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Abstract—We have considered the harmonic oscillations and 

general dynamic (pseudo oscillations) systems of theory generalized 
Green-Lindsay of couple-stress thermo-elasticity for isotropic, 
homogeneous elastic media. Approximate solution of some mixed 
boundary value problems for finite domain, bounded by the some 
closed surface are constructed. 
 

Keywords—The couple-stress thermo-elasticity, boundary value 
problems. 

I. INTRODUCTION 
ROBLEMS of the connected theory of couple-stress 
thermo-elasticity are dynamic problems [1]. The general 

theory of these dynamic problems, involving the proof of the 
basic existence and uniqueness theorems, is developed on the 
assumption that the boundaries of the domains under 
consideration are fixed in the finite part of the space. For the 
general case when the boundary or some pieces thereof extend 
to infinity, the boundary and initial-boundary problems of 
elasticity were studied but little and the progress achieved 
hitherto in this direction is limited to some particular results. 
These results are of a more general nature in the case when the 
boundary of an infinite domain is composed of certain systems 
of planes or of systems of straight segments (in the plane 
case); we mean here problems for the half-space and the half-
plane, problems for some other parts of the space and the 
plane. 

Assuming the existence of a solution in some, sufficiently 
wide, class of functions, many problems of such kind may be 
solved explicitly and verified by a direct substitution. If the 
results of the verification are favorable, we may expect the 
solution to be one of the possible solutions in a given class. 
Such “uncertainty”, however, will disappear if the 
corresponding uniqueness theorems are proved. 

Problems of couple-stress thermo-elasticity for which it 
appears possible to obtain such results are rather great in 
number. Here will be considered problems for finite domain, 
bounded by the some closed surface. They are solved 
explicitly by using the potential method. 
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II. NOTATIONS AND DEFINITIVE CONCEPTS 
Introduce the notations: Let ܧଷbe three-dimensional 

Euclidean space, ݔ ൌ ൫ݔ௝൯; ݕ  ൌ ൫ݕ௝൯; ݆ ൌ 1,2,3 - points of this 
space, ܦ௞ ؿ  ଷ- finite domain, bounded by the closed surfaceܧ
ܵ௞ ؿ ,ሺଶሻሺαሻܮ α ൐ 0, ݇ ൌ ,݋ . . . , ݉ i.e. by the surface with a 
continuous curvature [1]; ܵ௞ ת ௝ܵ ൌ α,׎ ൐ 0, ݇, ݆ ൌ ,݋ . . . , ݉ 
surface ܵ଴contains all these surfaces; ܦ௞ ൌ ௞ܦ ׫ ܵ௞;  ܵ ൌ
௞ୀ଴׫

௠ ܵ௞, ାܦ ൌ ଴\െܦ ௞ୀଵ׫
௠  ା- finite connectedܦ .ഥ௞;  i.eܦ

domain with the surface S; ିܦ ൌ ଷ\െܧ ௞ୀଵ׫
௠  ഥ௞- infiniteܦ

connected domain with the surface ܵᇱ ൌ׫௞ୀଵ
௠ ܵ௞. 

The model of partial differential equations of the harmonic 
oscillations and general dynamic (pseudo oscillations) systems 
of theory generalized Green-Lindsay couple-stress thermo-
elasticity for isotropic homogeneous elastic media has the 
form [2]: 
 

ሺµ ൅ αሻΔݑ ൅ ሺλ ൅ µ െ αሻ݃ݑݒ݅݀݀ܽݎ ൅ 2αݐ݋ݎω െ γத݃ݑ݀ܽݎ଻ െ ςτଶݑ ൌ ݄ሺଵሻ

ሺν ൅ βሻΔω ൅ ሺε ൅ ν െ βሻ݃ݒ݅݀݀ܽݎω ൅ 2αݑݐ݋ݎ ൅ ሺΙσଶ െ 4αሻω ൌ ݄ሺଶሻ

Δݑ଻ሺݔ, ሻݐ ൅ ௜஢
Եಜ

଻ݑ ൅ ݅σ݀݅ݑݒ ൌ ݄଻

(1) 

 
where,  
ݑ ൌ ሺݑଵ, ,ଶݑ ଷሻ is the displacement vector,ωݑ ൌ ሺωଵ, ωଶ, ωଷሻ 
is the rotation vector, ݑ଻ is the Temperature 
variation,ς, λ, µ, α, ,ܫ ε, ν, β, γத, Եத, ηare elastic and thermal 
constants of the domain, Δis the three-dimensional Laplacian 
operator; σin general, complex parameter; the caseσ ൌ ݌ ൐ 0 
corresponds to the harmonic oscillations, while the case 
σ ൌ ݅τ,   τ ൌ σ ൅ ,ݍ݅ ݍ ൐ 0  corresponds to the general 
dynamic problems [1], [2]; 

