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A Study on Intuitionistic Fuzzy h-ideal in
Γ-Hemirings
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Abstract—The notions of intuitionistic fuzzy h-ideal and normal
intuitionistic fuzzy h-ideal inΓ-hemiring are introduced and some
of the basic properties of these ideals are investigated. Cartesian
product of intuitionistic fuzzy h-ideals is also defined. Finally a
characterization of intuitionistic fuzzy h-ideals in terms of fuzzy
relations is obtained.
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I. I NTRODUCTION

THE concept of fuzzy set was introduced by Zadeh[14].
Jun and Lee[9] applied the concept of fuzzy sets to

the theory ofΓ-rings. The notion ofΓ-semiring was intro-
duced by Rao[12] as a generalization ofΓ-ring as well as
of semiring. Ideals of semirings (hemirings) play a central
role in the structure theory and are important in many other
purposes. However they do not in general coincide with the
usual ring ideals. So, many results of rings apparently have
no analogues in hemirings using only ideals. To solve this
problem, Henriksen[7] defined a more restricted class of ideals
in semirings, named k-ideals. Another more restricted, butvery
important class of ideals, called as h-ideals, has been defined
and investigated by Izuka[8] and La Torre[11]. These concepts
are extended toΓ-semiring by Rao[12], Dutta and Sardar[5].
The basic concepts of fuzzification of h-ideals in hemirings
andΓ-hemiring were discussed in [10] and [13], respectively.
In ([2],[3]), Dudek discussed about the intuitionistic fuzzy h-
ideals and their properties in hemirings.
As a continuation of this, we introduce here the intuitionistic
fuzzy h-ideals inΓ-hemirings and investigate some of their
properties. In section II, we recall some definitions. We
investigate some basic properties of intuitionistic fuzzyh-
ideals such as characteristic and level subset criterion, their
behavior under intersection, fuzzy translation etc. in section
3. Then we study and characterize normal intuitionistic fuzzy
h-ideal and cartesian product of intuitionistic fuzzy h-ideals in
section 4 and 5 respectively.

II. PRELIMINARIES

As an important generalization of the notion of fuzzy sets,
Atanassov[1] introduced the concept of an Intuitionistic fuzzy
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set defined on a non-empty set R, denoted by IFS(R). An
IFS(R) is an object having the form

A = (µA, λA) = {x, µA(x), λA(x) : x ∈ R}

where the fuzzy setsµA and λA denote the degree
of membership(namelyµA(x)) and the degree of non-
membership(namelyλA(x)) of each elementx ∈ R to the
set A respectively, and0 ≤ µA(x)+λA(x) ≤ 1 for all x ∈ R.
According to [1], for every two intuitionistic fuzzy sets
A = (µA, λA) and B = (µB , λB) in R,we defineA ⊆ B

if and only if µA(x) ≤ µB(x) and λA(x) ≥ λB(x) for all
x ∈ R. ObviouslyA = B means thatA ⊆ B andB ⊆ A.

Definition 2.1: [6] A hemiring(respectively semiring) is a
nonempty setR on which operations addition and multipli-
cation have been defined such that (R,+) is a commutative
monoid with identity 0R, (R,.) is a semigroup(respectively
monoid with identity1R), multiplication distributes over ad-
dition from either side,1R 6= 0 and0R.r = 0 = r.0R for all
r ∈ R.

Definition 2.2: Let R andΓ be two additive commutative
semigroups with zero. ThenR is called aΓ-hemiring if there
exists a mappingR×Γ×R → R((a, α, b) → aαb) satisfying
the follwing conditions:
(i) (a+ b)αc = aαc+ bαc

(ii) aα(b+ c) = aαb+ aαc

(iii) a(α+ β)b = aαb+ aβb

(iv) aα(bβc) = (aαb)βc
(v) 0Sαa = 0S = aα0S
(vi) a0Γb = 0S = b0Γa for all a, b, c ∈ R and for allα, β ∈

Γ.
Definition 2.3: A left ideal A of a Γ-hemiringS is called

a left h-ideal if for anyx, z ∈ S anda, b ∈ A, x + a + z =
b+ z ⇒ x ∈ A.
A right h-ideal is defined analogously.

Definition 2.4: Let µ be a nonempty fuzzy subset of aΓ-
hemiringR(i.e. µ(x) 6= 0 for somex ∈ R). Thenµ is called
a fuzzy left h-ideal(fuzzy right h-ideal) ofR if
(i) µ(x+ y) ≥ min{µ(x), µ(y)} and
(ii) µ(xγy) ≥ µ(y)(respectivelyµ(xγy) ≥ µ(x)) for all

x, y ∈R, γ ∈ Γ.
(iii) For all x, a, b, z ∈ S, x+ a+ z = b+ z implies µ(x) ≥

min{µ(a), µ(b)}

In a similar manner we can define fuzzy right ideal of aΓ
hemiringR.
In the coming sections we will give definitions and results
for intuitionistic fuzzy left h-ideals. Since the proofs ofthose
results for intuitionistic fuzzy right h-ideals follow similarly,
we have omitted those.
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III. I NTUITIONISTIC FUZZY LEFT h-IDEALS

