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Abstract—The notions of intuitionistic fuzzy h-ideal and normalset defined on a non-empty set R, denoted by(FS An
intuitionistic fuzzy h-ideal inI’-hemiring are introduced and Some|FS(R) is an object having the form
of the basic properties of these ideals are investigated. Cartesian

product of intuitionistic fuzzy h-ideals is also defined. Finally a A= (pa, \a) ={z,pa(x), a(z) : z € R}
characterization of intuitionistic fuzzy h-ideals in terms of fuszN
relations is obtained. here the fuzzy setsu, and A4 denote the degree

of membership(namelyu4(x)) and the degree of non-
membership(namely 4 (x)) of each element: € R to the
Mathematics Subject Classification[20008A72,16Y99 set A respectively, antl < pa(z)+Aa(z) < 1forall z € R.
According to [1], for every two intuitionistic fuzzy sets
I. INTRODUCTION A = (pa,ra) and B = (up, ) in R,we defineA C B

HE concept of fuzzy set was introduced by Zadeh[14i]f. and only if pa(z) < pp(z) and Ax(z) = Ap(x) for all

Jun and Lee[9] applied the concept of fuzzy sets tb < R'_QbViOUS|¥A =B means thawd < B and B QA .
the theory ofI'-rings. The notion ofl’-semiring was intro- Definition 2.1: [6] A hemiring(respectively semiring) is a

duced by Rao[12] as a generalization Bfring as well as nonempty setR on which operations addition and multipli-

of semiring. Ideals of semirings (hemirings) play a Cemrgr';\tion_dhav_eh bgen .defined such tha, €) .is a commutaFiveI
role in the structure theory and are important in many oth onoid with identity Oz, (&..) is @ semigroup(respectively

purposes. However they do not in general coincide with tI‘??noid with .identit.le), multiplication distributes over ad-
usual ring ideals. So, many results of rings apparently ha! ion from either sidelr # 0 andOr.r = 0 = r.0 for all
no analogues in hemirings using only ideals. To solve this®
problem, Henriksen[7] defined a more restricted class afl&de
in semirings, named k-ideals. Another more restrictedybuyt
important class of ideals, called as h-ideals, has beenedkfi : O
and investigated by lzuka[8] and La Torre[11]. These cot:z:eﬁh_e follwing conditions:
are extended t&'-semiring by Rao[12], Dutta and Sardar[s]. () (a+b)ac = aac + bac

The basic concepts of fuzzification of h-ideals in hemiringgg_i) ac(b + ¢) = aab + aoc
I

Keywords—TI'-hemiring, fuzzy h-ideal, normal, cartesian product.

Definition 2.2: Let R andT" be two additive commutative
semigroups with zero. TheR is called al’-hemiring if there
gXists a mappingz x I' x R — R((a, a, b) — aab) satisfying

andT'-hemiring were discussed in [10] and [13], respectivel§)) aa + f)b = aab +affb

In ([2],[3]), Dudek discussed about the intuitionistic fyzh- (V) a(bBe) = (aab)be

ideals and their properties in hemirings. (V) Osaa = 0g = aals

As a continuation of this, we introduce here the intuititinis (vi) aOrb = 0s = b0ra for all a,b,c € K and for alle, § €
fuzzy h-ideals inI’-hemirings and investigate some of their S . L .
properties. In section Il, we recall some definitions. We Definition 2.3: A left ideal A of aT-hemiring S is called
investigate some basic properties of intuitionistic fuzzy & l€ft h-ideal if for anyz,> € Sanda,be A, v +a+2 =
ideals such as characteristic and level subset critertugir t b+_z =T € A'_ i

behavior under intersection, fuzzy translation etc. intisac A nght_ h_-!deal is defined analogously.

3. Then we study and characterize normal intuitionistizfuz _ P€finition 2.4: Let ;. be a nonempty fuzzy subset ofla

h-ideal and cartesian product of intuitionistic fuzzy leadk in hemiring R(i.e: pla) #0 fo_r somex € ). 'I_'henu is called
section 4 and 5 respectively. a fuzzy left h-ideal(fuzzy right h-ideal) aR if

() p(z+y) > min{u(z), u(y)} and

. PRELIMINARIES (i) p(zyy) > p(y)(respectivelyu(zyy) > p(z)) for all

z,y Ry el
As an important generalization of the notion of fuzzy setgii) For all ,a,b,2z € S, © +a+ z = b+ z implies u(z) >
Atanassov[1] introduced the concept of an IntuitionistizZy min{p(a), u(b)}

o . _In a similar manner we can define fuzzy right ideal of’a
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II1. I NTUITIONISTIC FUZZY LEFT h-IDEALS

Definition 3.1: An intuitionistic fuzzy subset A
(A, Aa) In @aT-hemiring R is called an intuitionistic fuzzy
left h-ideal if

1) pa(z+y) > min{pa(z), /LA(y)} for all z,y € R.

