with appropriate dimensions, matrix F'(k) satisfying
FT(k)F(k) < I, then, for any ¢ > 0, EF(k)N +
NTFT(K)ET < ¢ 1EET + eNNT.

III. MAIN RESULTS

Theorem 3.1: For any given positive integers 0 < 7, <
Tz, then, under Assumption 1-3, system (1) is globally
robustly and exponentially stable in the mean square for any
time-varying delay 7(k) satisfying 7,, < 7(k) < 7pp, if
there exist positive matrices @, R, H,~y, M3, positive diago-
nal matrices Ay, Ay, 1,9, Z1, Zs, Z3, Z4, arbitrary matrices
My, P1, Py, Gy, G5 with appropriate dimensions, and two
positive scalars A* > 0,e > 0 such that the following LMIs
hold:

2= =02 <o, )
where
Z11 212 213 0 215 Z16 217 0 E19 E1,10
* Hoo Zaz 0 Has Zoe Har 0 Ea9 E2,10
* % =33 0 ZE35 36 Z37r 0 ZE39 Z3,10
* ok ok By 0 0 =4 0 0
* x x % H55H56 Z57 0 Eso Zs,10
* k% %k  *x Zge Zer 0 Zeo Z6,10
* k% % % % Hrr 0 Ero Eri0
* % % % % % % [Hgg Hgg Zg 10
E<1) = * * * * * * * * Hgg Zo,10 ,
* % % % % % % *x % Fig10
% k% k% k% ok % *
ok ox k% k& x % *
* * * * * * * * * *
% k% k% k& x % *
ok x k% k& x ok *
% k% k% ok %k ok x *
ok ox k% k& x % *
Z111 ZE112 E13 0 E11s 0 ErirMn K
So11 22 0 0 0 O 0 0
H311 Z312 0 0 0 0 0 0
0 0 0 Z414 0 E416Z417 0
Zs511 Zs5,12 2513 0 Zs15 0 Es17Ms1 K
He,11 Ze,12 0 0 0 0 0 0
E711 Z712 0 0 0 0 0 0
—® Es,u Es,lz 0 Zs14 0 Egi6 O 0
= = Ho,11 Zo,12 0 0 0 0 0 0 ,
10,11 10,2 0 0 0 0 0 0
Hi11,11 S11,12 0 0 0 0 0 0
¥ Zp1e 0 0 0 0 0 0
* * 513,13 0 513,15 0 0 0
* * * 514714 0 514,16 0 0
* * * * Zis,15 0 0 0
* * * * * Zie,16 0 0
* * * * * k 517717 6[
M51 < A*I7

Ei1 = Qua+ QL + Qs + Q5 + Qus + Qs
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1
++ Qua + Qss(1 + ———
TM T,

—Im

JR11 + 711

+Hy 4+ (1 +70) 23 + (1 4+ 70m)Zs — MLy — Ay Ly
+M1(C— 1)+ (C—I)"M{, + eE'E,

+2X*p1] + Py + Pl + G1 + GY,

E1p = Q34 + Q35 — Q14 — Qua — Qs

E13 = Q34 + Q35 — Q15 — Qus — Qss,
Eu=P/ —P -G +GY,

E15 = Qu + Qi+ Qs + Qua+ Qua

+Qls + Q15 + Qus + Qs5 + Q16 + Qus + @s6

1
+P! 4+ Q17+ Qur + Q57 + (1 + ———)Ry»
T™M — Tm

+v12 4+ Hiz — Myy + (C — )" M7,

Ei6 = Q12 — Qs + Q1 — Qus + Q35 — Qs
Eir = Q13 — Q7 + Q34 — Qur + Q35 — Qsr,
E19 = Qu + Qls, E1,10 = Qa5 + 55,
B = Qas + Qs6, 1,12 = Qur + Qsr,