Definition 3.1: An intuitionistic fuzzy subset A =
(µA, λA) in a Γ-hemiringR is called an intuitionistic fuzzy
left h-ideal if
(1) µA(x+ y) ≥ min{µA(x), µA(y)} for all x, y ∈ R.
(2) λA(x+ y) ≤ max{λA(x), λA(y)} for all x, y ∈ R.
(3) µA(xγy) ≥ µA(y) for all x, y ∈ R and for allγ ∈ Γ.
(4) λA(xγy) ≤ λA(y) for all x, y ∈ R and for allγ ∈ Γ.
(5) x+a+z = b+z ⇒ µA(x) ≥ min{µA(a), µA(b)} where

x, a, b, z ∈ R.
(6) x+a+z = b+z ⇒ λA(x) ≤ max{λA(a), λA(b)} where

x, a, b, z ∈ R.
An intuitionistic fuzzy subset(µA, λA) satisfying the first

four conditions is called an intuitionistic fuzzy left ideal in the
Γ-hemiringR.

Clearly,µA(0) ≥ µA(x) andλA(0) ≤ λA(x) for all x ∈ R.
Example3.2: Let us considerR = N,Γ = N with usual

addition(+) and multiplication (.) defined on natural numbers.
Then (R,+,.) is aΓ-hemiring.
ConsiderA = (µA, λA) where

µA(x) =

 1 for x = 0
0.8 for x ∈ pN ∼ {0}

0.6 for x 6∈ pN andx 6= 0

λA(x) =

 0 for x = 0
0.2 for x ∈ pN ∼ {0}

0.4 for x 6∈ pN andx 6= 0

wherep is a prime number.Then it is easy to check that A is
an Intuitionistic fuzzy left h-ideal ofR.

Theorem3.3: An intuitionistic fuzzy subset A =
(µA, λA) of a Γ-hemiringR is an intuitionistic fuzzy left h-
ideal of R if and only if any level subset
R

(α,β)

A = {x ∈ R : µA(x) ≥ α andλA(x) ≤ β;α, β ∈ [0, 1]
such thatα+ β ≤ 1}

is a left h-ideal ofR provided it is nonempty.
Proof: Let A = (µA, λA) be an intuitionistic fuzzy left

h-ideal ofR and letR(α,β)

A 6= φ, whereα, β ∈ [0, 1] such that
α+ β ≤ 1.
Let x, y ∈ R

(α,β)

A . ThenµA(x+ y) ≥ min{µA(x), µA(y)} ≥

α and λA(x + y) ≤ max{λA(x), λA(y)} ≤ β. So, x + y ∈

R
(α,β)

A .
Now let x ∈ R

(α,β)

A , y ∈ R andγ ∈ Γ.
Then µA(yγx) ≥ µA(x) ≥ α and λA(yγx) ≤ λA(x) ≤ β.
which impliesyγx ∈ R

(α,β)

A .
HenceR(α,β)

A is a left ideal.
Again letx, z ∈ R anda, b ∈ R

(α,β)

A be such thatx+a+z =
b+ z.
Then µA(x) ≥ min{µA(a), µA(b)} ≥ α and λA(x) ≤

max{λA(a), λA(b)} ≤ β. Hence x ∈ R
(α,β)

A . Therefore
R

(α,β)

A is a left h-ideal ofR.
Conversely, letR(α,β)

A be a left h-ideal ofR , for any
α, β ∈ [0, 1] with α+ β ≤ 1.
Let x, y ∈ R be such thatµA(x) = α1, µA(y) = α2 and
λA(x) = β1, λA(y) = β2. Thenα1 + β1 ≤ 1, α2 + β2 ≤ 1.

So, x, y ∈ R
(α̃,β̃)

A , a left h-ideal, whereα̃ = α1 ∧ α2,

β̃ = β1 ∨ β2 which impliesx+ y ∈ R
(α̃,β̃)

A i.e. µA(x+ y) ≥
α̃ = α1 ∧ α2 = min{µA(x), µA(y)} andλA(x + y) ≤ β̃ =
β1 ∨ β2 = max{λA(x), λA(y)}.
Again, letx, y ∈ R andγ ∈ Γ be arbitrary.
Let µA(y) = c1 andλA(y) = c2 with c1 + c2 ≤ 1

Then y ∈ R
(c1,c2)

A which implies xγy ∈ R
(c1,c2)

A i.e.
µA(xγy) ≥ c1 = µA(y) andλA(xγy) ≤ c2 = λA(y).
ThereforeA is an intuitionistic fuzzy left ideal.
Again, supposeA = (µA, λA) is not an intuitionistic fuzzy
left h-ideal.
So ∃ x0, z0, a0, b0 ∈ R such thatx0 + a0 + z0 = b0 + z0 and
µA(x0) < min{µA(a0), µA(b0)}
Taking α0 = 1

