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An asymptotic solution for the free boundary
parabolic equations

Hsuan-Ku Liu and Ming Long Liu

Abstract—In this paper, we investigate the solution of a two
dimensional parabolic free boundary problem. The free boundary of
this problem is modelled as a nonlinear integral equation (IE). For
this integral equation, we propose an asymptotic solution as time
is near to maturity and develop an integral iterative method. The
computational results reveal that our asymptotic solution is very close
to the numerical solution as time is near to maturity.
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I. INTRODUCTION

this paper, we shall study the solutions
(P(S1,S2,t),X(t)) for the free boundary problem
(FBP) of parabolic equations as follows:

S
P+ LP =0, o<S—1<X(t), 1)
2
S
P(S),82,t) = S1 — Sa,  X(t) < S—; @)
P(517S2a ) (Sl _SQ)+7 t=T (3)
P(0,S2,t) =0, 0<Sy<oo, 0<t<T, (4)
P(51,0,t) =51, 0<S1<o00,0<t<T, (5
S
Ps, (1, S2,t) = 1, S—; = X(t), (6)
S
Ps, (81, 82,t) = =1, - = X(1). )
2

More pricisely, we transform the FBP into an integral equation
(IE) of X and provide an asymptotic solution and a numerical
method for the IE.

To derive the IE, we combine (1) and (2) and get

07 0<Sl <X(t)527

P+ LP =
151 — @252, S1 > X (t)Ss.

The solution of this inhomogeneous linear parabolic equation

with the final condition (3) is given as

P(Sl,SQ,T) = (Sl,SQ T)-i—Sl@ qle qleq”N(f)d

—Spe027 [ qpe®2s N (%)ds,
®)
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where 7 =T —t and

= (log 8 + 3(0” — 21 + 2q2)7),

ay = %(log g—; - %(O’ +2q1 — 2¢2)T),

a; =

@ = o8 mxthmy + 30" = 20+ 20)(7 = 9),
ay = \/%(l()g SQX(%—S) 5(0 +2q1 — 2¢2)(7 — ).
Let gl = X(T — 7). By imposing the boundary condition

(2) into (8) an implicit representation of the free boundary is
obtained as follows:

X(T—-7)—1= X(T—-7)e " N(&)— e 2"N(&)
+X(T —7)e™ 07 [ qre®*N(%)ds
—e~®T [ gre®N(4)ds,

9)
where
a1 = T(logX( )+ (02 — 2q1 + 2¢2)7),
iy = J=(log X(T — 1) — 5(0% +2q1 — 2q2)7),
i3 = A (log TaA=H + 1(0? — 241 + 22)(7 — 9)),
s = \/TlTS(log );E;—Z)) — (0% +2q1 — 2¢2) (7 — 5)).

In this paper we provide an asymptotic solution for the free
boundary of (1)-(7). The asymptotic solution is compared to
the numerical solution. The computational results reveal that
our approximation is close to the numerical results as time
near to maturity.

When ¢ = ¢1 = 0, Margrabe [10] showed that the
FBP can be ragraded as a parabolic boundary value problem.
When the expiration date tends to infinity, the closed form
solution is obtained by [7]. For the numerical methods, Carr
[1] generalized the Gesker-Johnson approach [3] to find the
solution of P. Longstaff and Schwartz [9] and Rogers [12]
use least squares Monte Carlo to find the solution of the FBP
numerically.

This paper is organized as follows. S ection 2 provides an
FBP for the AEO valuation model. In section 3, an IE is
provided for the free boundary of this FBP. We propose an
asymptotic solution of this IE as the remaining time near to
maturity in section 4. In order to compare with our asymptotic
solution, a numerical method is provided in section 5. Finally,
the conclusions and comments are in section 6.

Il. THE FORMULATION OF AEO

Let S;, o2 be the underlying asset price of the i-th asset and
the variance of the rate of return on the i-th asset, i = 1,2.
Let T and P be the maturity time and the pricing function
of the American exchange option on the assets S; and Ss,
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respectively. Following Black and Scholes’ assumption, we
assume a perfect market, a constant volatilities o;, and the
continuous dividend rate g; of the asset 4, respectively. We set
current time to be zero.