 
ܪ ൌ ൫݄ሺଵሻ, ݄ሺଶሻ. ݄଻൯ ൌ ሺ݄ଵ, ݄ଶ, ݄ଷ, . . , ݄଻ሻ ؿ ,തାሻܦ଴,஑ሺܥ α ൐ 0 

 
is a given vector of Helder's class. 

III. STATEMENT PROBLEM 
Problem ܯାሺσሻ. It is required to find in ܦାthe regular 

vector ܷ ൌ ሺݑ, ω,  ଻ሻ- solution of the (1) system with theݑ
boundary conditions: 
 
ሼݑሺݕሻሽା ൌ ,ሻݕሺ௞ሻሺܨ ሼωሺݕሻሽା ൌ ,ሻݕሺ௞ሻሺܩ ሼݑ଻ሺݕሻሽା ൌ ݂ሺ௞ሻሺݕሻ, 

ݕ                   א ܵ௞, ݇ ൌ 0, ݉ଵ                            (2)  
 

൛ ଵܶ൫∂௬, ݊൯ܷሺݕሻൟା ൌ ,ሻݕሺ௞ሻሺܨ ൛ܶସ൫∂௬, ݊൯ωሺݕሻൟା ൌ ൌ ,ሻݕሺ௞ሻሺܩ ቄப௨ళሺ௬ሻ
ப௡

ቅ
ା

ൌ

݂ሺ௞ሻሺݕሻ, ݕ א ܵ௞, (3) 
݇ ൌ ݉ଵ ൅ 1, ݉ଶ 
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ሼݑሺݕሻሽା ൌ ,ሻݕሺ௞ሻሺܨ ሼωሺݕሻሽା ൌ ,ሻݕሺ௞ሻሺܩ ቊ
ሻݕ଻ሺݑ∂

∂݊ ቋ
ା

ൌ ݂ሺ௞ሻሺݕሻ, 

ݕ א ܵ௞, ݇ ൌ ݉ଶ ൅ 1, ݉ଷ                        (4) 
 

൛ ଵܶ൫∂௬, ݊൯ܷሺݕሻൟା ൌ ,ሻݕሺ௞ሻሺܨ ൛ܶସ൫∂௬, ݊൯ωሺݕሻൟା ൌ  ,ሻݕሺ௞ሻሺܩ
ሼݑ଻ሺݕሻሽା ൌ ݂ሺ௞ሻሺݕሻ, ݕ א ܵ௞, ݇ ൌ ݉ଷ ൅ 1, ݉ସ                   (5) 

 
Here  

ሻݕሺ௞ሻሺܨ ൌ ൬ܨሺଵሻ
ሺ௞ሻሺݕሻ, ሺଶሻܨ

ሺ௞ሻሺݕሻ, ሺଷሻܨ
ሺ௞ሻሺݕሻ൰, 

ሻݕሺ௞ሻሺܩ ൌ ൬ܩሺ1ሻ
ሺ݇ሻ ሺݕሻ, ሺ2ሻܩ

ሺ݇ሻ ሺݕሻ, ሺ3ሻܩ
ሺ݇ሻ ሺݕሻ൰ , ଻݂

ሺ௞ሻሺݕሻ א ܵ௞, ݇ ൌ 0, ݉ 
 

are corresponding, given vector-functions and scalar-functions 
of classes: 