1
Ei13 =MoLy + (1+T7)R13 + M A+ 5ECTEa7

M — Tm

1
51715 = A1L2 + (1+7)R14 + ]\/fllB + €EZE(,,

T™M — Tm
Eiir=-P -G+ Pl +G3,
E22 = —Q%; — Qaa + Qua — 11,
E93 = —Q34 — Qa5 + Qus,
S5 = Qo1 — Q14 + Qo4 — Qua + Qo5
—Qus + Qa6 — Que + Q27 — Qur,
E26 = Qa2 — Q34 + Qus — Qa6 — M2,
Ea7 = Qa3 — Quz + Qa7 — Qar,
Eog = —Qa4,E2,10 = —Q45,Z2,11 = —Que,
E212 = —Qur, Es3 = — Q5 — Q5 + Qs5 — H,
E35 = Q13 — Qs + Q34 — Qfs + Q35
—Qs5 + Q36 — Qs6 + Q37 — 57,
Zs6 = Qa3 — Q35 + Qs6 — Qs
E37 = Q33 — Q35 + Q57 — Qa7 — Hio,

E39 = —Q54,23,10 = —Qss,

E3,11 = —Qs6, 23,12 = —Qs7,

_ 1

By =————Ry —T1II; - Tl
™™ — Tm

+2X*pol — Pf — Py — GY — G,

- T =
Eus = —Pf, B8 =——""Ra2,

1

— Ry3 + oIy,
™ — Tm

Eq14 = —

2416 = — Ry + Iy,
T™M — Tm

Esi7r=—Py— Py — H,,

Es5 = Q1 + Q4 + Qs + Qs + Q7 + Qs + Qua
+Qis + Qi + Qir + Q15 + Qus + Qs + Qos + Qs
+Q16 + Qs + @s6 + Qos + Q6 + Q17 + Qar + Q57

1
+Qe7 + Q77 + (1 + 77)322 + Yoo

M~ Tm

+Hoy + T Zy + v Zo — Msy — My,
Zs6 = Q2 + Q34 + Q35 + Q36 + Q3y
—Q16 — Qs — Qs6 — Qo — W7,

S5 = Q3 + Qs + Q35 + Q36 + Q37
—Q17 — Qa7 — Qs7 — Qo7 — Qr7,

Z50 = Qua + Qua + Q5 + Qi + Qir,
E5,10 = Q16 + Que + @56 + Qos + Q76
Es,11 = Q17 + Qa7 + Q57 + Qo7 + Q77
Es5,12 = Q16 + Que + W56 + Qes + Q7

Es13=(1+ JRas + Ms1 A,
™ — Tm

——— )Ros + M51B,E5 17 = — P,
T™ — Tm

Ee6 = Qa2 — Q35 — Q26 + Qo6 — V22,
Eor = Qa3 — Qs — Qa7 + Qo

E60 = Qa1 — Qs Z6.10 = Qa5 — Qes,
E6,11 = Q26 — Qe6; Z6,12 = Q27 — Qer,
Sr7 = Q33 — Q37 — Qa7 + Q77 — Ha,
Er0 = Qa4 — Qi7, 27,10 = Qs5 — Qrs,

Er11 = Q36 — Qr6, 27,12 = Q37 — Q77

_ 1 _ 1
Egg = ——————R23,58 14 = ———— Rag,
™™ — Tm T™M — Tm
Do . — 1 Rou.Bo o — Z3
2816 = —————Ros, 599 =—7——
™ — Tm (1+7m)
- Zy _ Zy A
Z10,10 11,11 = ——, 212,12 = ———
(1+7ar) T ™™
1 T
Eizs=(1+ - - JRss — Ao +e¢E, E,,
M —Tm
= =(1+—)R ETE
E13,15 = ( +T - )R3s +cE, Ey,
M —Tm
_ 1
E414 = ——R33 — I'y,
™ — Tm
1
Zi4,16 = — Ray,
™ — Tm
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1
™ — Tm

_ 1
6,16 = ———R4q — T’y
™™ — Tm

Eirar=—P,— Pf — Hy— HY,
H H
H:( 11 12)>0’

Qll QIZ e Ql?