Under the risk neutral probability measure, the stochastic
processes for the asset price changes are assumed to be

dsS;
5 =(r—q)dt+ o;dw;, i =1,2

where r is the constant risk-free interest rate and dw; and
dwy, are the differential of a Wiener processes with correlation
corr(dwy, dws) = pdt.

The terminal payoff of the European exchange option (EEO)
is given by

V(Sl, 527 T) = Inax(51 — Sg, 0)7 (10)

and V/(S1, So,t) denotes the value of EEO at the time ¢. As
the suggestion of Margrabe [10], the value of EEO satisfies
the linear homogeneous property in S7 and Ss, that is

V(AS1, AS2,t) = AV (51, Sa,1).

We apply Euler Theorem to the function V(Sy,S2,t) and
obtain the following equation:

ov ov
14 51851 SZ&SQ =0. (11)
This means that the portfolio of holding %’ units of asset
i, 1= 1,2 becomes a replication of EEO.
By applying It6 Lemma to (11) and considering the instan-
taneously return with the dividends rate of both the assets, we
obtain the following pricing equation

Vi+ LoV =0, t<T, (12)
where the operator Ly is defined as

LoV = 307153V, s, + po10251592Vs, s,
+%U§S§VS252 - QIS1V31 - QQS2VS2-

If assets S; and Sy both do not pay dividends, the value for
American options are the same as the corresponding European
option, which was discussed by Margrabe [10].

Now, we consider the case of that one of the assets pays
the continuous dividends. Since the American option can be
exercised at any time ¢ < T, the value P(Si, S2,t) of AEO
must satisfy the following condition:

P(Sl,527t) 2 max(Sl — SQ,O)

for all ¢ > 0. This is because that if P < max(S; —S52,0), we
can purchase an AEO and one unit of asset two in the market
at the same time; then we exercise this AEO immediately. This
portfolio produces an arbitrage possibility and make a riskless
profit S; — S — P which is positive. Thus, at any given time ¢,
we separate the (S1,.52)-plane into two distinct regions, one
is optimal to exercise prematurity S(¢) and the other is C(t),
where

S(?‘) = {(51,52,25) € RJrXRJrX[O,THP(SLSQ,t) < 51*5‘2},

C(t) = {(Sl,SQ,t) S R+XR+><[O7T”P(517S2,75) > S]_SQ}.
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Here RT denotes the set of all nonnegative real numbers.
Let X (¢) be defined as follows:

S
X(t) = inf{|(S1, 52,1) € S(1)}.
2
Then we have
P(S1,85,t) = Sy — Sy, for % > X (t) (13)
2
and
Sy
P(Sl, Sz,t) > max(51 — SQ,O), for ? < X(t)

2

The function X (¢) is called the early exercise ratio of the
assets 57 and S, at time ¢.
The portfolio consists of longing one unit of AEO, shorting

% _units of asset one and shorting gTP; units of asset two,
that is
P oP g oP
95,7 88,77

and the value of AEO is equal to S; — Sy when the AEO is
exercised. According to the argument of no arbitrage, we need
the following two conditions

opP oP

5, =1 and 95, 1. (14)
Condition (14) is commonly called the high contact conditions,
so named because conditions (13) and (14), respectively,
indicate that P(S,S5,t), 9£(51,55,t) and $L-(S1, S, 1)
are continuous across the optimal exercise boundary.

Thus, the value P(S1, S2,t) of an AEO together with the
early exercise ratio x(t) are the solution of the following free
boundary problem (1)-(7). The value of the alive AEO is an
increasing function of Sy, a decreasing function of Sy and of
t.

I1l. THE INTEGRAL EQUATION

It is convenience to define new independent variables v,

yo and 7 as follows:
-1 1 1
Yi = _(ql + _02'2)7— + = 1Og(SZ)7 1= 1727
g; 2 g;
T —t.