2) Mz +y) <max{ia(x), a(y)} for all z,y € R.

(3) pa(zyy) > pa(y) forall z,y € R and for ally € T,
(

@) Ma(zyy) < AA( ) for all ,y € R and for ally € T

(5) z+a+z=b+z= pa(z) > min{pa(a),pa(b)} where
z,a,b,z € R.

(6) z4+a+z=>b+z= Aa(z) <max{ra(a), s
z,a,b,z € R.

An intuitionistic fuzzy subsefua, A4) satisfying the first
four conditions is called an intuitionistic fuzzy left idaa the
I'-hemiring R.

(b)} where

Clearly, 14(0) > pa(z) andA4(0) < Aa(z) for all z € R.
Example 3.2: Let us considerR = N,I" = N with usual
addition(+) and multiplication (.) defined on natural numtbe

Then (R,+,.) is d'-hemiring.
ConsiderA = (ua, Aa) where
1 forz=0
pa(z) = 0.8 for z € pN ~ {0}
0.6 forx ¢ pN andx # 0
0 forx=0
Aa(z) = 0.2 for z € pN ~ {0}
0.4 forxz ¢ pN andz #0

wherep is a prime number.Then it is easy to check that A is

an Intuitionistic fuzzy left h-ideal ofz.

Theorem3.3: An intuitionistic fuzzy subset A =
(14, Aa) of aT'-hemiring R is an intuitionistic fuzzy left h-
ideal of R if and only if any level subset
Rff’ﬁ) ={xeR:pa(x)>aands(z) < B;a,5€[0,1]

such thato + 8 < 1}
is a left h-ideal ofR provided it is nonempty.

Proof: Let A = (ua,A\4) be an intuitionistic fuzzy left
h-ideal of R and IetR(f’B) # ¢, wherea, 8 € [0,1] such that
a+pB <1

Letz,y € R(:’ﬁ). Thenpa(x +y) > min{pa(z), paly)} >
a(arjg Az +y) < max{Aa(z), a(y)} < B.So,z+vy €
Ry

Now letx € Rff’ﬂ), y € Randyel.

Then pa(yyz) > pa(z) > a and Aa(yyz) < Aa(z) < B.
which impliesyyz € Rff‘ﬂ)

HenceR'” is a left ideal.

Again letx, z € R anda,b € R(f'ﬂ) be such that +a+z =
b+ z.

Then pa(z) > min{pa(a),pa(d)} > « and Ag(z) <
max{Aa(a),Aa(b)} < B. Hencexz € Rff’ﬂ). Therefore
R is a left h-ideal ofR.

Conversely, IetR(X’ﬁ) be a left h-ideal of R , for any
a, B €10,1] with o+ 5 < 1.

Let z,y € R be such thatus(z) = a1, pa(y) oy and
Aa(r) = /51,)\/1{&/) = fB2. Thena; + 51 < 1,az + B2 < 1.
So, z,y € R(A“’ﬁ), a left h-ideal, wherea

ap A 9,

B = By V By which impliesz +y € R\ i.e. pua(x
& = a1 Ay = min{pa(@), ja(y)} andAa(z -+ y)
BrV B2 = max{Aa(z), \a(y)}-
Again, letz,y € R and~ € I" be arbitrary.
Let pa(y) =c1 andAa(y) = ca With ¢ +¢2 <1
Then y € R which implies zvy € R ie.
pa(zyy) = 1 = pa(y) andAa(zyy) < c2 = Aa(y).
ThereforeA is an intuitionistic fuzzy left ideal.
Again, supposed = (u4,)4) is not an intuitionistic fuzzy
left h-ideal.
So 3 xg, 29, a0, by € R such thatzg + ag + 29 =
pra(wo) < min{pa(ao), pa(bo)}
Taking ag = 2{pa(zo) + min{pa(ao
pa(zo) < ap < min{pa(ag), pra(bo)}.
Clearly pa(ag), pa(bo) > ap.
As ;J,A(ao) + )\A(ao) <1, then/\A(aO) <1- /I,A(ag).
SoAa(ag) <1 — g and similarlyA4(bg) < 1 — ap.
ConsiderR(A“f”l_“”), which is clearly nonempty, is a left
h-ideal of R andag,by € Ri{“"’l_a“). Therefore zy €
Rff"’l_"‘”). So, na(xg) > ap, which is a contradiction. =
Theorem3.4: Let A be a non-empty subset of B-
hemiring R. Then an intuitionistic fuzzy subset A, A4)
defined by

