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Approximating Fixed Points by a Two-Step Iterative
Algorithm

Safeer Hussain Khan

Abstract—In this paper, we introduce a two-step iterative
algorithm to prove a strong convergence result for approximating
common fixed points of three contractive-like operators. Our
algorithm basically generalizes an existing algorithm..Our iterative
algorithm also contains two famous iterative algorithms: Mann
iterative algorithm and Ishikawa iterative algorithm. Thus our result
generalizes the corresponding results proved for the above three
iterative algorithms to a class of more general operators. At the end,
we remark that nothing prevents us to extend our result to the case of
the iterative algorithm with error terms.
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I. INTRODUCTION
ET C be a nonempty convex subset of a normed space
E and T : C — C a mapping. Throughout this paper,
N denotes the set of all positive integers, | the identity

mapping on C and F (T ) the set of all fixed points of T.
The Mann iterative process [12] is defined by the sequence

o}

{v1:VEC, O

V,, =(-a, v, +a,Tv,, neN

where{e, }isin (0,1).
The sequence{z, } defined by

z,=2€C,
Zna :(1_an)zn +anTyn’ (2)
Yn :(1_/Bn)zn +ﬂnTZnY neN

where{a, }and {3, } are in (0,1), is known as the Ishikawa

iterative process [5].

Yao and Chen [14] considered the following extension (but
with error terms) of the above mentioned Mann iteration
process for asymptotically nonexpansive mappings in
uniformly convex Banach spaces:
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X, =XxeC,

3)
{xml =a X, + B.TX, +7,5%,, neN

where

{a,}{8,} and {3} are in (0,2 with
a, + B, +, =1. Note that this algorithm reduces to Mann

iterative algorithm (1) but not to Ishikawa Algorithm (2).

On the other hand, Berinde [1] introduced a new class of
quasi-contractive type operators on a normed space E
satisfying

X =Ty|| < &|x - y[| + L|Tx - X| (4)

foranyx'ye E,0<d <1 and L>0.
To appreciate this class of operators, we have to go through

some definitions in a metric space (X,d)

T:X->X

A mapping is called an a -contraction if

d(Tx, Ty) <ad(x,y)forallx,y e X,

where 0 <a <1.
The map T is called Kannan mapping [7] if there exists
b e (0,3) such that

d(Tx,Ty) <b[d(x,Tx)+d(y,Ty)] forallx,y € X.

A similar definition is due to Chatterjea [2]: there exists
¢ €(0,%) such that

d(Tx,Ty) <c[d(x,Ty) +d(y,Tx)]forall x,y € X.

Combining the above three definitions, Zamfirescu [15]
proved the following important result.
Theorem 1. Let (X,d)be a complete metric space and

T : X — X amapping for which there exist real numbers
a,b and C satisfying 0<a<1, be(0,3),ce(0,%),

such that for each pair X, Y € X, at least one of the following
conditions holds:

(z,)d(Tx,Ty) <ad(x,y)forall X,y € X

(z,) d(Tx, Ty) <b[d(x,TX)+d(y,Ty)] forall X,y € X
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(z;)d(Tx, Ty) <c[d(x,Ty) +d(y,Tx)]forall X,y € X.

Then T has a unique fixed point p and the Picard iterative
sequence {X,} defined by X,., =TX,,ne€ N converges to
p for any arbitrary but fixed X; € X.

An operator T satisfying the contractive conditions (Zl),

(z,) and (z;) in the above theorem is called Zamfirescu

operator. The class of Zamfirescu operators is one of the most
studied classes of quasi-contractive type operators. In this
class, Mann and Ishikawa iterative processes are known to

converge to a unique fixed point of T.

This class of mappings is larger than not only contractions
but also Kannan mappings and Zamfirescu operators. Berinde
[1] used the Ishikawa iterative process (2) to approximate
fixed points of this class of operators in a normed space.
Actually, the following was his main theorem:

Theorem 2. [1] LetC be a nonempty closed convex subset
of a normed space E. Let T : C — C be an operator

satisfying (4). Let {z,,}be defined by the iterative process (3).
If F(T)#¢ and X, B, = then {X, }converges

strongly to a fixed point of T.

This kind of operators was further studied by Khan [9],
[10], for example.

