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An H'-Galerkin mixed method for the coupled
Burgers equation

Xianbiao Jia, Hong Li, Yang Liu, Zhichao Fang

Abstract—In this paper, an H'-Galerkin mixed finite element
method is discussed for the coupled Burgers equations. The optimal
error estimates of the semi-discrete and fully discrete schemes of the
coupled Burgers equation are derived.
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I. INTRODUCTION

ITH the research and development of the mixed fi-

nite element methods and H!-Galerkin method, Pani
[2] (in 1998) proposed a new mixed finite element method
called H'-Galerkin mixed finite element procedure which
is applied to a mixed system in w and its flux ¢. The
approximating finite element spaces V}, and W)}, are allowed
to be of differing polynomial degrees. Hence, estimations
have been obtained which distinguish the better approxima-
tion properties of Vj, and W},. Compared to standard mixed
methods, the proposed one is not subject to LBB consis-
tency condition. Although we require extra regularity on the
solution, a better order of convergence for the flux in L2-
norm is obtained. From then on, the method Was a phed
to the evolution integro-differential equation/3:4 I, hy-
perbolic roblems (@101, (111,141, [16] fourth-order parabolic
equation! 5], Sobolev equatronm*[g], Schrodinger equation[13]
and nonlinear evolution equations[n]‘[lg]‘[lz] and so on. In
this paper, we propose H'-Galerkin mixed finite element
scheme for the following coupled Burgers equation[l]

Up — Uy — 2uly + (u0), = f(x,t), (x,t) € Q X J,
UV — Ugg — 200, + (u0)z = g(x,t), (z,t) € Q x J, W
u(z,t) = 0,v(z,t) = 0, (z,t) € OQ x J,

u(z,0) = ug(x),v(z,0) = vo(z),z € Q,

where Q = [0,1] C R' with Lipschitz continuous boundary
09, J = (0,T] is the time interval with 0 < T < oo,
f(z,t), g(x,t) are two functions.

IT. H'-GALERKIN MIXED FINITE ELEMENT METHOD

Denote the natural inner product on L2(I) as (-,-). Let
H} = {2z € H*(I) | 2(0) = 2(1) = 0}. Further, we call
the classical Sobolev spaces W™P([),1 < p < oo as WP
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with norm|| - ||, p. When p = 2, we simply write WP as
H™ with norm || - ||y,.

With ¢ = u,,0 = v, we reformulate the formulation (1) as
the first-order system:

ufl: = q? /l)fl = 0-7
Ut—Qz—QUQ+qU+UU:f(x7t)7 )
vy — 0 — 200 + ou + qu = g(z, t),
To derive the H'-Galerkin mixed finite element method,
we consider the following weak formulation of (1): find
{u,v;q,0}:[0,T] — H} x H! satisfying:
(uza Xz) = (Qa Xl‘)ﬂvX € H(%v (a)
(Vg wy) = (0, W), Yw € H&, ()
(Qta ¢) + (qm ¢T) + 2(“% ¢a:) - (QU, (Z)x) -
7(.}(‘7 ¢z)av¢ € H17 (C)
(Ut7 1/’) + (O—wﬂ/)w) + 2(’[}0’, 1/)38) -
7(97 ¢m)7V1/f € H17 (d)

(uo, dy)

(Uu7 Qbr) - (qm 1/13;)

3
For (3c,d), we have used integration by parts, and the
Dirichlet boundary conditions wu;(0,t) = w(1,¢) =
0,v:(0,t) = ve(1,t) = 0.
Let V}, and W}, be finite dimensional subspaces of H& and
H?', respectively, with the following approximation properties:
for 1 < p < oo and k,r positive integers

inf {||v — vpllLe + Ao — vpllwre }
VR EV)

SChk+1HU||Wk+1 p, U E ]3‘1 n Wk+1’p

inf {ljw = wnlloe + hllw = whllwr.}

SChH'leHWHrmw e wrthe,

The semidiscrete H'—Galerkin mixed finite element for
(3) consists in determining {u",v";¢",o"}:[0,T] — V} x
W}, such that:

(ug, x) = (4", X), VX" € Vi, (a)
(", wh) = (", wh), Yu" € Vi, (b)
(q£17¢h) (qz>¢h) + Q(U q 7¢2) - (qhvh7¢2)
h h h h _th h (4)
( 7¢)_ (f7¢I),V¢ EW}”()
(o ")+ 0 4) + 207" 01) — (0" 4
= (""" ) = —(g", ¥3), YY" € Wi, (d)