 
,ሻݕሺ௞ሻሺܨ ,ሻݕሺ௞ሻሺܩ ݂ሺ௞ሻሺݕሻ ,א ,ଵ,஑ሺܵ௞ሻܥ α ൐ 0, ݕ א ܵ௞, ݇ ൌ 0, ݉ଵ 

 
,ሻݕሺ௞ሻሺܨ ,ሻݕሺ௞ሻሺܩ ݂ሺ௞ሻሺݕሻ ,א ,଴,஑ሺܵ௞ሻܥ α ൐ 0, ݕ א ܵ௞, ݇ ൌ ݉ଵ ൅ 1, ݉ଶ 

 
,ሻݕሺ௞ሻሺܨ ሻݕሺ௞ሻሺܩ א ,ଵ,஑ሺܵ௞ሻܥ ݂ሺ௞ሻሺݕሻ א ଴,஑ሺܵ௞ሻ  αܥ ൐ 0, ݕ א ܵ௞, 

 
݇ ൌ ݉ଶ ൅ 1, ݉ଷ 

 
,ሻݕሺ௞ሻሺܨ ሻݕሺ௞ሻሺܩ א ,଴,஑ሺܵ௞ሻܥ ݂ሺ௞ሻሺݕሻ א ,ଵ,஑ሺܵ௞ሻܥ α ൐ 0, ݕ א ܵ௞, 

 
݇ ൌ ݉ଷ ൅ 1, ݉ 

 
ଵܷܶ ൌ ܶሺଵሻݑ ൅ ܶሺଶሻω െ γத݊ݑ଻ is the force-stress vector, 

ܶሺସሻሺωሻ is the couple-stress vector [1]-[3], ݊ ൌ ሺ݊ଵ, ݊ଶ, ݊ଷሻ is 
the unit normal vector to the surface S, at the point y, outward 
toܦା; ݉௜, ݅ ൌ 1,2,3 are any natural numbers, satisfying the 
conditions0 ൑ ݉ଵ ൑ ݉ଶ ൑ ݉ଷ ൑ ݉. 

Further, differential operators of size 7x7, corresponding to 
the boundary conditions (3), (4), (5), we shall denote 
asܴ൫∂௬, ݊൯, ܳ൫∂௬, ݊൯, ܲ൫∂௬, ݊൯: 

 

ܴ൫∂௬, ݊൯ܷሺݕሻ ൌ ቆ ଵܶ൫∂௬, ݊൯ܷሺݕሻ, ܶସ൫∂௬, ݊൯ωሺݕሻ,
ሻݕ଻ሺݑ∂

∂݊
ቇ ,

ܳ൫∂௬, ݊൯ ൌ ቆݑሺݕሻ, ωሺݕሻ,
ሻݕ଻ሺݑ∂

∂݊
ቇ ,

ܲ൫∂௬, ݊൯ ൌ ቀ ଵܶ൫∂௬, ݊൯ܷሺݕሻ, ܶସ൫∂௬, ݊൯ωሺݕሻ, ሻቁݕ଻ሺݑ

 

 
Uniqueness and existence theorems for the problem  ܯାሺσሻ 

in the works [2], [5] are proved. In the given paper we 
construct approximate solutions by the generalized Fourier's 
series method [1], [3]. 

IV. APPROXIMATE SOLUTION 
Let us construct auxiliary domains and surfaces. Let ܦ෩௞be 

the domain - subset ofܦ௞:  ෩଴be the domain which containsܦ ,෩ܦ
:଴ܦ ෩଴ܦ ـ ,ഥ଴ܦ ሚܵ௞ be sufficiently smooth surface - boundary of 
,෩௞ܦ ݇ ൌ 0, ݉;  ሚܵ ൌ׫௞ୀ଴

௠ ሚܵ௞, ሚܵᇱ ൌ׫௞ୀଵ
௠ ሚܵ௞; ሼݔ௞ሽ௞ୀଵ

ஶ  be everywhere 
accounted set of the points. 