+y) =
<B=

y)
B

bo + zo and

)sra(bo)}}, we have

(2) = ay forze A
AL =9 ap forz g A
By forxe A

Aa() = { for « ¢ A

where0 < a; <as<1,0<B< B <landa;+5; <1
for each i=1,2 is an intuitionistic fuzzy left h-ideal if amahly
if A is a left h-ideal of R.
Proof: Let A be a left h-ideal ofR. Let z,y € R. If

x,y €A, thenz +y, zyyeAforall v e T. Thenua(z +y) >
min{yia(z), pa(y)} » Aa(z +y) < max{Aa(z), \a(¥)}
palzyy) > paly) and Aa(zyy) < Aa(y). If either x
ory ¢ A, then alsopa(z +y) > min{ua(z),pa(y)}
Aa(z +y) < max{Aa(z), Aa(y)} . palzyy) = paly) and
Aa(@zyy) < Aaly).
Let z,z,a,b € R be such thatr + a + z = b + z,then
if a,b €A, we obtain pa(a) = pa(d) = ag,ala) =
Aa(b) = P2 and hencepa(z) > min{ua(a),na(b)}
Aa(z) < max{Aa(a),\a(b)}. If eithera or b ¢ A then
min{pa(a), pa(b)} < o1 < pa(z) , max{ra(a),Aa(b)} >
B2 > Aa(x). Hence(ua, Aa) is an intuitionistic fuzzy left
h-ideal of R.
Conversely, let{;14,A4) is an intuitionistic fuzzy left h-ideal
of R. ThenRE“1 ’;1)) = A. So, by previous theorem[cf.Th.3.2]
A must be a léft h-ideal of. n

Corollary 3.5: Let A be a non-empty subset of B-
hemiring R. Then A is a left h-ideal of A if and only if the
intuitionistic fuzzy subsefu 4, A1) defined by

(@) = 1 forzeA
HAALI = 0 forz g A

0 forze A
)‘A(m)_{ 1 forz¢g A
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Similarly,

is an intuitionistic fuzzy left h-ideal ofz. MT

Definition 3.6: Let A = (ua,A4) and B = (up,\g) (o (@+Y)
be two intuitionistic fuzzy subsets of B-hemiring R. Then
ANB = {z,min{pa(z), up(z)}, max{Aa(z), Ap(z)}
z € R}.

Proposition3.7: Intersection of a non-empty collection of
intuitionistic fuzzy left h-ideals of &-hemiring R is also an  and
intuitionistic fuzzy left h-ideal of R.

yAalz+y) —a

v.max{Aa(z), Aa(y)} —
max{(7.Aa(z) — @), (v-Aa(y) — )}
max{(Aa)at (z), Aa)at (y)}

IN

Definition 3.8: [4] Let R, S beI-hemirings andf : R — AT (zmy) = v Aaleny) —
S be a function. Thery is said to be d'-homomorphism if < v Aaly) —a
(i) fla+b)=f(a)+ f(b) = WMT(y)

(i) f(aad) = f(a)af(b) for a,b eR anda € T'.
(i) f(0g) = 05 where0r and0g are the zeroes oR and Letz,a,b,z €R be such that +a+ 2z =1b+ z. Then
S respectively.
Proposition3.9: Let f : R — S be a homomorphism of (u A)MT( )
I'-hemirings. If A = (o04,n4) is an intuitionistic fuzzy left

v-pa(z) + B

h-ideal of 5, then f~1(A) defined as > y-min{pa(a), na(d)} + 5
FYA) = (f~Mon), F (1)) i min{(y.x4(a) + B), (’YA#( )+ B8)}
where = min{(ua)5y (a), (na)f (b)}
(f 7 oa))(x) = oa(f(x)) and (F 1 (na))(x) = na(f(x)) and

for all = in S, is an intuitionistic fuzzy left h-ideal of, AT (@) = yAalz) —a

Definition 3.10: Let A = (pa,A4) be an intuitionistic < ~y.max{Aa(a), Aa(b)} —
fﬁuzez{o Siu—biitp?:m)((;r)l_e;ae )6(}][07mf{/\A(m) e = max{(y.Aa(a) — @), (y-Aa(b) — )}
ThenAg, = ((na)§,(Aa)%) is called an intuitionistic fuzzy = max{(A)al7 (a), (Aa)a7 ()}
transiation of A if HenceAMT is an intuitionistic fuzzy left h-ideal ofR.