2
{µA(x0) + min{µA(a0), µA(b0)}}, we have

µA(x0) < α0 < min{µA(a0), µA(b0)}.
Clearly µA(a0), µA(b0) ≥ α0.
As µA(a0) + λA(a0) ≤ 1, thenλA(a0) ≤ 1− µA(a0).
So λA(a0) ≤ 1− α0 and similarlyλA(b0) ≤ 1− α0.
ConsiderR(α0,1−α0)

A , which is clearly nonempty, is a left
h-ideal of R anda0, b0 ∈ R

(α0,1−α0)

A . Therefore x0 ∈

R
(α0,1−α0)

A . So,µA(x0) ≥ α0, which is a contradiction.
Theorem3.4: Let A be a non-empty subset of aΓ-

hemiring R. Then an intuitionistic fuzzy subset (µA, λA)
defined by

µA(x) =

{
α2 for x ∈ A

α1 for x 6∈ A

λA(x) =

{
β2 for x ∈ A

β1 for x 6∈ A

where0 ≤ α1 < α2 ≤ 1 , 0 ≤ β2 < β1 ≤ 1 andαi + βi ≤ 1
for each i=1,2 is an intuitionistic fuzzy left h-ideal if andonly
if A is a left h-ideal ofR.

Proof: Let A be a left h-ideal ofR. Let x, y ∈ R. If
x, y ∈A, thenx+ y, xγy∈A for all γ ∈ Γ. ThenµA(x+ y) ≥
min{µA(x), µA(y)} , λA(x + y) ≤ max{λA(x), λA(y)} ,
µA(xγy) ≥ µA(y) and λA(xγy) ≤ λA(y). If either x

or y 6∈ A, then alsoµA(x + y) ≥ min{µA(x), µA(y)} ,
λA(x + y) ≤ max{λA(x), λA(y)} , µA(xγy) ≥ µA(y) and
λA(xγy) ≤ λA(y).
Let x, z, a, b ∈ R be such thatx + a + z = b + z,then
if a, b ∈A, we obtain µA(a) = µA(b) = α2, λA(a) =
λA(b) = β2 and henceµA(x) ≥ min{µA(a), µA(b)} ,
λA(x) ≤ max{λA(a), λA(b)}. If either a or b 6∈ A then
min{µA(a), µA(b)} ≤ α1 ≤ µA(x) , max{λA(a), λA(b)} ≥

β2 ≥ λA(x). Hence(µA, λA) is an intuitionistic fuzzy left
h-ideal ofR.
Conversely, let(µA, λA) is an intuitionistic fuzzy left h-ideal
of R. ThenR(α1,β1)

(µA,λA)
= A. So, by previous theorem[cf.Th.3.2]

A must be a left h-ideal ofR.
Corollary 3.5: Let A be a non-empty subset of aΓ-

hemiringR. Then A is a left h-ideal of A if and only if the
intuitionistic fuzzy subset(µA, λA) defined by

µA(x) =

{
1 for x ∈ A

0 for x 6∈ A

λA(x) =

{
0 for x ∈ A

1 for x 6∈ A
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is an intuitionistic fuzzy left h-ideal ofR.
Definition 3.6: Let A = (µA, λA) and B = (µB , λB)

be two intuitionistic fuzzy subsets of aΓ-hemiringR. Then
A
⋂

B = {x,min{µA(x), µB(x)},max{λA(x), λB(x)} :
x ∈ R}.

Proposition3.7: Intersection of a non-empty collection of
intuitionistic fuzzy left h-ideals of aΓ-hemiring R is also an
intuitionistic fuzzy left h-ideal of R.

Definition 3.8: [4] Let R,S beΓ-hemirings andf : R →

S be a function. Thenf is said to be aΓ-homomorphism if
(i) f(a+ b) = f(a) + f(b)

(ii) f(aαb) = f(a)αf(b) for a, b ∈R andα ∈ Γ.
(iii) f(0R) = 0S where0R and 0S are the zeroes ofR and

S respectively.
Proposition3.9: Let f : R → S be a homomorphism of

Γ-hemirings. IfA = (σA, ηA) is an intuitionistic fuzzy left
h-ideal ofS, thenf−1(A) defined as

f−1(A) = (f−1(σA), f
−1(ηA))

where

(f−1(σA))(x) = σA(f(x)) and (f−1(ηA))(x) = ηA(f(x))

for all x in S, is an intuitionistic fuzzy left h-ideal ofR,
Definition 3.10: Let A = (µA, λA) be an intuitionistic

fuzzy subset of X. Letα ∈ [0, inf{λA(x) : x ∈ X}],
β ∈ [0, 1− sup{µA(x) : x ∈ X}].
ThenAT

β,α = ((µA)
T
β , (λA)

T
α) is called an intuitionistic fuzzy

translation of A if
(µA)

T
β (x) = µA(x)+β, (λA)

T
α(x) = λA(x)−α for all x ∈ X.

