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Abstract—We have considered the harmonic oscillations and 

general dynamic (pseudo oscillations) systems of theory generalized 
Green-Lindsay of couple-stress thermo-elasticity for isotropic, 
homogeneous elastic media. Approximate solution of some mixed 
boundary value problems for finite domain, bounded by the some 
closed surface are constructed. 
 

Keywords—The couple-stress thermo-elasticity, boundary value 
problems. 

I. INTRODUCTION 
ROBLEMS of the connected theory of couple-stress 
thermo-elasticity are dynamic problems [1]. The general 

theory of these dynamic problems, involving the proof of the 
basic existence and uniqueness theorems, is developed on the 
assumption that the boundaries of the domains under 
consideration are fixed in the finite part of the space. For the 
general case when the boundary or some pieces thereof extend 
to infinity, the boundary and initial-boundary problems of 
elasticity were studied but little and the progress achieved 
hitherto in this direction is limited to some particular results. 
These results are of a more general nature in the case when the 
boundary of an infinite domain is composed of certain systems 
of planes or of systems of straight segments (in the plane 
case); we mean here problems for the half-space and the half-
plane, problems for some other parts of the space and the 
plane. 

Assuming the existence of a solution in some, sufficiently 
wide, class of functions, many problems of such kind may be 
solved explicitly and verified by a direct substitution. If the 
results of the verification are favorable, we may expect the 
solution to be one of the possible solutions in a given class. 
Such “uncertainty”, however, will disappear if the 
corresponding uniqueness theorems are proved. 

Problems of couple-stress thermo-elasticity for which it 
appears possible to obtain such results are rather great in 
number. Here will be considered problems for finite domain, 
bounded by the some closed surface. They are solved 
explicitly by using the potential method. 
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II. NOTATIONS AND DEFINITIVE CONCEPTS 
Introduce the notations: Let be three-dimensional 

Euclidean space, ;  ; 1,2,3 - points of this 
space, - finite domain, bounded by the closed surface 

α , α 0, , . . . ,  i.e. by the surface with a 
continuous curvature [1]; ,α 0, , , . . . ,  
surface contains all these surfaces; ;  

, \ ;  i.e. - finite connected 
domain with the surface S; \ - infinite 
connected domain with the surface . 

The model of partial differential equations of the harmonic 
oscillations and general dynamic (pseudo oscillations) systems 
of theory generalized Green-Lindsay couple-stress thermo-
elasticity for isotropic homogeneous elastic media has the 
form [2]: 
 

µ α Δ λ µ α 2α ω γ ςτ
ν β Δω ε ν β ω 2α Ισ 4α ω

Δ , σ
(1) 

 
where,  

, ,  is the displacement vector,ω ω , ω , ω  
is the rotation vector,  is the Temperature 
variation,ς, λ, µ, α, , ε, ν, β, γ , , ηare elastic and thermal 
constants of the domain, Δis the three-dimensional Laplacian 
operator; σin general, complex parameter; the caseσ 0 
corresponds to the harmonic oscillations, while the case 
σ τ,   τ σ , 0  corresponds to the general 
dynamic problems [1], [2]; 

 
, . , , , . . , , , α 0 

 
is a given vector of Helder's class. 

III. STATEMENT PROBLEM 
Problem σ . It is required to find in the regular 

vector , ω, - solution of the (1) system with the 
boundary conditions: 
 

, ω , , 
                  , 0,                             (2)  

 
∂ , , ∂ , ω  ,

, , (3) 
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, ω ,
∂

∂ , 

, 1,                         (4) 
 

∂ , , ∂ , ω , 
, , 1,                    (5) 

 
Here  

, , , 

1 , 2 , 3 , , 0,  
 

are corresponding, given vector-functions and scalar-functions 
of classes: 

 
, , , , , α 0, , 0,  

 
, , , , , α 0, , 1,  

 
, , , ,   α 0, , 

 
1,  

 
, , , , , α 0, , 

 
1,  

 
ω γ  is the force-stress vector, 

ω  is the couple-stress vector [1]-[3], , ,  is 
the unit normal vector to the surface S, at the point y, outward 
to ; , 1,2,3 are any natural numbers, satisfying the 
conditions0 . 

Further, differential operators of size 7x7, corresponding to 
the boundary conditions (3), (4), (5), we shall denote 
as ∂ , , ∂ , , ∂ , : 

 

∂ , ∂ , , ∂ , ω ,
∂

∂
,

∂ , , ω ,
∂

∂
,

∂ , ∂ , , ∂ , ω ,

 

 
Uniqueness and existence theorems for the problem  σ  

in the works [2], [5] are proved. In the given paper we 
construct approximate solutions by the generalized Fourier's 
series method [1], [3]. 

IV. APPROXIMATE SOLUTION 
Let us construct auxiliary domains and surfaces. Let be 

the domain - subset of : , be the domain which contains 
: ,  be sufficiently smooth surface - boundary of 

, 0, ;   , ;  be everywhere 
accounted set of the points. 

Introduce the matrix , σ, γ , ,  
determined by the formula: 
 

, σ, γ

Φ , σ, γ ,
∂ , Φ , σ, γ ,
∂ , Φ , σ, γ ,
∂ , Φ , σ, γ ,

 

Here , Φ , σ, γ  is the matrix of fundamental 
solutions of system of the equations (1), which is constructed 
by the elementary functions [4]. There are proved next 
theorems: 

Theorem 1. Accounted set of the vectors 
, τ, γ , 1,2,3, , Reτ 0 is linearly 

independent and full in the space  . 
Theorem 2. Accounted set of the vectors  
, , γ , 1,2,3, , 0 is linearly 

independent and full in the space , if   doesn't equal to 
proper numbers of the homogeneous problem . 

Let , σ  be the direct solution of the 
problem σ . Using the theorems 1 and 2, by the method of 
potentials and integral equations [1], [6] can be proved the 
theorem: 

Theorem 3. If σ τ, Reτ 0 or σ , 0, then for 
any ε 0 can be found the natural number  such, that 
when , in any domain , uniformly holds the 
inequality 
 

| | ,  
 
where, 

Φ , σ, γ
1
2

Φ , σ, γ ,

3
1

3
, φ

 

 
Is the determined vector, which is expressed by the 

boundary data of the problem; 
 

φ ψ , 1, ∞,    

 
is orthonormal system of vectors on S;  are coefficients of 
the orthonormalization;  ψ , σ, γ , 1, ∞. 

V.   RESULT AND DISCUSSION 
Above indicated theorems can be generalized for outward 

problems τ ,  and here the approximate solution of 
the problem can be constructed for any 0. Also, can 
be investigated additive questions, connected to the behavior 
of the solution at infinite. 

Using received results, further investigations have been 
shown, that the same methods: potential methods, theory of 
singular integral equations integral transforms of Laplace-
Melline and other, also able us to construct approximate 
solutions for other mixed boundary value problems bounded 
by the multiply closed surface. Here we shall not discuss this 
in more detail 
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