T =

The original pricing formula (1)-(2) can be rewritten in the
following dimensionless form:

E=Lip, y1—Zyp<a(r), 0<7<T,
p(y17y270) = (ealyl - 60’2y2)+7 T = 07
p(y1,y2,7) = elatzol)THoyr _ e(@-&-%ag)f-&-auyz’
1 — P2y =x(r), 0<7<T,

where (z — y)™ = max(z — y,0) and

_1(32+2 o? +82)

2007 ooy 03"

Under this transformation, the relation between X (¢) and
x(7) is defined by

Lip

#(r) = ~—(log(X (T~ 7)) + (42 + 503 — 1 ~ 5o)7). (15)
o1
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To solve this problem we convert equations (I11)-(111) to a
non-homogeneous equation by imposing (111) into (111), then
we have

0, if y1 — g2 < a(7)
qle(41+%0f)7+01y1 _ qze(qzﬂ-%tfg)7'-‘r172y27
> (7).
(16)
By introducing the Green’s function ¢(z,y, 7) for (16) yields
¢(y17 Y2, T, €17 £27 S)
_ 1 1
— 27(T—s) /17[]2 exp(
Applying Green’s function to p(z,y,7) as well as the

fact that ¢ is in a domain bounded by the optimal exercise
boundary and the line 7 = 0, we obtain

DPr — Llp =
if y1 — Z2y2

(i —=&)2—2p(y1—&1) (y2—E2)+(y2—&2)*
2(1—p2)(7—s)

p(y1,92,7)
=7 fﬂz &(y1,Y2, 7561, 62, 0)dE1dEn

-7 f"&;g €229 (y1, Yo, 75 &1, €2, 0)dEr dEs
+J5 faiglﬂ(s Qe S (Y1, y2, 73 &1, Lo, 8)dEr dEads
o S fg_fglﬂ.(s 42€72 Gy, y2, 73 &1, €2, 5)dE1dEads
=7 _ 72 4 B _ (&),

0161

(17)
If the values of ¢; and ¢, are both equal to zero; that is, there
is no dividends on the underlying assets, then the integral J(3)
and I™ contribute nothing. So the early exercise premium of
the AEO equal to zero. This means that the value of the AEO
which is written on the no dividend paying assets is the same
as the European counterpart.

By letting /7Tu1—017 = y1—& and \/Tug—po1T = y2—Eo
in IW, \/Tuy — pooT = y1 — €1 andy/Tuy — 09T =y — &
in I®, /7 — su; — o1(t —s) = y1 — & andy/T — sug —
po1(T—8) =y — & N I® and /7 — su; — poa(T —8) =

— & andy/T — sug — o2(7 — 8) = ya — & in IW, the
integrals 7(")-1() can be written as the following equations

7 = e(alyl-‘r%afr) ffooo f:l(l):buz Lp(ul,uQ)dulduQ,

No:7, 2011

In order to reducing the double integrals in 7(V-74 into
single integrals, we first derive the following identity.

I

0'2“2

g
oo

1
ZW\/W@(U’M u2)du1du2

2,2 - 2
ofv] — o (1;2+Ul”22"“)1)1)
o

I a 1 e~ o 202 (1—p2) dvod
= _— e 1 VoAU
f—oo f—oo 274/1 2001
(“1”1) 0o w?
o 1 —
= —_— 2
f o 27r I - dwdvy

= jioo

Here v; = w3 — bug, va = ug and the function N(z) is known

_Tdv = N(*2).

)-as the distribution of the cumulative normal distribution.