(1)} (@) = pa(@)+8,(Aa)L(z) = Aa(z)—aforallz € X. By o .
Definition 3.11: Let A — (4, A\a) be an intuitionistic (C):fogversely, IetA(ﬁ @)y be an intuitionistic fuzzy left h-ideal
I :

fuzzy subset of X. Lety € [0, 1 Then, for anyz,y €R and anyn € I’
ThenAM = . (A4)M) is called an intuitionistic fuzz ’
v = (a7, ()3 Y (ua) T (a+ ) > min{(ua)}7 (o), (1) 3T (1))

14y (
multiplication of A if
()M (2) = vpia(@), A M () = yAa(z) forall e X, 77 Wi )+ 5 imm{.( 7a(e) +5). (.ua(0) + 0))
Definition 3.12: Let A = (ua,Aa) be an intuitionistic . = - min{pa (@), pa(y)} + 5
fuzzy subset of X. Leto € [0,inf{y.\s(z) : z € X}], = pa(z+y) = min{pa(e), paly)}
B €10,1 —sup{y.pa(z): z € X}] wherey € [0, 1].

/ s (a) B (eny) > (pa) BT (y)
fThenAé‘gEMf d((MA)%IVT’ ()\A]()Q'ZWT.) is cﬂ(ﬂed an intuitionistic = MA(my) Y8 >, /LA(?J) +8
uzzy magnified translation of A ifua)g., (z) = y.pa(z) + pazny) > paly)

B, (AT (x) =y a(z) —aforall z e X.
Theorem3 13: Let A = (ua,Ma) be an intuitionistic AL MT < A\ A MT

fuzzy subset of &-hemiring R. A is an intuitionistic fuzzy left (:> 7))\ (( +3)) - ;nixga):{)w /\(I() )(_A();)”(A(Yy/)\} (y) — a)}

h-ideal of R if and only |fA1V/§T) , is an intuitionistic fuzzy left AT - AT oA

h-ideal of R,wherey € [0,1],a € [0,inf{y.Aa(z) : z € X}],

56[01;81110{7#,4() z € X}]. oo loft heideal of
Proof: SupposeA is an intuitionistic fuzzy left h-ideal o A\ MT A, ) MT

R. Then for anyz,y € R andn € T, Ad)ay (@my) < Aoy (9)

=v.max{Aa(z),\a(y)} — «
= Az +y) <max{ia(z), a(y)}

=>'v/\A(sz)—0z<7/\A( ) -«

(na)s (x+y) = ypalz+y) +p = Aa(zny) < Aaly)
> y.min{pa(@), pa(y)} + B
. Let z,a,b,z €R hthatt + a+ 2z =0b+ z.
= min{09ea®) 9. 2@ 4B an (0 W) > ming () ), ()7 0)
= mm{(ﬂA)B,y (@), (La)gy ()} = v.pua(z)+ B > min{(y.pa(a ) +8), (v.pa(d) +6)}
and = v.min{pa(a), pa(b)} + 8
(na)gy (eny) = ypaleny) + 5 = #ale) 2 min{pia(a), na(b)}
=z v#aly) + 8 (AT (@) < max{ (114) M7 (a), (Aa) M7 (b))
= (na)fd (v) = y.Aa(z) — a < max{(y.Aa(a) — a), (v.Aa(b) — @)}
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=~y.max{Aa(a), A\a(b)} — & and
= () <max{Aa(a),Aa(b)}
Then A is an intuitionistic fuzzy left h-ideal oR. [ Mi(@) = Aa() = Aa(0)
Corollary 3.14: Let A = (ua,Aa) be an intuitionistic < max{Aa(a), a(b)} —Aa(0)
fuzzy subset of a-hemiring & andy € [0,1],8 € [0,1 — = max{\a(a) — Aa(0), Aa(b) — Aa(0)}
sup{y.pa(z) : z € X}, € [0,inf{y. a(x) : x € X}]. — max{\(a), A5 (D)),
Then the following statements are equivalent: AV 74
(i) A is an intuitionistic fuzzy left h-ideal ofR. HenceA™ is an intuitionistic fuzzy left h-ideal of.
(i) Aﬂ ..the intuitionistic fuzzy translation of A, is an intu- Again we haveu (0) = pa(0)+1—p4(0) = 1 andA}(0) =
itionistic fuzzy left h-ideal ofR. A4(0) — X4(0) = 0. HenceA™ is a normal intuitionistic left
(i) A]y,the intuitionistic fuzzy multiplication of A, is an fuzzy h-ideal of R and by definitionA C A*. ]
intuitionistic fuzzy left h-ideal ofR. Corollary 4.4: Let A and A* be as in the very previous
Proposition. Then
IV. NORMAL INTUITIONISTIC FUZZY LEFT h-IDEALS (i) foranyz € R, A*(z) = (0,1) = A(z) = (0,1) , and