For use in the error analysis, we define the elliptic projection
al, oh € V, by

(ug — @, x2) =0, (vp — 02, wl) = 0, x", 0" €Vio (5)
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Further, we also define a Ritz projection ¢, 5" € W, of g, 0
as the solution of

Alg—q",¢") =0,A(c —&",4") =0,¢", ¢bp, € Wj,. (6)

where A(z,w) = (2z,ws) + A(z,w). Here X is chosen
appropriately so that A is H!—coercive, i.e.,

Alw,w) > pollwl[f,w € H'

where po is a positive constant. Moreover, it is not hard to

check that A(-,-) is bounded.
Withp=u—-a"7=v—-0"p=q—q" 6 =0 — 5", the

following estimates are well known [19]: for j = 0,1

Il +lmell; < CRE 7 ullera+ e ], 117 o0 < C(w)
@)
I7ll5+l7ell; < CRM*F I [lollksa+vellrsa]s (15" lo,00 < C(0)
®)

lpll; < CH gl lloell; < CRH lgellen 9

611y < CR™ o llpsr, [10:]]; < CR™ oy lrga - (10)

III. ERROR ESTIAMTES FOR SEMI-DISCRETE SCHEME

For a priori error estimates, we decompose the errors as
h

u—u =u—a"+a -l =n+§;v—vh =y -7+

- =Tt 0g-q" =g -7 +7 — " =p+&

o—ot=0—-5"+5" - " = §+ v From (3)-(6), we then

obtain

(S X2) = (P, X3) + (6, x2), VX" € Vi, ()

(‘gmwg) = (67 wg) + (77wz)7vwh € Vi, (b)

(5157 ¢h) + (57‘7 QSZ) + 2(uq - uhqha ¢Z)

- (q’U - qhvh7 ¢:) - (UU - uhah7 (bZ)

= 7(pt7 ¢h) + )\(pv ¢h)7v¢h S Wh7 (C)

(v, 9") + (Vs ¥3) + 2(v0 — oo™ 7))

— (ou — ohuh,wﬁ) — (quv — qhvh,w,ﬁ)

= — (06, 9") + A6, 9"), Yo" € Wi, (d)
Theorem 3.1: Assuming that v"(0) = u"(0),0"(0) =

©7(0),¢"(0) = §"*(0), " (0) = 5"(0), we have

||u _ uh”Q + h2Hu _ uhH% < Ch2min(k+1,r+1),

(1)

||'U — 'Uh||2 + h2H’U _ Uh“? < C«thin(k+1,r+1)’
”q — qh”2 + h2Hq _ qh”% < Ch2min(k+1,r+1)7
HU - o'h||2 + hQHU _ Jh”% < O} 2min(k+1,r+1)

Proof: Since estimates of p,d,n and 7 are given, respec-
tively, it is sufficient to estimate £,7,¢ and #. Choosing " = ¢
in (11a) and w" = 6 in (11b), using the Cauchy-Schwarz’s
inequality and Young’s inequality, we have

szl < C(llpll + 1€ 1021 < CClISN + [v[D- (A2)
Using Poincaré inequality, we have

sl < Clpll + W€D, 61 < Clial + llvl).— A3)

Take ¢" = ¢ in (11c) and use (13) to obtain

(&, 8) + A&, €)
<C(llpll* + lloel® + 11811
+ Cligllo.co(llnll + lloll + 1E1 + {1711+ 1 + IvIDIIE]
+Cllu™o.co(lloll + IEN + 1811 + D€l
+ Cllallo,collnll + lloll + 1EDNEN
+ Ol llo.co(lloll + EIDIEN-

Take ¢ = ~ in (11d) and use (13) to have

14)

(Ve ) + A(v,7)
<C(I1611” + 16:1% + 71%)
+ Cllollooo (171 + 1101 + IV + llnll + ol + NIyt
+ Cllo"llo.co (1811 + IV + ol + lEM Y112
+ Cllgllo,oo (171 + 18] + Iy ID NIl
+ Cll™ oo (I7Il + 1181 + [1¥ID I Il1-

(15)
Add (14) and (15) to get

d
€l + 7]+ A€, €) + Alv, )

<CUIEN® + 1% + Cllol* + lloel* + N3] (16)
10612 + [Inl* + [17]1%) + %(HQI? + D).