Thus the double integrals in 7(M-I®) can be converted to
the following single integrals:

7 — e(G’1y1+%Uf‘r)N(Ulal(yly’!/%T))’

72 — e(azyﬁ%u?"’)]\](0'1‘12(311,1/2-,7'))7

1(3) — e(aly1+%0'f7') j()ﬂ qleqls]\/'(01043(7417?4277'7&17(5)))ds7

J@) = glo2y2+303T) foﬂ q26q25N(ma4(yl’y2’T’S’I(S)))ds.

o

Following the above transformation, a simple representation
of the price of AEO is obtained as follows:

p(yh Y2, T)
— 6(01y1+%U§T)N(Ulal(:’g_ﬁyQJ—))

_e(agy2+%a§7—)N(U1a2(y1-,yzﬂ')) (18)
o
+e(a1yl+%ofr) j"o” qleqlsN(alas(yhy;,ﬂ',s.,z(s)) )ds
_elo2y2+L037) fo" q2e®* N ( 01a4(y1,yj,‘r,syz(5)) )ds.

If the value of Sl reach the early exercise ratio at the first
time, that is 21 = X( — T) Of o1y1 — 02y2 = ox(7), it
is optimal to exercise this AEO. By imposing the boundary
condition (I11) into (18), we obtain an implicit representation
of the early exercise ratio as follows:

it iodrtoia(r) _ (et bod)r

1) — elo2y2+3037) [_OOOO izi:bug o(ur, us)dur dus, _ ealz(f)+§of'rN(a_1) _ 6%0‘%7’]\/‘(04_2)
T u ) 7 7 19
1) = elowntzoin) (g eas [2° ["52 oy up)duy dusds, Fen s (DT (g et N(%)ds o
I@® = e(o2y2t3057) fOT qoe??® f_oooo fgbw o(ug, uz)duiduads, _e305T foT qzeqzsN(%“)ds,
where
where
1
a1 = == (011 — By + (07 — por102)T), ~
_ ' a = L((r) + (0% — poro)7),
a = —=(o1y1 — Zya + (po102 — 03)7), _ f
_ 1 o2 az = —T(IL'(T) + (p0'10'2 — 03 )T)>
a3 = c——(01y1 — 2y + (01 — po102) (7 — 5) —o12(s)), |
a4 = —F—/(o1y1 — 2y + (poro2 — 03)(1 — 5) — o12(s)) 8T \/ﬁ(x(T) (0F = po102)(7 = 5) = a(s)),
2T ’ Can = (@) + (poros — o) (T — 5) — a(s)).

0% =0} —2poiog + 02,
and the function ¢(uy,us) is defined as

1 1
2w 1_p2

u? — 2pugus + ug)
-

p(ur,uz) = exp(—

which is the probability density function of the standard
bivariate normal distribution with covariant correlation p.

By using the relation of (15), we replace z(7) by X(7)
obtaining the following equation

X(T—71)—1= X(T-71)e"®TN(L)— e TN (%)
+X(T = 71)e~ 07 [ qre®*N(%)ds

—em 0T [ qgre®N(%)ds,
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where
a1 = 7(10g X(T —7) + 5(0® = 2q1 + 2¢2)7),
Gy = T(log X(T —7) = 3(0* 4+ 2q1 — 2¢2)7),
a5 = A= (log Xz +3(0” — 201 +202) (7 — 5)),
i = —A—(log ;g T) — 3(0% +2q1 — 2¢2) (7 — 9)).

1V. AN ASYMPTOTIC SOLUTION OF FINITE-LIVED AEO

Unfortunately, the explicit solution of (9) is not easy to
obtain when the maturity date 7' is finite. In this section we
will apply the properties of the complementary error function
to provide an asymptotic solution for (9).

Let erfc(x) denotes the complementary error function, i.e.

erfe(x \/_ /

The relation between error function and normal distribution
function is

x
) (20)

By using the Taylor expansion and integration by parts, the
complementary error function is asymptotic to

N(z) =1— —erfe(

2

2 2

T TR T Y

In this section, we will replace N(z) in terms of erfc(\%)
and provide an asymptotic solution for the early exercise ratio
X (T — 7) as the remaining time near to zero.

Before deriving the asymptotic expression of X (T'—7), we
address the following lemma which has been provided in [2].