Definition 4.1: An intuitionistic fuzzy left h-ideal (ii) A is a normal intuitionistic fuzzy left h-ideal oR if and
A=(ua, a) of a T hemiring R is said to be normal if only if AT = A

A0)=(1,0); i.e.,1(0) = 1,A4(0) = 0. Remark4.5: If A= (u4,\4) is an intuitionistic fuzzy left
Example4.2: The intuitionistic fuzzy left h-idealA = p.ideal of R, then(A+)T=A*. In particular , ifA is normal,

(1, Aa) of T-hemiring R,+,.), defined in th&Example 1., is  then (AH)t = At = A,

a normal intuitionistic fuzzy left h-ideal oR. Theorem4.6: Let A = (ua,Aa) be an intuitionistic

Theorem4.3: Given an intuitionistic fuzzy left h-ideal fuzzy left h-ideal of al-hemiring R and letf : [0, 1] — [0, 1]
A=(p1a,Aa) OI al-hemring R. Let 1 (z) = pa(z) + 1~ pe an increasing function. Then an intuitionistic fuzzy sath
Ha0) and Agfw) = Aa) = Aa(0) , for all @ € R A — ((ua)s,(Aa)s) where (ua)s(z) = f(ua(e)) and
Then At = (MA,)\A) is a normal intuitionistic fuzzy left h- (Aa)f(x) = f(Aa(z)) for all z in R is an intuitionistic

ideal,containing Afyi4, Aa), of R. fuzzy left h-ideal of R. Moreover, if f(ua(0)) = 1 and
Proof: For anyz,y € R and~y € I, F(Aa(0)) =0, then A; is normal.
Proof:
phz+y) = palz+y)+1-pa0) Letz,y € Randy € R.
> min{pa(z), pa(y)} +1 - pa(0)
= min{pa(z) +1— pa(0), pa(y) +1 — pa(0)} (ma)f(@+y) = flpalz+y))
= min{uf (2), i (1)}, > f(min{pa(z), pa(y)})
= min{f(ua(x)), f(ra(y))}
ph(avy) = palery) +1—pa(0) = paly) +1- pa(0) = min{(ea)s(@), (wa)s W},
= 1i(y), (na) s (zyy) = flpalzyy)) = fpaly)) = (La)r(y)
and
and
Niw+9) = Mal+y) = Ma(0) Qalslety) = Falety)
< max{Aa(@), M)} — Aa(0) < Jlmaxita(@), Ma(w)})
= max{Aa(z) — Aa(0),Aa(y) — A4(0)} = max{f(Aa(z)), f(Aa(y))}
= max{\}(z),\ [ (v)}, = max{(Aa)s(z),(Aa)r(¥)},
(Aa)s(@yy) = f(Aalzyy)) < fF(Aa(y)) = (Aa)s(¥).
Hence Ay is an intuitionistic fuzzy left ideal.
Ni(zvy) = Aa(zyy) — Aa(0) Let z,a,b,z € R such thatr +a+z=b+ 2.
< Aaly) —Aa(0) Then
= ). (1a)s(@) = Fua)(@) > Flmingjua(a),ua(0))

So AT is an intuitionistic fuzzy left ideal of?.