Definition 3.11: Let A = (µA, λA) be an intuitionistic
fuzzy subset of X. Letγ ∈ [0, 1].
ThenAM

γ = ((µA)
M
γ , (λA)

M
γ ) is called an intuitionistic fuzzy

multiplication of A if
(µA)

M
γ (x) = γ.µA(x), (λA)

M
γ (x) = γ.λA(x) for all x ∈ X.

Definition 3.12: Let A = (µA, λA) be an intuitionistic
fuzzy subset of X. Letα ∈ [0, inf{γ.λA(x) : x ∈ X}],
β ∈ [0, 1− sup{γ.µA(x) : x ∈ X}] whereγ ∈ [0, 1].
ThenAMT

(β,α),γ
= ((µA)

MT
β,γ , (λA)

MT
α,γ ) is called an intuitionistic

fuzzy magnified translation of A if(µA)
MT
β,γ (x) = γ.µA(x) +

β, (λA)
MT
α,γ (x) = γ.λA(x)− α for all x ∈ X.

Theorem3.13: Let A = (µA, λA) be an intuitionistic
fuzzy subset of aΓ-hemiringR. A is an intuitionistic fuzzy left
h-ideal of R if and only ifAMT

(β,α),γ
is an intuitionistic fuzzy left

h-ideal ofR,whereγ ∈ [0, 1], α ∈ [0, inf{γ.λA(x) : x ∈ X}],
β ∈ [0, 1− sup{γ.µA(x) : x ∈ X}].

Proof: SupposeA is an intuitionistic fuzzy left h-ideal of
R. Then for anyx, y ∈ R andη ∈ Γ,

(µA)
MT
β,γ (x+ y) = γ.µA(x+ y) + β

≥ γ.min{µA(x), µA(y)}+ β

= min{(γ.µA(x) + β), (γ.µA(y) + β)}

= min{(µA)
MT
β,γ (x), (µA)

MT
β,γ (y)},

and

(µA)
MT
β,γ (xηy) = γ.µA(xηy) + β

≥ γ.µA(y) + β

= (µA)
MT
β,γ (y)

Similarly,

(λA)
MT
α,γ (x+ y) = γ.λA(x+ y)− α

≤ γ.max{λA(x), λA(y)} − α

= max{(γ.λA(x)− α), (γ.λA(y)− α)}

= max{(λA)
MT
α,γ (x), (λA)

MT
α,γ (y)}

and

(λA)
MT
α,γ (xηy) = γ.λA(xηy)− α

≤ γ.λA(y)− α

= (λA)
MT
α,γ (y)

Let x, a, b, z ∈R be such thatx+ a+ z = b+ z. Then

(µA)
MT
β,γ (x) = γ.µA(x) + β

≥ γ.min{µA(a), µA(b)}+ β

= min{(γ.µA(a) + β), (γ.µA(b) + β)}

= min{(µA)
MT
β,γ (a), (µA)

MT
β,γ (b)}

and

(λA)
MT
α,γ (x) = γ.λA(x)− α

≤ γ.max{λA(a), λA(b)} − α

= max{(γ.λA(a)− α), (γ.λA(b)− α)}

= max{(λA)
MT
α,γ (a), (λA)

MT
α,γ (b)}

HenceAMT
(β,α),γ

is an intuitionistic fuzzy left h-ideal ofR.
Conversely, letAMT

(β,α),γ
be an intuitionistic fuzzy left h-ideal

of R.
Then, for anyx, y ∈R and anyη ∈ Γ ,
(µA)

MT
β,γ (x+ y) ≥ min{(µA)

MT
β,γ (x), (µA)

MT
β,γ (y)}

⇒ γ.µA(x+ y) + β ≥ min{(γ.µA(x) + β), (γ.µA(y) + β)}
= γ.min{µA(x), µA(y)}+ β

⇒ µA(x+ y) ≥ min{µA(x), µA(y)}

(µA)
MT
β,γ (xηy) ≥ (µA)

MT
β,γ (y)

⇒ γ.µA(xηy) + β ≥ γ.µA(y) + β

⇒ µA(xηy) ≥ µA(y)

(λA)
MT
α,γ (x+ y) ≤ max{(λA)

MT
α,γ (x), (λA)

MT
α,γ (y)}

⇒ γ.λA(x+ y)− α ≤ max{(γ.λA(x)− α), (γ.λA(y)− α)}
= γ.max{λA(x), λA(y)} − α

⇒ λA(x+ y) ≤ max{λA(x), λA(y)}

(λA)
MT
α,γ (xηy) ≤ (λA)

MT
α,γ (y)

⇒ γ.λA(xηy)− α ≤ γ.λA(y)− α

⇒ λA(xηy) ≤ λA(y)

Let x, a, b, z ∈R such thatx+ a+ z = b+ z.
Then,(µA)

MT
β,γ (x) ≥ min{(µA)

MT
β,γ (a), (µA)

MT
β,γ (b)}

⇒ γ.µA(x) + β ≥ min{(γ.µA(a) + β), (γ.µA(b) + β)}
= γ.min{µA(a), µA(b)}+ β

⇒ µA(x) ≥ min{µA(a), µA(b)}

(λA)
MT
α,γ (x) ≤ max{(µA)

MT
α,γ (a), (λA)

MT
α,γ (b)}

⇒ γ.λA(x)− α ≤ max{(γ.λA(a)− α), (γ.λA(b)− α)}
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= γ.max{λA(a), λA(b)} − α

⇒ λA(x) ≤ max{λA(a), λA(b)}
Then A is an intuitionistic fuzzy left h-ideal ofR.