Lemma 1: Let B(z,7) be a monotone decreasing function
of z on [0,1]. Suppose that there is a zp € [0,1] such that
B(zg,7) = 0 for all 7 and that B2(z,7) — oo for all z # z
as 7 — 0. Then, as 7 is near to 0, we have following two
asymptotic formulas:

erfe(x) = ,as T — o0o. (21)

1
NeB2E) gy o Afse) VT
/0 ARz~ AP (@)

1 B.:(20)
— | B e Bdr~ - —2 20
v /0 2|B:(20)[?
Proof: Since B%(z,7) — oo for all z # zy as 7 — 0 and
2
B*(z,7) = 0 for all 7 then e~ " =7 0 forall 2z # 2
as 7 — 0 and e~ B (?07) = 1 for all 7. This implies that
the neighborhood of z provides the main contribution to the
value of the Laplace integral as 7 is near to 0. Thus, we expand
B2(z,7) at z = 2 by using Taylor expansion and obtain that
B%(z,7) = B?(20,7) + 2B(20,7)B(20,7)(2 — 20)
+B2(20,7)(z — 20)2 + - --
~ B2(20,7)(2 — 20)?

since B(zp,7) = 0. And then, we use this expansion formula

in the exponent. As 7 is near to O, the Laplace integral will
approximate to the following Gaussian integral

1 , 1 f ,
/ A(2)e BT =T A(zo)/ e Bizom)(z=20)% g
0 0

(23)

Now, we rewrite the above Gaussion integral by its asymptotic
formula and obtain that

1 \/7_1'
Alz0) / B0 4 A(zg) YT
0 |B: (20,7
Since B(zg) = 0 then B~! — oo as z — 2. The above
result can not be applied when A(z) = B~!(z,7). Now, we
rewrite B~1(z,7) as follows:
B = BRIt 4 [Ba(x0)(z — 20)]
~ =GR+ [Ba(z0)(z — 20)]

Here, the final term of above equation is obtain by applying
Tayor expansion to B(z) at z = zp. Now, we use this
asymptotic formula to substitute B! and obtain the following
formula

ﬁ fol B~le=B’dz

b o (F B+ [Ba(a0) (2 — 20)] ) e P0G g

B..(z0)
2[B:(20)]3"

[ ]
We now begin to derive the asymptotic expression of X (7'—
7) as 7 is near to 0.
Theorem 2: The asymptotic solution of (9), when 7 closed
to zero, is as follows:

1) For q1 > q2,

2_(_4q
o 7'(q1 1q2)—|—d

1+U2 (fh qz)2

where d = Vdy —ds. di = U4T2((11(2q2)2, do =
1= <12)7"\/?](1 +o T((Iltﬁlh )2)

X(T—-7)~ 1+ )e(qﬁqz)T’ (24)

2027 log]
2) for q1 = q2,

XT—-71)~ o [-20%7 log(VarTa~2aqr)]/*

Proof: By defining Y (T —
can be converted as follows:

7) = X(T — 7)el2~9)7 (9)

V(T —7)et™ — e = Y(T - 7)N(2E) - N(20)
+Y(T —7) fOT qle’“”N(W)ds
— Jo @et e N(2E)ds,
’ (25)
where

(1) = B 302 T = a(r) 4 0%V,
op Y(T=7)
Gy(r,5) = EXED 4 L2 75 = Gy(r,5) + 02T .
By applying (20), we express (25) in terms of the comple-
mentary error function as follows:
1 (logY(T—71)
Y(T - T)erfc(ﬁ(iaf

+30/7)) ferfc(%(% 1oy/7))

. lo
= limy Ly (- {y J qle’“éerfc(%(% + 30V/T = 5))ds

r log
-y ququerfc(%(% — 30T — 5))ds}. 5)
As 7 near to zero, since X (T'—7) > X(T) > 1and Y(T —

7) = X(T — 7)el®2=1)7 then %(log?} D 4 $0VT) =
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L (loeX(Tor) 4 1(5 4 92-90) /7) tends to infinity Thus,  For convenient we denote B(z,,y) as B(2). Since Y (T —