), )
min{f(pa(a)), f(ra(b))}
Let z,a,b,z € R such thatr +a + 2z = b+ 2. 1(a)

= min{(pa)s(a), (1a)s(d)}

Then
i@ = pa@)+1-pa(0) and
> minfjua(a), pa(®)} + 1 — 1a(0) (Aa)p(@) = FOa)(x) < Flmax{Aa(a). Aa(b)})
minjia(a) + 1 - pa(0), pa(®) + 1 - pa(0)} = max{f(\a(a)), F(ra(5))}
min{yc} (a), 1 (b)) = max{(Aa)s(a). (Aa)s (b))}
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Hence Ay is an intuitionistic fuzzy left h-ideal ofl'- Then

hemiring R. 1

If f(14(0)) = 1, f(Aa(0)) = 0 then, (uu4);(0) = 1 and oa(z) = gluale)+palc)

(Aa)f(0) = 0 and henced; = ((pa)y, (Aa)s) is a normal 1.

intuitionistic fuzzy left h-ideal ofl’-hemiring R. ] z §[m1n{/‘A(“)v pa(®)} + pale)]
Theorem4.7: Let NI(R) denotes the collection of all ol 1

normal intuitionistic fuzzy left h-ideals ofR. Let A = = min{g(nala) + na(c)), 5(na(®) + palc))}

(#a,Aa) € NI(R) be nonconstant such that it is a maxi- = min{oa(a),ca(b)}

mal element of(NI(R),C). Then it takes only two values q

(1,0),(0,2). an
Proof: Since A is normal intuitionistic fuzzy left h-ideal, ) () = %[/\A(l‘) + Aa(c)]

so A(0)=(1,0). Letzy(# 0) € R be arbitrary withy s (zo) #

1. We claim thatu(zo) = 0. If not then there exists an

elementc € R such thatd < pa(c) < 1. Let A. = (04,74)
be an intuitionistic fuzzy subset d® defined by :04(x) =
pa(x) + pa(@)] L na(x) = Sra(x) + Aa(o). Clearly A,
is well-defined.

Now, 04(0) = $[ua(0) + pa(c)] > 3lua(z) + pale)] =
oa(x),

n4(0) = 304(0) + Aa(e)] < 3Aalx), Aa(e)] = na(x) for
any x in R.

Again, for anyz,y € R and for ally € R,

oale+y) = luale+ )]

> g lmin{paa), ()} + paCe)

= min{%(/m(x) + pa(c)), %(MA(Z/) +pa(c))}
= min{oa(z),04(y)},

oalem) = slnalery) + palo)]

L aly) + (@) = 040,

%

M ty) = S+ y)Aa(e)
< %[max{)\A(x), Aa(y)} + Aa(e)]
= max{3 (M) + Aa(0), 3 (a0) + Aa()
= max{na(z),na(y)}
and

na(zvy) = %[)\A(x’Y?J)JF)\A(C)]

SA) + A (o)
= na(y).

IN

Hence A, is an intuitionistic fuzzy left ideal ofR.
Let z,a,b,z € R such thatt + a + z = b+ z.

< %[max{)\A(a), Aa(d)} 4+ Aa(o)]

= max{5 (0a(@) + A (), 5 (a(0) + Aa(0))}
= max{na(a),na(b)}.

So A, is an intuitionistic fuzzy left h-ideal oRz.
Define A = (¢,n}). Then by Proposition 4.4} is a
normal intuitionistic fuzzy h-ideal oR?, where

o5) = oal@)+1-0a(0)
= S lna(e) + pa@)] +1— 3[ua0) + pa(e)]
1
= 5[1+NA(-73)}
and
@) = ma@) —na(0)
= 5P+ Aa(0] = 3Pa(0) + A (o)
= %)\A(I)
Hence AC A}.

Again sincecf(c) = 2[1 + pa(c)] < of(0) =1, At is
non-constant.

Also A is a proper subset ol aso;(z) = §[1+pa(z)] >
pa(z) and nf(z) = FAa(z) < Aa(z) for any = with
wa(z) #1in R. This violates the maximality of A in NR)
and so we get a contradiction. This completes the proda.