Eis15 = (1 + JRua — Ay + cEL E,,

* Q22 -+ Qo
o=| . 7 7T s
* x ... Qm
Riy Rz Riz Ry
B *  Roo Roz Ros
R= * * Rss Ry >0,
* * *  Ra
Y11 Y12
- > 0,
v ( * 722 >
Ly = diag(I1y,--- 150,
D 40
Ly = diag(=—2+, -+, 2"
o = diag( 5 T g )
I, = diag(of oy, - ,0t0,),
:dl‘ag(o-r—;o—fv"'7o-:{;g;)’

Proof. Constructing a new augmented Lyapunov-Krasovskii
functional candidate as follows:

V(k) = Vi(k) + Va(k) + Va(k) + Va(k) + Vs (k) + Vs (F),
where
Vi(k) = XT(k)QX (k),
XT (k) = [2T(k), 2T (k— 1), 27 (k — 7). Zf per 2T (),
e T () AT T (@), S T (D), (k) =
z(k+1) —xz(k),

1 i AT () RA(D),

Va(k) = ——
TM — Tm i:k*T(k))
Va(k) = TM%T S Z AT (i) RA(i),
m j=k+1—7ps i=3
Z EOHED + Y € ),
7 R O
n _
where AGR) =\ ¢y |60 = [ (k) }
g(z(k))

Z Z 0" (i) Zan(i),

J==Tm i=k+j

- Y S0z

J=—7Tnp i=k+j

k k—1 k

Z Zx (4) Zax ().

j=k—=Tm i=j j=k—7n =]

Note that X7 (k+1) = [27 (k) + 07 (k), 2T (k — Tm)—i-n (k—Tm),
' (k—7a) + 0" (k = Tar), mT(k)-H) (k )+Zz fry, @ (1) —
2Tk — ), «T(k) + 7 (k) + lek_rM 2T (i) —
a(k — TM) T() + X" = "k = Tm)
nT (k) + Zl ey 1 T (1) — n7(k — 7a)], and set XT(k) =
[T (k), 2" (k = 7m),a" (k — 7a1), 27 (k — 7(K)), n T(k)n" (k —
m)ont (k=ma) ot (k—r(R), 0, T (@), @t (),
S 0@, S 0T G), (k) [Tk —
7(k))),g" (x(k)), g" (z(k — 7 (K)))],

I00 1 I 0O O I000000O0
07/0-1 0 0 O 0700000
0071 0 —IT 0 O 0070000
000 0 O O O 0000000
1001 I I 1 0000000O0
0/0 0 0 —-I 0 0000000
007l 0 0 0 —I 0000000O0
JE. 000 0O O O O 7T _ 0000000
L= 000 I O O O 2T 0007000 ’
000 0 I O O 0000700
000 0 O I O 00000TIO0
000 0 0 O I 0000001
000 0 O O O 0000000O0
000 0 O O O 0000000
000 0 O O O 0000000O0
000 0O O O O 0000000
1000 0000
0000 1000
0000 0000
0000 0000
0700 0000
0000 07100
0000 0000
T 0000 T 0000
L=1 0000 |"%=] 0000 ©)
0000 0000
0000 0000
0000 0000
0010 0000
0000 0070
0001 0000
0000 0001
Define AV (k) = V(k+41)—V (k), then along the solution of system

(1) we obtain

E(AVA(K)) = EXT(*k+1)QX(k+1) - XT(k)QX (k)
E[XT(k)(IT QL — I Q1) X (k)), !
E(AVa(k)) = %E[/\T(k)l%)\(k)
ATk — 7(k))RA(k — 7(k)) + > MG RA(4)
i=k4+1—7(k+1)
+ 3 NORN) - D ARG
i=k+1—Tm i=k+1—7(k)

< #E[AT(k)R,\(k) —AT(k = 7(k))RA(k — (k)

TM — Tm
k—Tm
+ ). AR
i=k4+1—Tpr
<L RXT(k)(IF RIs — IT RID) X (k)]
T™M — Tm
1 k—Tm
——E[ Y ARG, ®)
™ = Tm Ty