Corollary 3.14: Let A = (µA, λA) be an intuitionistic
fuzzy subset of aΓ-hemiring R and γ ∈ [0, 1], β ∈ [0, 1 −

sup{γ.µA(x) : x ∈ X}], α ∈ [0, inf{γ.λA(x) : x ∈ X}].
Then the following statements are equivalent:
(i) A is an intuitionistic fuzzy left h-ideal ofR.

(ii) AT
β,α,the intuitionistic fuzzy translation of A, is an intu-

itionistic fuzzy left h-ideal ofR.
(iii) AM

γ ,the intuitionistic fuzzy multiplication of A, is an
intuitionistic fuzzy left h-ideal ofR.

IV. N ORMAL INTUITIONISTIC FUZZY LEFT h-IDEALS

Definition 4.1: An intuitionistic fuzzy left h-ideal
A=(µA, λA) of a Γ hemiring R is said to be normal if
A(0)=(1,0); i.e.,µA(0) = 1, λA(0) = 0.

Example4.2: The intuitionistic fuzzy left h-idealA =
(µA, λA) of Γ-hemiring (R,+,.), defined in theExample 1., is
a normal intuitionistic fuzzy left h-ideal ofR.

Theorem4.3: Given an intuitionistic fuzzy left h-ideal
A=(µA, λA) of a Γ-hemringR. Let µ+

A(x) = µA(x) + 1 −

µA(0) and λ+

A(x) = λA(x) − λA(0) , for all x ∈ R.
ThenA+ = (µ+

A, λ
+

A) is a normal intuitionistic fuzzy left h-
ideal,containing A=(µA, λA), of R.

Proof: For anyx, y ∈ R andγ ∈ Γ,

µ+

A(x+ y) = µA(x+ y) + 1− µA(0)

≥ min{µA(x), µA(y)}+ 1− µA(0)

= min{µA(x) + 1− µA(0), µA(y) + 1− µA(0)}

= min{µ+

A(x), µ
+

A(y)},

µ+

A(xγy) = µA(xγy) + 1− µA(0) ≥ µA(y) + 1− µA(0)

= µ+

A(y),

and

λ+

A(x+ y) = λA(x+ y)− λA(0)

≤ max{λA(x), λA(y)} − λA(0)

= max{λA(x)− λA(0), λA(y)− λA(0)}

= max{λ+

A(x), λ
+

A(y)},

λ+

A(xγy) = λA(xγy)− λA(0)

≤ λA(y)− λA(0)

= λ+

A(y).

SoA+ is an intuitionistic fuzzy left ideal ofR.
Let x, a, b, z ∈ R such thatx+ a+ z = b+ z.
Then

µ+

A(x) = µA(x) + 1− µA(0)

≥ min{µA(a), µA(b)}+ 1− µA(0)

= min{µA(a) + 1− µA(0), µA(b) + 1− µA(0)}

= min{µ+

A(a), µ
+

A(b)}

and

λ+

A(x) = λA(x)− λA(0)

≤ max{λA(a), λA(b)} − λA(0)

= max{λA(a)− λA(0), λA(b)− λA(0)}

= max{λ+

A(a), λ
+

A(b)}.

HenceA+ is an intuitionistic fuzzy left h-ideal ofR.
Again we have,µ+

A(0) = µA(0)+1−µA(0) = 1 andλ+

A(0) =
λA(0)− λA(0) = 0. HenceA+ is a normal intuitionistic left
fuzzy h-ideal ofR and by definitionA ⊆ A+.

Corollary 4.4: Let A andA+ be as in the very previous
Proposition. Then

(i) for any x ∈ R , A+(x) = (0, 1) ⇒ A(x) = (0, 1) , and
(ii) A is a normal intuitionistic fuzzy left h-ideal ofR if and

only if A+ = A

Remark4.5: If A = (µA, λA) is an intuitionistic fuzzy left
h-ideal ofR, then(A+)+=A+. In particular , ifA is normal,
then (A+)+ = A+ = A.

Theorem4.6: Let A = (µA, λA) be an intuitionistic
fuzzy left h-ideal of aΓ-hemiringR and letf : [0, 1] → [0, 1]
be an increasing function. Then an intuitionistic fuzzy subset
Af = ((µA)f , (λA)f ) where (µA)f (x) = f(µA(x)) and
(λA)f (x) = f(λA(x)) for all x in R is an intuitionistic
fuzzy left h-ideal of R. Moreover, if f(µA(0)) = 1 and
f(λA(0)) = 0 , thenAf is normal.

Proof:
Let x, y ∈ R andγ ∈ R.