V2 o1 . . . ; )
component of LHS of (26), erfe(-L (los,Y(} ) 4 LoyT)), Tz) is a monotone increasing function of z, then there is an
has the following asymptotic form: 7 uniqgue number zo such that
erfc(\lf(logjf; T 4 10/T)) Y(I'—7120) =y
oL o3 Lo yT) (7) and Y/(T - 720) < y for z < z and Y(T — 72) > y for
v %i%w% ’ z > zp. This implies that B(z,7,y) — oo for all z in [0, z)
as 7 — 0. By applying the integral mean value theorem, the and B(z,7,y) — —oo forall z in (29, 1], as 7 — 0. Thus, we
integrand of RHS of (26) can be rewritten as replace erfc(B(z)) by using (21) for B(z,7) — oo when 7
is small. Then the first integral of (29) can be rewritten as the
erfc(\}i(% + loyT—3)) following asymptotic formula :
log v—y
1 log y— 2 %(Ti oVT—s) f erfc( ( ))dz
=efe( B (Z7=")F 7= fi(logy—Tﬁ) " dn L 200 o1 e-BX gy 4 [ (24 Bol(y)e O
1 /log Y(Ig—s) 1 v ”\/?2 ﬁ 0 (Z)le : +2f20(z)( * (Z) NG ) “
:erfc(ﬁ(ﬁ)) T ZoVT —se™, =21 — 2] + %jo B~ (2)e B*@ .
where ¢ lies between %(% T) and }(% + In order to find out the asymptotic solution of (29), we

consider that y approaches to Y(7'— 7) and sets zop = 1. The

1 . V2
so/T — s). By setting s = 7z, and considering 7 near to . ) . -
). BY g g remainder is to evaluate the foIIowmg two integrals

2

zero, we have ¢ ~ L(log”%) and e%™ ~ 1,4 = 1,2.

Then the RHS of (ZG{has the following asymptotic form -B*(2) 45 and \/Ee*B OF
\/_

1 log Y(T—-rz) )dz

. 1
limy Ly (- {(q1y — q2)7 [ erfe( TW

Since B(zg,7) = 0 for all 7 and, for z # 2z, B?(z,7) — 00

s 3 —los? vyt as 7 — 0 then
—(@y— @) 75 fy VT —ze =00 dz), )
7B z 22\ R0
Therefore, we derive the following asymptotic equation of \/—/ @z ~ _2|B Ik (30)
(26):
5 3 1 log Y(va)ilm)z / vV 1-— ZeiB (Z>dz ~ 4/ 1-— 207V~ \/— (31)
\/E%e 2V Vo2, 2 |B:(20)|”
m log —T )
 lim g1y — go)7 flerfC 1 log sy )z by using lemma 1.
v=v(r-n i@y — @) Jy erfe(5 2\ r(i=2) The limit of the first integral in (29) is asymptotic to the
~los? vty RHS of (30). We see that this asymptotic expression is
(1Y — q2)0>7? [\ 1EeTFTO dz). i ,
erfeB(z)dz ~ 2T (32)
(28) feB(z)d 2\/_
Note that q 0 a?(7)
2
Y(T') = max(1, q—)- as zy — 1. By applying (31), the second integral of (29) tends
] ! to zero as zo — 1. So we obtain the following equation:
Now we consider the case of ¢g; > g2 and let
a2(r) 2T
—log V(T — S~ ( —vra(m) _ o) | 33
alt) = LA S ( T), for ¢ > ¢o, c o2 \1° Q2) (33)

\/,7_

Since Y(T — 7) = e~ V7(7) (33) can be rewritten as
and then (28) can be converted as follows: ( ) (33)
_log? Y (T-1) 277r

2.3/2 _ra?(n) e 202+ ~

e 2027 ~

— (@Y (T—7)—q).  (34)

Ta?(T) -
VE <q16—ﬁa(7—) — g ijl erfe (B(z, a(27),y)) dz Let Y(T'—7) =1+ y(7), then (34) can be rewritten as
—/Ta(rT o273/ —B%(z,a(zT s lo, (1+ (7)) 2
e ) S o T e i e T @) b - ).
asy — Y (T — 7). Here And then, we have
2

log 315 log™(1 +y(7)) (1 — g2)7mv21 Q1

za(Tz) — —2% - ~ log +log y(T)+1).