Integrate (16) with respect to time ¢ to get

t
€l + 2 + / [AG6,€) + A(y,)]ds
t t
2 2 d 2 2 5 2
<c / (€2 + I 12)ds + © / Ul + lloel® + 1]

ot
Ho
10l + lInll* + lI7]1%)ds + 7/0 (L] + I7117)ds.

a7
For (17), we use the Gronwall lemma and A(w,w) > uol|€]|?
to get

t
€1 + 111> +/0 (€N + IIvI17)ds

t
SC/O (ol =+ llpell® + 181 + 118e1* + llmll* + [ 71]*)dis.

(18)
Choosing ¢" = &, in (11c) and using (13), we have

1d
(&, &) + §%A(£’ £)

<C(llpell* + llpl? + 1IElI) + Cllu"llo.oo lloll + N
F 161+ IvIDHE + Cllallo,co Il + lloll + €]+
I+ 161+ 1Y IDNEel + Cllo™ llo,00 (loll + IEN €I
+ Cliolloco(llnll + Nl + €N g + pall:l®

(19)
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Take 9" =, in (11d) to get

(70) + 3 5 A7)

<17 + 1817 + ) + Cllollo o ol + I

+ 1l + 18D el + Cle ool + el

+ 151+ I (1511 + I el
(el 101 el + e 2

COUSIZ + 151 + 11P) + Clolose lal + ]

+ e+ Il + 181+ IDllells + Cle e lol + ]
+ 131+ Iy Dllell + Cla il

+ Cllalloe (I + 181+ I el + palll

20)
Add (19) and (20), integrate with respect to time ¢ and use
the Gronwall lemma to get

t
us/o el + 11vI11ds + N1€NT + 113

<C /:(HPH2 + lpell® + 181 + 18:11% + lInll* + [I711%)ds
2D
Combining (12), (13), (18) and (21), we have
l[s1? < lIslI3 <Cllpl? + 11€11%)
<ClolP+C [ ol + Il + 1617 @)
+ 116el* + [Inll* + lI7[|*)ds.
611> < 116117 <C(l1811> + I711%)
<C|l8)1* + C/ (ol + llod® + 116117 (23)
+ 116l + [l + lI7(1*)ds.

Using (18), (21)-(23), (7)-(10) with the triangle inequality, we
obtain the conclusion. [ |

IV. FULLY-DISCRETE ERROR ESTIMATES

For the backward Euler procedure, let 0 =19 <t; < --- <
ta = T be a given partition of the time interval [0, 7] with
step length At = T'/M, for some positive integer M. For a
smooth function ¢ on [0, T, define ¢" = ¢(t,) and 0;¢" =
(" —¢"1)/At.

Let U™, V", Q™ and Z", respectively, be the approxima-
tions of u, v, ¢ and o at t = t,, which we shall define through
the following scheme. Given {U"~! V=1, Qn—1 Zn=1} in
Vi, X Wy, we now determine {U", V";Q™, Z™} in V}, x W},
satisfying

U2, X0 = (Q" . X2), VX" € Vi, (a)

(V;",wgg) =(zZ", h) vuh € v, (b)

(0:Q", 6") + (Ql, ¢2) +2(U™Q"™, ¢l) — (Q"V™, ¢1)
—(U"Z" ¢h) = —(f", ¢), V" € W, (c)

(OuZ" ")+ (Z3, ) + 20V 27 ) — (Z"U™, 4))
—(Q" V™ 4h) = —(g", k), Yy € Wi, (d)

(24

we now split the errors

W(ta) = U = u(ty) = @ (k) + " () = U" =" +<"
V(ty) = V™ =v(t,) — 0" (tp) + 0 (ty) = V" =77 + 6"
q(tn) = Q" = q(tn) = " (tn) + 7" (ta) — Q" = p" +¢"
o(tn) — Z" = 0(ty) — " (tn) + 0" (tn) — Z" = o™ + 4"