908



International Journal of Engineering, Mathematical and Physical Sciences
ISSN: 2517-9934
Vol:6, No:8, 2012

k+l—7m

E[ Y D ATG)RAG)

j=k42—7p i=]

- Z Z)\T )RA(i)]

J=ktl-ry i=j

=E[X"(k)I5 RI;X (k)]

1

™ — Tm

E(AVs(k)) =

k—Tm
LB >, N@ORAGL ©
™ i=kt1l—Tg
E(AVa(k)) = E[£” (k) (v + H)&(k)

—€" (k= Ta)vE(k — mar — €7 (k — Tn) HE(k — 71n))](10)

By lemma 2.1, we have

k—1
ZU 1) Z1n(i)

i=k—T)g

E(AVs(k)) Elran” (k) Zin(k)

+7mn” (k) Zan (k) — Z " (i) Zan(i)]

i=k—Tm

= Elrun’ (k) Zin(k) + mn’ (k) Zan(k)

— S (V@) V(i)

'ik‘r]w

—Z (VZan(i))"VZan(i)]

i=k—Tm

Elrmn” (k) Zin(k )+TmnT(k‘)Zzn(k)

—%(Z Zl( Z

i=k—Tpr i=k—Tpg

IN

k—1 k
1

-—0 n(i))Tzz(. > @), (11

-1
p
M —k—Tum k—Tm

k

T(k)Zsw(k) = Y

i=k—Tm

E(AVs(k)) = E[(1+7m)z & (i) Zax (i)

k

(k) Zaz(k) = > 2" (i) Zaz(i)]

i=k—Tpr

+(1+7m)z

IN

E{(1 +7n)z

k
LS w3 w0)]

1+7m -

" (k) Zsx (k)

m i=k—Tm

) Zax(k)

@)z Y @@} (12)

M i=k—T)g

i=
+(1+ 7))z

k
T(k
k
1
e

Set MT = [M{,0,0,0, M,
= [C — 1,0,0,0,-1,0,0,0,0,
0,0,0,0,0,0,0,0,0,0, Eq,0, Es,

41,0,0,0, 0,0,0,0,0,0,0,0], o
0,4,0,B,0], a2 = [E,,0,
Fr

rom lemma 2.3, we get

0,
0,0,
07,
0 =E{2X" (k)M[(C(k) — Da(k) + A(k) f(z(k))
+B(k)g(z(k — 7(k))) + 6(k, x(k), 2(k — 7(k)))w(k) — n(k)]}
<EXT(k)(Mar + af M + easal + éMKKTMT)f((k)]
+ER2X T (k)MO(k, x(k), x(k — 7(k)))w (k)]

<E[XT(k)(May +af MT + cazad + 1MKKTMT)X(k;)]

+2X [ E(z” (k)(k)) + p2E(z” (k — r(k)z(k — 7(K)))].(13)

Since z(k) — S50} L~y (@) — x(k — 7(k)) = 0, for arbitrary
matrices P1, P>, G1,G2 of appropriate dimensions, we can obtain
that

(CD G

0= 2=l )+ a7k — 7(k))]
—7(k)
0P n(k) + z(k)
[ 0P } [ (k) = 3252 kl oy M(0) — (k= 7(k)) }}7(14)

??‘
,_‘

0= 2E{L7 (k). S 0T (0) + a7 (k- (k)]
i=k—7(k)
n(k) + (k)

[ 8 *g; } [ —x(k) + Xy 1(0) + 2(k — (k) }}“5)

From Assumption 1, for any positive diagonal matrices
A1, A2, T'1, T'2 of appropriate dimensions, we have

o’ (k)M Lo f (x(k)) — «” (k)M Liw(k) — 7 (x(k)) A f (2(K)) >0,
—z" (k= (k) AeLaa(k — 7(k)) — 7 (x(k — 7(K))) x
Ao f(x(k — 7(k))) + 22" (k — 7(k)) A2 La f (x(k — 7(k))) > 0,
227 (k)T Tag(a (k) — 2” (k)T1ha(k) — g* (2(k))T1g(x (k) > 0,
—zT(k — 7(k)) Dol z(k — 7(k)) + 227 (k — 7(k))T2 x
Maog(a(k —7(k)) — g

Combining (7)-(16), we get

1MKKTMT] X))}, —an

where X7 (k) = [XT(k), 20 L (@) E € and
the elements are the same with the foreword seventeen rows and
columns in matrix =.