B(z,a(12),y) = vealrs) - ~ 7 . 2027 [ o? } (q1—qQ (m)+1)

2(1 —
(1=2) Multiplying above equation by 2027 and expanding log?(1 +
By applying the definition of (7) and take the limit under (7)) and log(—2—y(7) + 1) at 1, we obtain that
the integral, we have

q1— qz

_ 22 ~ O' 7 log[ 2= q2>7‘r\/?
B(z, a(r2), a(r)) = Y22 Zaln) y2(7) ~ 2077 log[{L=12)V21 ]
) ) U\/m . +202 T(q s y(7) + Wy 2(7).
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This implies that

2
14027 @ 3_1,12)2 ]yQ(T)

12077 (2 )y ()

q1—q2
+2a2ﬂog[7(‘”*q;;” T,

and that the solution of this quadratic equation is

or(—2L—-) +d

y(r) = %
+U T(th*qz)

where
2= oir?(—1_)2

q1—q2 \/_

1— T 2T
—2027 log[{L=2TV2T)(] 4 o2r(_0_)2).

Here, we select positive term to make sure y(7) > 0. So, we
have

olr(=2L-)+d
Y (T — =1 q1—q2
e
and
o?r(=2—-) +d
X(T-7)=01+ ‘h;‘lzl)e(ql—qz)f_
eI

However, the above approximation can not be applied to
the case ¢1 = q¢o. We use first order approximation to
qre= V™) _ g, and obtain

qlef‘/h(T) —q ~ —qvTa(r), as T — 0.

Now, (33) can be rewritten as follows:

_a%(n)

e 22 ~ =210 2qra(T).

Beginning the iteration scheme from the initial value oy = 0,
we obtain that

a(T) ~ [7202 log (\/§7T7'0'_2q1):| i .

Then
V(T = )~ e~ l2tos(varre )]

and
X(T _ T) ~ 67[72027log(\/im-a’qu)]l/z'

V. NUMERICAL COMPARISON

The asymptotic formula is compared to the numerical
solution of the IR method [6]. Figure 1 displays the graph
of the case of that oy = 05 = 0.5, ¢1 = 0.02, ¢ = 0.01
and p = 0.5. Figure 2 displays the graph of the case of that
o1 =02 =0.5, ¢ = ¢2 =0.01 and p = 0.5. The solid curve
is numerically computed by IR method and the dash curve
is computed by our asymptotic formulas. These figures show
that the results from our asymptotic formula and IR method
are very close as time near to maturity.
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Fig. 1. The early exercise ratio X () as a function of 7 =T — ¢ for g1 =
0.02, g2 = 0.01 with given by (24)(dash curve) and recursive integration
method(solid curve)
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Fig. 2. The early exercise ratio X () as a function of = = T — ¢ for
q1 = g2 = 0.01 with given by (??)(dash curve) and recursive integration
method(solid curve)

V1. CONCLUSION

An AEOQ pricing model together with the early exercise ratio
are modelled as a FBP and this FBP is converted into an IE.
Meanwhile, the formula of this early exercise ratio is implicit
in the solution of the IE. We propose an asymptotic solutions
of the IE for the cases of ¢; > ¢ and ¢; = g2, respectively.
However, this approach can not derive an asymptotic formula
for the case of ¢; < ¢o. We also extend the numerical method
of one variable integral recursive method proposed by Kim [6]
to the case of two variables. Compared with this numerical
solution, our asymptotic solution of the IE is very close to the
numerical solution as time near to maturity.
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