(µA)f (x+ y) = f(µA(x+ y))

≥ f(min{µA(x), µA(y)})

= min{f(µA(x)), f(µA(y))}

= min{(µA)f (x), (µA)f (y)},

(µA)f (xγy) = f(µA(xγy)) ≥ f(µA(y)) = (µA)f (y)
and

(λA)f (x+ y) = f(λA(x+ y))

≤ f(max{λA(x), λA(y)})

= max{f(λA(x)), f(λA(y))}

= max{(λA)f (x), (λA)f (y)},

(λA)f (xγy) = f(λA(xγy)) ≤ f(λA(y)) = (λA)f (y).
HenceAf is an intuitionistic fuzzy left ideal.
Let x, a, b, z ∈ R such thatx+ a+ z = b+ z.
Then

(µA)f (x) = f(µA)(x) ≥ f(min{µA(a), µA(b)})

= min{f(µA(a)), f(µA(b))}

= min{(µA)f (a), (µA)f (b)}

and

(λA)f (x) = f(λA)(x) ≤ f(max{λA(a), λA(b)})

= max{f(λA(a)), f(λA(b))}

= max{(λA)f (a), (λA)f (b)}.
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Hence Af is an intuitionistic fuzzy left h-ideal ofΓ-
hemiringR.
If f(µA(0)) = 1 , f(λA(0)) = 0 then, (µA)f (0) = 1 and
(λA)f (0) = 0 and henceAf = ((µA)f , (λA)f ) is a normal
intuitionistic fuzzy left h-ideal ofΓ-hemiringR.

Theorem4.7: Let NI(R) denotes the collection of all
normal intuitionistic fuzzy left h-ideals ofR. Let A =
(µA, λA) ∈ NI(R) be nonconstant such that it is a maxi-
mal element of(NI(R),⊆). Then it takes only two values
(1,0),(0,1).

Proof: SinceA is normal intuitionistic fuzzy left h-ideal,
so A(0)=(1,0). Letx0( 6= 0) ∈ R be arbitrary withµA(x0) 6=
1. We claim thatµA(x0) = 0. If not then there exists an
elementc ∈ R such that0 < µA(c) < 1. Let Ac = (σA, ηA)
be an intuitionistic fuzzy subset ofR defined by :σA(x) =
1

2
[µA(x) + µA(c)] , ηA(x) = 1

2
[λA(x) + λA(c)]. Clearly Ac

is well-defined.
Now, σA(0) = 1

2
[µA(0) + µA(c)] ≥ 1

2
[µA(x) + µA(c)] =

σA(x),
ηA(0) = 1

2
[λA(0) + λA(c)] ≤

1

2
[λA(x), λA(c)] = ηA(x) for

any x inR.
Again, for anyx, y ∈ R and for allγ ∈ R,

σA(x+ y) =
1

2
[µA(x+ y), µA(c)]

≥
1

2
[min{µA(x), µA(y)}+ µA(c)]

= min{
1

2
(µA(x) + µA(c)),

1

2
(µA(y) + µA(c))}

= min{σA(x), σA(y)},

σA(xγy) =
1

2
[µA(xγy) + µA(c)]

≥
1

2
[µA(y) + µA(c)] = σA(y),

ηA(x+ y) =
1

2
[λ(x+ y), λA(c)]

≤
1

2
[max{λA(x), λA(y)}+ λA(c)]

= max{
1

2
(λA(x) + λA(c)),

1

2
(λA(y) + λA(c))}

= max{ηA(x), ηA(y)}

and

ηA(xγy) =
1

2
[λA(xγy) + λA(c)]

≤
1

2
[λA(y) + λA(c)]

= ηA(y).

HenceAc is an intuitionistic fuzzy left ideal ofR.
Let x, a, b, z ∈ R such thatx+ a+ z = b+ z.

Then

σA(x) =
1

2
[µA(x) + µA(c)]

≥
1

2
[min{µA(a), µA(b)}+ µA(c)]

= min{
1

2
(µA(a) + µA(c)),

1

2
(µA(b) + µA(c))}

= min{σA(a), σA(b)}

and

ηA(x) =
1

2
[λA(x) + λA(c)]

≤
1

2
[max{λA(a), λA(b)}+ λA(c)]

= max{
1

2
(λA(a) + λA(c)),

1

2
(λA(b) + λA(c))}

= max{ηA(a), ηA(b)}.

SoAc is an intuitionistic fuzzy left h-ideal ofR.
Define A+

c = (σ+

A , η
+

A). Then by Proposition 4.2A+
c is a

normal intuitionistic fuzzy h-ideal ofR, where

σ+

A(x) = σA(x) + 1− σA(0)

=
1

2
[µA(x) + µA(c)] + 1−

1

2
[µA(0) + µA(c)]

=
1

2
[1 + µA(x)]

and

η+A(x) = ηA(x)− ηA(0)

=
1

2
[λA(x) + λA(c)]−

1

2
[λA(0) + λA(c)]

=
1

2
λA(x).

Hence A⊆ A+
c .