If the LMI (5) holds, applying Lemma 2.2, it follows that there
exists a sufficient small positive scalar € > 0 such that

E(AV (k) < B{XT (k) [E +

R17n>< 17n

E(AV (k) < —<El|z(k)|*. (18)
On the other hand, it can easily to get that
k—1
E(V(K) < Elalz®)+az Y llz@]*), (9
i=k—Tpr

where a1 = a2 + TAmaz(Q), @2 = 4z (R)(5 + ||L)1? +
”HH )(7'1\ E— +1)+10()\maz(H)+Amaz('\/))+27—1\/[)\maz(zl)
2rm/\maz(§z) (L+70) Amaa(Za) + (14 7m) Amaz (Z3). IL|* =
max{|| L[|, [ L2}, T[> = max{||TLy ||, [T *}.
For any 9 > 1, it follows from (19) that
GHE(V(+1) -0V ()
= 6" AE(V () + 67 (60 — DE(V (4))
< E[07 (—e0)|z()]* + (0 — Dau |z ()|
j—1
> =@ (20)
i1=j=TM
Summing up both sides of (20) from O to k — 1 we can obtain

+((9 — 1)0(2

k—1

E{faa (6 — 1) — 0] Y ¢ |lz(5)|?

j=0

E(0"V (k) —V(0)) <

+o¢2(0—1)i i & |lz(3)]1*}

j=01i=j—Tnm

< E{p(0) sup  |lz(5)|?
jGN[ 7 ,0]
(0 Zeux )23, e

(z(k = 7(K))T2g(x(k — 7(k))) = 0,  (16)
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where 111(0) = a2(0 — 1)7860™, p2(8) = a2(f — )7 0™ +
a1(0 — 1) —eb. Since pz(1) = —ef < 0, there must exist a positive
0o > 1 such that p2(6p) < 0. Then we have

E(V(D) < Epn@)(50)"  swp [e()*+(0) VO, @2)

JEN[—Tps,0]
On the other hand, note @ = a1 + (1 + 7ar) 2, we can obtain
E(V(0) <w sup E|z(j)]*
FEN[—Ta1,0
E(V (k) > Amin(Q)E||z (k). (23)
It follows that Elz(k)|* < «a - B*sup;cyi_r,, .0 Elz()I
where 3 = (90)*1, a = M#;v)v. By Definition 1, system (1) is

Amin
globally robustly and exponentia&ly stable, which complete the proof
of Theorem 3.1.

Remark 3.1: When AC(k) = AA(k) = AB(k) = 0, system (1)
becomes

z(k+1)= Cz(k)+ Af(z(k)) + Bg(z(k — 7(k)))
+6(k, z(k), x(k — 7(k)))w(k), ke N, (24)

which studied in [8]. In this case, similar to the proofs of Theorem
3.1, we can obtain the following corollary.

Corollary 3.1: For any given positive integers 0 < 7, < T,
then, under Assumption 1-3, system (24) is globally exponentially
stable in the mean square for any time-varying delay 7(k) satisfying
Tm < 7(k) < 7, if there exist positive matrices Q, R, H, v, Ms1,
positive diagonal matrices A1, A2, "1, T2, Z1, Z2, Z3, Z4, arbitrary
matrices Mi1, P1, P>, G1, G2 with appropriate dimensions, and
positive scalar \* > 0, such that the following LMIs hold:

M1 < )\*I, (26)
Ein=Qu+ QU +Qis + Qs + Qus + Qis + Qua + Qss
1
+(1+ ——)Ru+yu+Hu+ 1+ 7m)Zs — M1 Ls
™ — Tm

+(C = I)" M + (1 + 7a1) Zs — AoLo + M11(C — I)
+2X ;I + P+ Pl + G +GT,
S = AoLo+(1+ TML,_"L)RB +MuA, B = A Lo+ (1 +
L YRis+ M11B, Z1313 = (1 + —2——)R33 — A2,Z13,15 =

TM —Tm TM —Tm

1+ W%W)Rszxéls,w =(1+ %)RM —As.