Introduce the matrix ܯሺݕ െ ,ݔ σ, γதሻ ൌ ԡܯଵ, ,ଶܯ  ଷԡ଻௫଻ܯ
determined by the formula: 
 

ݕሺܯ െ ,ݔ σ, γதሻ ൌ

ە
ۖ
۔

ۖ
ݕΦሺۓ െ ,ݔ σ, γதሻ, ݕ ௞ୀ଴׫א

௠భ ܵ௞

ܴ൫∂௬, ݊൯Φሺݕ െ ,ݔ σ, γதሻ, ݕ ௞ୀ௠భାଵ׫א
௠మ ܵ௞

ܳ൫∂௬, ݊൯Φሺݕ െ ,ݔ σ, γதሻ, ݕ ௞ୀ௠మାଵ׫א
௠య ܵ௞

ܲ൫∂௬, ݊൯Φሺݕ െ ,ݔ σ, γதሻ, ݕ ௞ୀ௠యାଵ׫א
୫ ܵ௞

 

Here ݔ א ,ଷܧ Φሺݕ െ ,ݔ σ, γதሻ is the matrix of fundamental 
solutions of system of the equations (1), which is constructed 
by the elementary functions [4]. There are proved next 
theorems: 

Theorem 1. Accounted set of the vectors ሼܯ௝ሺݕ െ
,௞ݔ ݅τ, γதሻሽ௞ୀଵ

ஶ , ݆ ൌ 1,2,3, ݕ א ܵ ൌ׫௞ୀ଴
௠భ ܵ௞, Reτ ൐ 0 is linearly 

independent and full in the space  ܮଶሺݏሻ. 
Theorem 2. Accounted set of the vectors  ൛ܯ௝ሺݕ െ

,௞ݔ ,݌ γதሻሽ௞ୀଵ
ஶ , ݆ ൌ 1,2,3, ݕ א ܵ ൌ׫௞ୀ଴

௠భ ܵ௞, ݌ ൐ 0 is linearly 
independent and full in the space ܮଶሺܵሻ, if ݌  doesn't equal to 
proper numbers of the homogeneous problem ܯ଴

ାሺ݌ሻ. 
Let ܷሺݔሻ ൌ ܷሺݔ, σሻ be the direct solution of the 

problem ܯାሺσሻ. Using the theorems 1 and 2, by the method of 
potentials and integral equations [1], [6] can be proved the 
theorem: 

Theorem 3. If σ ൌ ݅τ, Reτ ൐ 0 or σ ൌ ,݌ ݌ ൐ 0, then for 
any ε ൐ 0 can be found the natural number ଴ܰ such, that 
when ܰ ൐ ଴ܰ, in any domain ܦഥ ᇱ ؿ  ା, uniformly holds theܦ
inequality 
 

|ܷሺݔሻ െ ܷேሺݔሻ| ൏ ,ߝ ݔ א  ഥᇱܦ
 
where, 

ܷேሺݔሻ ൌ ෍ ෍ ܺ௞

௞

௝ୀଵ

ே

௞ୀଵ

ܽ௞
௝ Φ௘ೕ ቀݔ െ ቂೕశమݔ

య ቃ, σ, γதቁ െ
1
2

න Φሺݕ െ ,ݔ σ, γதሻܪሺݕሻ
஽శ

,ݕ݀

݁௞ ൌ ݇ െ 3 ൤
݇ െ 1

3
൨ , ܺ௞ ൌ නܺሺݕሻ

ௌ
φ௞ሺݕሻ݀ݏ

 

 
ܺሺݕሻIs the determined vector, which is expressed by the 

boundary data of the problem; 
 

φ௞ሺݕሻ ൌ ෍ ܽ௞
௝

௞

௝ୀଵ

ψ௝ሺݕሻ, ݇ ൌ 1, ∞, ݕ א ܵ   

 
is orthonormal system of vectors on S; ܽ௞

௝  are coefficients of 
the orthonormalization;  ψ௞ሺݕሻ ൌ ௘ೖܯ ቀݕ െ ቂೖశమݔ

య ቃ, σ, γதቁ , ݇ ൌ 1, ∞. 

V.   RESULT AND DISCUSSION 
Above indicated theorems can be generalized for outward 

problemsିܯሺ݅τሻ,  ሻ and here the approximate solution of݌ሺିܯ
the problem ିܯሺ݌ሻcan be constructed for any݌ ൐ 0. Also, can 
be investigated additive questions, connected to the behavior 
of the solution at infinite. 

Using received results, further investigations have been 
shown, that the same methods: potential methods, theory of 
singular integral equations integral transforms of Laplace-
Melline and other, also able us to construct approximate 
solutions for other mixed boundary value problems bounded 
by the multiply closed surface. Here we shall not discuss this 
in more detail 
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