V. CARTESIAN PRODUCT OF INTUITIONISTIC FUZZY LEFT
h-IDEALS

Definition 5.1: Let {R;};c; be a family ofI’-hemirings.
Now if we define addition(+) and multiplication(.) on the
cartesian produc_iHIRz- as follows:

(zi)ier + (Yi)ier = (zi + ¥i)ier and
(wi)iera(yi)ier = (ziaw:)ier for all (zi)ier, (yi)ier € ilg[Ri
and for allaw € T
Then ‘I;IIR,; becomes d-hemiring.
Définition 5.2 An intuitionistic fuzzy relation on any
nonempty set X is an intuitionistic fuzzy s@ta, A4), where
pa: X xX —=[0,1]andls: X x X —[0,1].
Definition 5.3: Let A=(u4, A4) be an intuitionistic fuzzy
relation on a setX and B = (op,ng) be an intuitionistic
fuzzy subset ofX. Then A is said to be an intuitionistic
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fuzzy relation on B ifua(z,y) < min{op(z),os(y)} and

Aa(z,y) > max{ng(x),np(y)} for all z,y in X.
Definition 5.4: Let A = (ua,Aa) and B = (up, Ap) be

Theorem5.7: Let A=(ua,Aa) be an intuitionistic fuzzy
subset of &-hemiring R and.S 4 be the strongest intuitionistic
fuzzy relation on R determined by A. Then A is an intuitionis-

two intuitionistic fuzzy subsets oR. Then cartesian producttic fuzzy left h-ideal ofR if and only if S4 is an intuitionistic

of A and B is defined as:
AXx B={(x,y), 14 X 4B, Aa X1 Ap : 2,y € R},
where (14 x pp)(z,y) = min{pa(z), up(y)} and (Aa x1
A)(z,y) = max{Aa(z), Ap(y)}.
Theorem5.5; If A,B are intuitionistic Fuzzy left h-ideals
of RthensoisA x Bin R x R.
Proof: Let (z1,22), (y1,y2) € R x Randy eT.
Then (A x B)((x1,22) + (y1.32))
= (A x B)((z1 + 1), (v2 + y2))
= (pa x pp, Aa X1 Ap)((x1+ Y1), (¥2 + y2)). Now
(a x pp)((21 +y1), (22 +y2))
= min{pa(r1 +y1), pp(r2 +y2)}
> min{min{pa(z1), pa(y1)}, min{pp(22), pp(y2)}}
= min{min{pa(21), pp(22)} min{pa(yr), ps(y2)}}
= min{(pa X pg)(1,72), (a ¥ pB)(Y1,y2)}
(Aa x1 Ap)((z1 + 1), (22 + ¥2))
=max{Aa(z1 + y1), Ap(22 + y2)}
< max{max{\a(@1), Aa(y1)}, max{ s (v2), Az (y2) }}
= max{max{Aa(z1), Ap(z2)}, max{Aa(y1), A\p(y2) }}
= max{(Aa X1 Ap)(21,72), (Aa X1 Ap)(y1,92)}
(a x pp)((@1, 22)7(y1,y2))
= (na x pB)(T17y1, (T27Y2))
= min{pa(r1vy1), pB(r27Y2)}
> min{pa(y1), s (y2)}
= (pa x pB)(Y1,92)
and
(Aa x1 A)((z1, 22)7(y1, ¥2))
= (Aa x1 Ag)(T17Y1, 227Y2)
= max{Aa(z17y1), Ap(z27y2)}
< max{Aa(y1), A6 (y2)}
= (Aa x1AB) (Y1, ¥2)-
HenceA x B is an intuitionistic fuzzy left ideal.
Let (xl,xg), (al,ag), (bl,bg), (21,22) € R x R be such that
(1’1, xg) + (al, a2) -+ (21, 2’2) = (bl, bg) + (2117 22). Thenz; +
a1+ 21 =b1 + 2z andzs + as + 29 = by + 29.
Now
(A x B)(z1,22) = ((ta X pp)(@1,22), (Aa X1 Ap)(21,22))
So, (pa x pp)(@1,22)
= min{pa(z1), pp(z2)}
2 min{min{ﬂA(al), HA (bl)}v min{uB (a2)7 HB (bZ)}}
= min{min{s4(a1), pp(az)}, min{pa(br), pp(b2)}}
= min{(pa X pp)(ay,a2), (na X pp)(b1,b2)}.
and
()\A X1 )\B)(CL'l,.’)SQ)
= max{Aa(z1), A\p(z2)}
< max{max{Aa(a1),Aa(b1)}, max{Ag(a2), Ag(b2)}}
= max{max{A4(a1), Ap(a2)}, max{Aa(b1), A\5(b2)}}
= max{()\A X1 )\B)(al,ag), ()\A X1 )\B)(bl,bg)}.
HenceA x B is an intuitionistic fuzzy left h-ideal o2 x R.
|
Definition 5.6: Let X be a non-empty set and Az, A4)

),
);

fuzzy left h-ideal of R x R.