Remark 3.2: When §(k, z(k), z(k —mT(k)))) = 0, system (1)
becomes

w(k+1) = C(k)z(k) + A(k) f(z(k)) + B(k)g(z(k — 7(K))), (27)

which studied in [8], [16]-[18]. In this case, similar to the proofs of
Theorem 3.1, we can obtain the following corollary.

Corollary 3.2: For any given positive integers 0 < 7, < T,
then, under Assumption 1,3, system (27) is globally robustly and
exponentially stable for any time-varying delay 7(k) satisfying
Tm < 7(k) < 7, if there exist positive matrices Q, R, H, v, Ms1,
positive diagonal matrices A1, A2, T'1, s, Z1, Z, Z3, Z4, arbitrary
matrices Mi1, P1, P>, G1, G2 with appropriate dimensions, and
positive scalar € > 0, such that the following LMI hold:

E=[EM,EP <o, 25)
where
Si11 Z12 Z13 0 E15 ZE1s 217 0 E9 E1,10
* Hoo Zp3 0 ZEas5 Zoe Z2r 0 E29 E2,10
* + =233 0 Hiz5 236 237 0 Z39 E3,10
ES * * 544 0 0 0 548 0 0
* k% k IHp5 Zs6 =57 0 Zs9 Zs,10
* * * * *  Zee Eﬁ7 0 Eﬁg 56,10
* ok %k  x % Hrr 0 ZEr9 Er10
- * * * * * * * Egs Egg 58,10
=20 = * k% k% k% *k Hgg Eg10 )
* k% k% k% k% 290,10
* % % % % %k ok x *
* % % % % %k % k% *
* % % % % % %k k *
* * * * * * * * * *
* % % % % % %k k *
* % % % % %k ok k *
e *
H111 Z112 Z113 0 Z115 0 Era7
52,11 52,12 0 0 0 0 0
H311 Z312 0 0 0 0 0
0 0 0 Z414 0 ZE416Z2417
Z511 Zs5,12 2513 0 Zs15 0 Esav
He6,11 Zea12 0 0 0 0 0
57,11 57,12 0 0 0 0 0
_ Z8,11 =812 0 Zs14 0 Egie O
=@ _ Zo,11 Zo,12 0 0 0 0 0
Z10,11 Z10,12 0 0 0 0 0
S11,11 E11,12 0 0 0 0 0
¥+ Zpw 0 0 0 0 0
* *  Ei313 0 S35 0 0
* * 514,14~ 0 Zi416 0
* * * * 515115 0 0
* * * * * E1e,16 0
* * * * * * 217,17

E=EM,EY <o, (28)
where
H11 Z12 Z13 0 Zi15 E16 217 0 E19 E1,10
* Hop Zp3 0 Eas Zoe Zar 0 E29 E210
* % Esz 0 Hss Hze Har 0 Eao Eai0
ES * * 544 0 0 0 548 0 0
* k% k IZs5 Zs6 =57 0 Zs9 Z5,10
* * * * * 566 EG7 0 Eﬁg 56,10
* * * * * * 577 0 =79 57710
=) * * * * * * * ESS Egg Eg,l()
= * % % % x % * * Egg Zg1o )
* * * * * * * * * 210,10
ok k% k% ok %k x % *
% k% k% k% % % *
% k% k% k& x % *
ok x k% k& x ok *
% k% k% ok %k x x *
ok x k% k& x % *
% k% k% k% % % *
Z111 Z1,12 2113 0 E11s 0 EjirMn K
Sp1p S 0 0 O O 0O 0
23,11 =312 0 0 0 0 0 0
0 0 0 Z414 0 ZEs16Z417 0
E511 Zs12 Zs13 0 Es15 0 B irMsi K
Se11 Zei2 0 0O 0 0O 0 0
H711 Zra2 0 0 0 0 0 0
=) Es,u 58,12 0 Zg14 0 Zg16 O 0
= Hoa1 Zg9u2 O 0 0 0 O 0 ,
10,11 Z10,12 0 0 0 0 0 0
Ei,11 ZE11,i2 0 00 0 0 0
* 512112 0 0 0 0 O 0
* *  Zi313 0 Ziz15 0 0 0
* * * Zi1404 0 Z1406 0 0
* * * * 515,15 0 O 0
* * * * 516,16 0 0
* * * * * * Zirar el
where