Using (5)-(6) and (24), we obtain the following error equation
(X)) = (" + €% X8, YX" € Vi, (a)
(engz) (571"_7 w, ) Vw € th(b)
(06", ") + (&7, 0) +2(u"q" = U"Q", ¢1)
— (""" = Q V", ¢}) — (u"o" —U"Z", ¢3)
—(@" 4+ 0up", ") + A(p", 9"), Yo" € Wi, (¢)
@™ ") + (7 ) + 2(0" 0™ = V2" 4y)
= (0"u" = Z"U", 4y) = (¢"0" = Q"V" )
= —(e" 4+ 00", ") + A(é",wh) vyl € Wy, (d)
where 7" = g;(t,) — Oq(tn), € = 04(tn) — D10 (tn).
Theorem 4.1: With Q°(0) = ¢"(0),2°(0) = h( yand 1 <
J < M, we have
lg” = Q7| + ||’
+hllu” = U7l + hllo” -

(25)

= 27|+l = U7 + o = V7|
VJH1 S Chmin(r+1,k+1)
Proof: Take x" = ¢™ and w” = 0" in (25a,b) to get
sz 1l < Clp™ I+ 11€" 1D, 10211 < CCll8™[| + Iy 1)- - (26)
Using the Poincare inequality, we have
™ < Clp™ I+ 11€™ 1D, 1™ < CClI8™ [ + Iy 1)- - @7
Choose ¢" = £™ and 1" = 4™ in (25¢,d) and add the two
equations to get
(gtgnvé'n) + (gt’Y":’Y") + (527 5;1) + (7:77:)
=—2(u"¢" -U"Q™, &) + (¢"v" = Q"V™, &)
(0" — U2 ) — (7" 4 Dy €7) + AP €)
_ 2(,077.0, VnZn7'}/1) ( n n ZnUn7,yn)

+ (qnvn - annvf}/r) - (6 + 8t5n77 ) + >‘(§ 5771()28)
Noting that (9:£", ") > 58/1€"(%, (7™, 7"™) = 50:[1v" ]I
and using (27), we have

1~ 1-
FOUE P + SOl + M€ + 1z 1P
<C(lp" I + ™ I1* + 18" + I7"1%) + C (="
+e™?) + C@ellp™ 17 + 36" [1%) + C(lle™ 1 + Hv"(lgg)).
Noting that 0, |€"[|* = ([€"[|* — [I€"~]*)/ AL, Dully"||* =

(™11 = I7™*~|?)/At, and combining (29), we have

€711 = 1™ HIZ + Iy I1Z = Iy~ HI?

+ 20t (|17 + 2 11%). < CA(lp™ 1 + [l |1
10" + [I711%) + Cat(a™[1* + lle™|I*)
+ CAL@: | p"[|* + Oe[l8™|1%) + CAL(lIE"|* + ||v”||23)»
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Sum (30) fromn =1to J (1 < J < M) and use Gronwall
lemma to get

J
(L= CAOET P + I 1%) + 248 Y (RN + Iz 11%)

n=1

J
<C(IEN® + 1I7°1%) + cae > (lp™ 17 + lIn™|1?
n=1

J
+ 6P+ I771%) + Caey (" + lle™ 1)
n=1
J j— —
+CAEY (@Dllp" P + Del|6™ 1)
n=1

31
Use

O4llp"|I?

IA

R20r+1)  fta
T/ llgell? 1 ds,

bn—1

h2(r+l) tn
L

tn—1

Bl

IN

tn
Ia < Cat [ lauliads

tn—1

tn
| < CAt / o2, 1 ds,

tn—1

and (7)-(10) to obtain

J
(E7IZ + Iy 1%) + 248 Y (IR 1 + vz 1)

n=1
gCthi”(r’Ll‘k“)(HU”%w(HkH) + ||Ut\|%m(m+1) 32)
+ HUHQLOO(HHI) + ||th%°°(H’~‘+1) + H(1||2Loc(Hr+1)
+ HC’H%N(Hv-H) + ||(ItH2L2(Hk+1) + HUt”%z(HHl))

+ OA([lguel 212y + llowlF2(r2))-
Using (26)-(27), we have

<l + 1167111
<CH*(llgll o prrsr + ol oo rrrsn)

+ Chmin(r-‘rl,k-‘rl)(HuHLoc(Hk-H) + HUt||Loo(Hk+1) 33)
+ vl oo ey + Vel oo (array + gl poe (1)
+llollzoe ety + aell 2 ey + lloel L2 (rery)

+ CAt([lqullL2(z2) + llowll L2(r2))-

We apply the triangle inequality to get the conclusion. ]
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