Again sinceσ+

A(c) = 1

2
[1 + µA(c)] < σ+

A(0) = 1 , A+
c is

non-constant.
Also A is a proper subset ofA+

c asσ+

A(x) =
1

2
[1+µA(x)] >

µA(x) and η+A(x) = 1

2
λA(x) ≤ λA(x) for any x with

µA(x) 6= 1 in R. This violates the maximality of A in NI(R)
and so we get a contradiction. This completes the proof.

V. CARTESIAN PRODUCT OF INTUITIONISTIC FUZZY LEFT

h-IDEALS

Definition 5.1: Let {Ri}i∈I be a family ofΓ-hemirings.
Now if we define addition(+) and multiplication(.) on the
cartesian productΠ

i∈I
Ri as follows:

(xi)i∈I + (yi)i∈I = (xi + yi)i∈I and
(xi)i∈Iα(yi)i∈I = (xiαyi)i∈I for all (xi)i∈I , (yi)i∈I ∈ Π

i∈I
Ri

and for allα ∈ Γ.
Then Π

i∈I
Ri becomes aΓ-hemiring.

Definition 5.2: An intuitionistic fuzzy relation on any
nonempty set X is an intuitionistic fuzzy set(µA, λA), where

µA : X ×X → [0, 1] andλA : X ×X → [0, 1].
Definition 5.3: Let A=(µA, λA) be an intuitionistic fuzzy

relation on a setX and B = (σB , ηB) be an intuitionistic
fuzzy subset ofX. Then A is said to be an intuitionistic
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fuzzy relation on B ifµA(x, y) ≤ min{σB(x), σB(y)} and
λA(x, y) ≥ max{ηB(x), ηB(y)} for all x, y in X.

Definition 5.4: Let A = (µA, λA) andB = (µB , λB) be
two intuitionistic fuzzy subsets ofR. Then cartesian product
of A andB is defined as:
A×B = {(x, y), µA × µB , λA ×1 λB : x, y ∈ R},

where (µA × µB)(x, y) = min{µA(x), µB(y)} and (λA ×1

λB)(x, y) = max{λA(x), λB(y)}.
Theorem5.5: If A,B are intuitionistic Fuzzy left h-ideals

of R then so isA×B in R×R.

Proof: Let (x1, x2), (y1, y2) ∈ R×R andγ ∈ Γ.
Then (A×B)((x1, x2) + (y1, y2))
= (A×B)((x1 + y1), (x2 + y2))
= (µA × µB , λA ×1 λB)((x1 + y1), (x2 + y2)). Now
(µA × µB)((x1 + y1), (x2 + y2))
= min{µA(x1 + y1), µB(x2 + y2)}
≥ min{min{µA(x1), µA(y1)},min{µB(x2), µB(y2)}}
= min{min{µA(x1), µB(x2)},min{µA(y1), µB(y2)}}
= min{(µA × µB)(x1, x2), (µA × µB)(y1, y2)}
(λA ×1 λB)((x1 + y1), (x2 + y2))
= max{λA(x1 + y1), λB(x2 + y2)}
≤ max{max{λA(x1), λA(y1)},max{λB(x2), λB(y2)}}
= max{max{λA(x1), λB(x2)},max{λA(y1), λB(y2)}}
= max{(λA ×1 λB)(x1, x2), (λA ×1 λB)(y1, y2)}
(µA × µB)((x1, x2)γ(y1, y2))
= (µA × µB)(x1γy1, (x2γy2))
= min{µA(x1γy1), µB(x2γy2)}
≥ min{µA(y1), µB(y2)}
= (µA × µB)(y1, y2)
and
(λA ×1 λB)((x1, x2)γ(y1, y2))
= (λA ×1 λB)(x1γy1, x2γy2)
= max{λA(x1γy1), λB(x2γy2)}
≤ max{λA(y1), λB(y2)}
= (λA ×1 λB)(y1, y2).
HenceA×B is an intuitionistic fuzzy left ideal.
Let (x1, x2), (a1, a2), (b1, b2), (z1, z2) ∈ R × R be such that
(x1, x2) + (a1, a2) + (z1, z2) = (b1, b2) + (z1, z2). Thenx1 +
a1 + z1 = b1 + z1 andx2 + a2 + z2 = b2 + z2.
Now
(A×B)(x1, x2) = ((µA × µB)(x1, x2), (λA ×1 λB)(x1, x2))
So, (µA × µB)(x1, x2)
= min{µA(x1), µB(x2)}
≥ min{min{µA(a1), µA(b1)},min{µB(a2), µB(b2)}}
= min{min{µA(a1), µB(a2)},min{µA(b1), µB(b2)}}
= min{(µA × µB)(a1, a2), (µA × µB)(b1, b2)}.
and
(λA ×1 λB)(x1, x2)
= max{λA(x1), λB(x2)}
≤ max{max{λA(a1), λA(b1)},max{λB(a2), λB(b2)}}
= max{max{λA(a1), λB(a2)},max{λA(b1), λB(b2)}}
= max{(λA ×1 λB)(a1, a2), (λA ×1 λB)(b1, b2)}.
HenceA×B is an intuitionistic fuzzy left h-ideal ofR×R.