211 =Qu+ Q1T4 + Q15 + Qﬂ; + Qa5 + st + Qa4 + Q55
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+(1+  fracltyy — Tm)Rur +y11 + Huu + (1 + 7m)Z3
+(1+70)Zs — ALy — AoLa + M1 (C = 1)
+eE Ee+ Pu+ Pl + G+ GT + (C— )" M,

1

Eu=————Ru—DiI —Duoll, — Py — P, —GY — Go.
T™ — Tm

Remark 3.3: We proposed Vi, Vs which take $°F

i=k—7m L k),

Sy @k)e i, (k= 1), S k), f(x(k)),
g(z(k)) as augmented states. The proposed augmented Lyapunov
functional V4, V> do not considered in the previous literature and may
improve the feasibility region of delay-dependent stability criterion.
Remark 3.4: Zero equations (14) (15) provide us a new method
to introduce free-weighting matrix, which do not considered in
existing works. And free-weighting matrices Pi, P>, G1, G2 make
an important role in the reducing of conservatism for above criteria.

IV. NUMERICAL EXAMPLES

In this section, three numerical examples will be presented to
show the validity of the main results derived above.

Example 4.1: For the convenience of comparison, let’s consider a
delayed discrete-time recurrent neural network in (1), where

fi1(s) =sin(0.2s), f2(s) = tanh(—0.4s), g1(s) = tanh(0.83s),
g2(s) = tanh(0.25), 7 = 1,p1 = p2 = 0.2

~01 0 ~01 0.1
C—( 0 —0.2>7A—<—0.1 o.5>7

0.05 0.1 ~0.64 0
B:(0.5 0,5>’L1:< 0 0)7

0 0 ~06 0
L2:<0 —0.2)7“1:( 0 0)’

02 0 01 0
H2:< 0 0.1>’K:EC:E‘Z:Eb< 0 0.1)'

Applying the Theorem 1 in [8] and the Theorem 1 in [17], the
maximum value of 75 for globally robustly mean square exponen-
tially stable of system (1) is 7as7 = 10 and 7as = 55, respectively.
While by using Theorem 3.1 obtained in this paper, the allowable
upper bound 7y of the time-varying delay is infinity (details see
Table 1), which means that our result is less conservative than that

obtained in [8], [17].
When 71 = 1, 7y = 100, by the MATLAB LMI control toolbox,
we find a solution to the LMIs (5) as follows

45.06 1.50 —13.77 —-3.08 —-1.66 —0.00 —5.67
* 39.88 —2.72 —20.01 0.00 —1.65 —0.40
* * 12.97 2.48 —0.80 0.00 3.81
* * * 18.13 —0.00 —0.82 0.39
* * * * 3.57 —0.25 0.00
* * * * * 3.46 —0.01
1 * * * * * * 1.73
Q( ! * * * * * * *
* * * * * * *
* * * * * * *
* * * * * * *
* * * * * * *
* * * * * * *
* * * * * * *
-0.39 —0.01 —-0.00 -13.75 —3.06 —1.64 —0.11
—7.65 —0.00 —0.01 —2.83 —19.97 0.11 —1.64
0.42  0.00 0.00 0.00 0.00 —0.81 0.11
5.29  0.00 0.01 0.00 0.01 —-0.11 —-0.81
0.01  0.00 0.00 —0.81 0.00 2.46 0.00
0.00 —0.00 0.00 —0.01 —0.82  —0.00 2.46
(2) _ —0.09 —0.00 0.00 3.84 0.44 —0.00 —0.00
QY = 2.15  0.00 —0.00 0.42 5.35 —0.00 —0.00
* 0.01 —0.00 0.01 0.00 0.00 0.00
* * 0.01 0.00 0.01 0.00 0.00
* * * 11.29 2.68 —0.81 0.1159
* * * * 16.28 —0.11 —0.81
* * * * * 2.46 —0.00
* * * * * * 2.46