Proof: Let A=(ua,Xa) be an intuitionistic fuzzy left
h-ideal of thel’-hemiring R. Then from the previous theorem
S4 = A x Ais an intuitionistic fuzzy left h-ideal oR x R.
Conversely, suppos€, be an intuitionistic fuzzy left h-ideal
of R x R.

Let z1,x9,y1,y2 € R andy € T'. Then

min{pa(zy +y1), pa(re +y2)}

= (A X pa)(®1 +y1, 22 + y2)

= (pa x pa)((@1,22) + (y1,92))

> min{(pa X pa)(z1,22), (a X pa)(y, y2)}

= min{min{sa(e1), pa(@2) b, minpa(yr), pa(yz)}}

Let z,y be arbitrarily chosen fronk. Now putting z; =
x,29 = 0,91 = y,y2 = 0 and noting thafu(0) > pa(r) for
all r € R we getua(z +y) > minf{sa(e), pa(y)}

Again,

max{Aa(z1 +y1), Aa(r2 +y2)}

= (A4 X1 A4)(z1 + y1,22 + Y2)

= (Aa x1 Aa)((z1,22) + (y1,92))

< max{(Aa X1 Aa)(21,22), (Aa X1 Aa)(y1,92)}

= max{max{Aa(z1), \a(2) }, max{Aa(y1), Aa(y2)}}

Let z,y be arbitrarily chosen fronk. Puttingz; = z, 22 =
0,41 = y,y2 = 0 and noting that 4 (0) < A4 (r) forallr € R
we getiy(z +y) < max{ia(z), \a(y)}.

Now,

min{za(z17y1), pa(@2yy2)}

= (pa x pa)((@1, 22)7(y1,y2))
> (pa x pa)(yi,y2)

= min{pa(y1), pa(yz)}

Let z,y be arbitrarily chosen from R. Putting
1 €T, Lo 0,11 Y, Y2 0 and noting that
1a(0) = pa(r) for all r € R we getpa(zyy) > pa(y).
Again
max{Aa(z17y1), Aa(z2vy2)}
= (Aa x1 Aa)((z1,22)7(y1,92))
< (Aa x1 Aa)(y1,v2)
= max{A4(y1), Aa(y2)}

Let

xz,y be arbitrarily chosen from R. Putting
1 Z, Ty 0,41 Y, Yo 0 and noting that
Aa(0) < Aa(r) for all r € R we getha(zyy) < Aa(y).

Let 1317(11,171,2:1,%2,0,2,1)2,22 S R be such that
T1+ay +21 = by +2,andxy +as + 29 = by + 29
, then (.731,.’132) + (al,ag) + (21,22) = (bhbg) + (21,22) and
hence

min{pa(z1), pa(zz)}

= (pa X pa)(z1,v2)

= min{(pa x pa)(ar, az), (pa x pa)(by, b2)}

= min{min{sa(ar), pa(az)}y, min{pea(by), pa(b2)})

be an intuitionistic fuzzy subset of X. Then the strongest Let = be arbitrarily chosen fronR. Puttingz; = z,z5 =
intuitionistic fuzzy relation on X determined by A is defined),a; = a,as = 0,by = b,by = 0,21 = 2,22 = 0 and

as the cartesian product of A with itself and denotedShy

noting that u4(0) > pa(r) for all » € R , we obtain
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for all those z,a,b,z
pa(z) = min{pa(a), pa(b)
Also,

max{Aa(x1), Aa(x2)}

= ()\A X1 )\A)(.Tl,ﬂig)

< max{(Aa x1 Aa)(a1,az2), (Aa X Aa)(b1,b2)}

= max{max{A4(a1), Aa(az)}, max{As(b1), Aa(b2)}}

Let = be arbitrarily chosen fronR. Puttingz; = z,25 =
0,&1 = a,az = 0,b1 = b,bQ = O,Zl = Z,Zp = 0
and noting thath4(0) < A4(r) for all r € R, we obtain
for all those z,a,b,z € R with z +a 4+ 2 = b+ 2,
Aa(z) < max{Aa(a), a(d)}.

HenceA = (ua, A4) is an intuitionistic fuzzy left h-ideal of
R. |
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