Definition 5.6: Let X be a non-empty set and A=(µA, λA)
be an intuitionistic fuzzy subset of X. Then the strongest
intuitionistic fuzzy relation on X determined by A is defined
as the cartesian product of A with itself and denoted bySA.

Theorem5.7: Let A=(µA, λA) be an intuitionistic fuzzy
subset of aΓ-hemiringR andSA be the strongest intuitionistic
fuzzy relation on R determined by A. Then A is an intuitionis-
tic fuzzy left h-ideal ofR if and only if SA is an intuitionistic
fuzzy left h-ideal ofR×R.

Proof: Let A=(µA, λA) be an intuitionistic fuzzy left
h-ideal of theΓ-hemiringR. Then from the previous theorem
SA = A×A is an intuitionistic fuzzy left h-ideal ofR×R.
Conversely, supposeSA be an intuitionistic fuzzy left h-ideal
of R×R.
Let x1, x2, y1, y2 ∈ R andγ ∈ Γ. Then
min{µA(x1 + y1), µA(x2 + y2)}
= (µA × µA)(x1 + y1, x2 + y2)
= (µA × µA)((x1, x2) + (y1, y2))
≥ min{(µA × µA)(x1, x2), (µA × µA)(y1, y2)}
= min{min{µA(x1), µA(x2)},min{µA(y1), µA(y2)}}

Let x, y be arbitrarily chosen fromR. Now putting x1 =
x, x2 = 0, y1 = y, y2 = 0 and noting thatµA(0) ≥ µA(r) for
all r ∈ R we getµA(x+ y) ≥ min{µA(x), µA(y)}
Again,
max{λA(x1 + y1), λA(x2 + y2)}
= (λA ×1 λA)(x1 + y1, x2 + y2)
= (λA ×1 λA)((x1, x2) + (y1, y2))
≤ max{(λA ×1 λA)(x1, x2), (λA ×1 λA)(y1, y2)}
= max{max{λA(x1), λA(x2)},max{λA(y1), λA(y2)}}

Let x, y be arbitrarily chosen fromR. Puttingx1 = x, x2 =
0, y1 = y, y2 = 0 and noting thatλA(0) ≤ λA(r) for all r ∈ R

we getλA(x+ y) ≤ max{λA(x), λA(y)}.
Now,
min{µA(x1γy1), µA(x2γy2)}
= (µA × µA)((x1, x2)γ(y1, y2))
≥ (µA × µA)(y1, y2)
= min{µA(y1), µA(y2)}

Let x, y be arbitrarily chosen from R. Putting
x1 = x, x2 = 0, y1 = y, y2 = 0 and noting that
µA(0) ≥ µA(r) for all r ∈ R we getµA(xγy) ≥ µA(y).
Again
max{λA(x1γy1), λA(x2γy2)}
= (λA ×1 λA)((x1, x2)γ(y1, y2))
≤ (λA ×1 λA)(y1, y2)
= max{λA(y1), λA(y2)}

Let x, y be arbitrarily chosen from R. Putting
x1 = x, x2 = 0, y1 = y, y2 = 0 and noting that
λA(0) ≤ λA(r) for all r ∈ R we getλA(xγy) ≤ λA(y).
Let x1, a1, b1, z1, x2, a2, b2, z2 ∈ R be such that
x1 + a1 + z1 = b1 + z1 , and x2 + a2 + z2 = b2 + z2
, then (x1, x2) + (a1, a2) + (z1, z2) = (b1, b2) + (z1, z2) and
hence
min{µA(x1), µA(x2)}
= (µA × µA)(x1, x2)
≥ min{(µA × µA)(a1, a2), (µA × µA)(b1, b2)}
= min{min{µA(a1), µA(a2)},min{µA(b1), µA(b2)}}

Let x be arbitrarily chosen fromR. Puttingx1 = x, x2 =
0, a1 = a, a2 = 0, b1 = b, b2 = 0, z1 = z, z2 = 0 and
noting that µA(0) ≥ µA(r) for all r ∈ R , we obtain
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for all those x, a, b, z ∈ R with x + a + z = b + z,
µA(x) ≥ min{µA(a), µA(b)}
Also,
max{λA(x1), λA(x2)}
= (λA ×1 λA)(x1, x2)
≤ max{(λA ×1 λA)(a1, a2), (λA × λA)(b1, b2)}
= max{max{λA(a1), λA(a2)},max{λA(b1), λA(b2)}}

Let x be arbitrarily chosen fromR. Puttingx1 = x, x2 =
0, a1 = a, a2 = 0, b1 = b, b2 = 0, z1 = z, z2 = 0
and noting thatλA(0) ≤ λA(r) for all r ∈ R, we obtain
for all those x, a, b, z ∈ R with x + a + z = b + z,
λA(x) ≤ max{λA(a), λA(b)}.
HenceA = (µA, λA) is an intuitionistic fuzzy left h-ideal of
R.
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