Q= [Q(l), Q(z)],
2.71 1.91 2.16 1.16 —1.27 —1.84 2.34 —1.27
* 10.83 1.89 8.81 1.29 —3.57 —5.94 —7.40
* * 1.851.64 1.22 —1.46 —0.87 —1.46
R— * * * 800 1.00 —5.18 —5.22 —5.19
- * * * * 232 —0.21 —0.17 —0.21 ’
* * * * * 13.07 0.76 0.79
* * * * * * 6.38 0.77
* * * * * * * 14.41

2.58 —0.66 1.79 —0.48
* 256 —0.38 1.73

H=1 . 7% 18 -041
* * * 1.63
3.47 —0.54 2.30 —0.47
_ % 4.00 —0.22 2.53
V= * x 216 —034 |’
* * 2.19
7 00037 0 o [ 29562 0
! 0.0030 ) <2~ 0  3.8065 )’
2.2837 0.0099 0
Zs = ( 2.8459 ) 1Za = ( 0 0.0088 ) 7
oo 1 2062 0 r,o—( 12155 0
1= 27.2168 )72~ 0 6.0336 )’
A 43341 A, = ( 12270 0
1 24. 9398 vh2 = 0 49688 )°

M. — ( 184085  —0.2803 Mo — (175754 0.9462
= 2.3140  18.0917 55 =\ —0.8644 16.0139 )~

P 0.6030  —0.1628 P — o 0.0150 0.0417
1= —0.1749  0.5666 nifz=a —0.0488 —4.4629

G = 1.3491 0.2686 Gy — ax —0.0070 —0.0416
L= —0.2979 1.0429 1z =a 0.0489  4.4699 ’

a = 1.0e + 003,e = 9.0456, \™ = 17.9133.

Example 4.2: For the convenience of comparison, let’s consider a delayed discrete-
time recurrent neural network in (24) with parameters given by § = 0,

0.8 0 0.001 0 —0.1  0.01
C*( 0 0.7>’A*( 0 0.005)’3*(70.2 70.1)'
And the activation functions satisfy Assumption 1 with [ =1, =0, af' =0, =
1. For 7,, = 1,4, 8,15, 25, references [8], [25], [18]-[21] gave out the allowable upper
bound 7/ of the time-varying delay, respectively. Table 2 shows that our results are less
conservative than these previous results.

Example 4.3: Consider an uncertain delayed discrete-time recurrent neural network
in (27) with parameters given by

_ (025 0 _( 012 024
C‘( 0 0.1)’A—< ~0.15 0.2 )
_( —025 01 _(02 o0
B*( 0.02 0.09>’K*( 0 0‘3>’
_ (015 o1 _( 01 03
B. = ( 0 —07 ) »Ba = ( —0.2 0.05 ) ’

0.13 0.06
By = ( -0.05 0.15
Iy = —0.5,l; =0, o'fr—lcr = 0.5. For 7, = 1,2,4,6,8, 10, references
[16] [19], [20] gave out the allowable upper bound 7j; of the time-varying delay,
respectively. The allowable upper bounds 7, for given 7, are showed in Table 3.
Obviously, our results are less conservative than these previous results.

) . And the activation functions satisfy Assumption 1 with

V. CONCLUSION

Combined with linear matrix inequality (LMI) technique, a new augmented Lyapunov-
Krasovskii function is constructed, and some new improved sufficient conditions ensuring
globally exponential stability or robust exponential stability in the mean square are
obtained. Numerical examples show that the new results are less conservative than some
previous results.
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