Imoru and Olatinwo [4] gave a more general definition: An
operator T is called a contractive-like operator if there exists a
constant & €[0,1) and a strictly increasing and continuous
function ¢ :[0,00) — [0,0), with#(0) = 0, such that for
each X,y € E,

=Ty < 8l y]+ ¢{fx - 4] (5)

In this paper, we introduce a two-step iterative algorithm to
prove a strong convergence result for contractive-like
operators (to be defined later) as follows:

X, =xeC,
Yo =X, +(1_an)QXn’ (6)
X =a.X, +b Ty, +¢.SX,, neN

where {¢,},{a,} {b,} and {c,} are in (0,1) with
a,+b,+c, =1
Note that this iterative algorithm reduces to
e Mann iterative algorithm (1) when Q=I.
e Ishikawa iterative algorithm (2) (as opposed to (3)) when
S=land Q=T.
e Yao-Chen iterative algorithm (3) when T=I.

This algorithm does not reduce to the one used by Khan [8]
because we cannot allow c, =0, for all n,in view of the
condition Y7, C, = oo imposed in the theorem.

Our purpose in this paper is to prove a convergence result
for approximating common fixed points of three contractive-
like operators Q, S and T as defined in (5) using the iterative
process (6) in the setting of normed spaces. Thus our result
generalizes the corresponding results proved for the Mann
algorithm (1), Ishikawa algorithm (2) and Yao-Chen algorithm
(3) to a class of more general operators.

II.MAIN RESULT

We now prove our main theorem which deals with the
iterative process (4) for the mappings defined in (6) in normed
spaces.

Theorem 3. Let C be a nonempty closed convex subset of
a normed space E. Let T : C—>C be an operator

satisfying (5) and F(T) # ¢. Let{X,} be defined by the
iterative process (6). Suppose that either Y7 b, =0 or
YmaC, =00, then {X,} converges strongly to a point of
F(T).

Proof. Let w e F(T).Then taking T=S, x=w, y=X, in (5),
we have

[S%, =wi < &x, —w
similarly, [Qx, —w| < &]x, —w.

Next,
Hyn _WH < (1_an)HXn - WH+anHQXn _WH
< (1-a,)[x, - w|+a,5]x, -]
< (U-a,)|%, — W]+ a||x, — |

<, ~w
By choosing x=wand y =Y, in (5), we have

[Ty, —w< 8]y, —w

< 5%, —w|
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Thus

Xoes — W] = [[a,X, +b,Ty, +¢,Sx, —wj|
< a,[x, —w|+b, [Ty, —w|
+¢,[Sx, —w|
< a,[x, —w|+b,5[x, —w]
+ &, [, —w]
<[a, +(b, +¢,)5]|x, -]
= [1-(b, +c,)+(b, +c,)5]x, — W

=[@-(b, +c,)a-8)|%, —w|

forallne N .
By induction,

[,z — W] < lj[l—(l— 5)(b, + ¢, )| —w

- I —wexp[i—a—a) (b, +, )j

k=1

- -l -a-2)3 0, +c, >)

k=1

forallne N .
since PnC€(0)) and either 2ncaby =0 or
211Gy =%, therefore Z;O:l(bn + Cn): % 50 that

limsup|x, - w| < limsup|x, —w]|
n—o n—wx

xexp(—(l—d)i(bk i, )j _o.

k=1

Hence Iime”Xn —W|| =0.

Consequently X, > wWe F.

This completes the proof.

Our result may be compared with Khan and Fukhar-ud-din
[11] though proved for two families of mapping but with using
only one-step iterative algorithm which does not reduce to
Ishikawa iterative algorithm.

Liu [6] introduced iterative processes with error terms.
Later on, Xu [13] improved these processes by giving more
satisfactory error terms. Both processes constitute
generalizations of Mann and Ishikawa iterative processes. Our
iterative process with error terms in the sense of Xu looks like:

X, =XeC,
Yo =X, + (1_an)TXn’

Xo01 = 8,X, +0,Ty, +¢,Sx, +cu,, neN

where{u, } is a bounded sequence in C. Numerous papers

have been produced on Ishikawa and Mann iterative processes
with errors and follow a similar computational techniques as
those without errors, see, for example, [3]. To avoid repetition,
we omit the proof here.
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