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A Study of Thermal Convection in Two Porous
Layers Governed by Brinkman's Model in
Upper Layer and Darcy's Model in Lower Layer
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Abstract—This work examines thermal convection in two porous
layers. Flow in the upper layer is governed by Brinkman’s equations
model and in the lower layer is governed by Darcy’s model.
Legendre polynomials are used to obtain numerical solution when the
lower layer is heated from below.
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[. INTRODUCTION

HERMAL instability theory has attracted considerable

interest and has been recognized as a problem of
fundamental importance in many fields of fluid dynamics. The
earliest experiments to demonstrate the onset of thermal
instability in fluids are those of Bernard’s [1, 2]. Benard
worked with very thin layers of an incompressible viscous
fluid standing on a levelled metallic plate maintained at a
constant temperature. The upper surface was usually free and,
being in contact with the air, was at a lower temperature. In
his experiments, Benard deduced that a certain critical adverse
temperature gradient must be exceeded before instability can
set in. The instability of a layer of fluid heated from below and
subjected to Coriolis forces has been studied by
Chandrasekhar [3, 4] for a stationary and overstability case.
He showed that the presence of these forces usually has the
effect of inhibiting the onset of thermal convection. Nield [5]
considered the onset of salt-finger convection in a porous layer
.Taunton et al. [6] considered the thermohaline instability and
salt-finger in a porous medium and solved the boundary value
problem. Sun [7] was the first to consider such a problem, and
he used a shooting method to solve the linear stability
equations. Sun [7] and Nield [8] used Darcy’s law in
formulating the equations of porous layer. In Darcy’s law of
motion in porous mediums, the Darcy resistance term took the
place of the Navier-stokes viscosity term, while in the
modified Darcy’s law (Brinkman model), suggested by
Brinkman [9], the Navier- stokes viscosity term still exists.
Chen & Chen [10] considered the multi-layer problem when
the above layer is heated and salted from above, and the
solution of the problem is obtained using a shooting method.
Lindsay & Ogden [11] worked in the implementation of
spectral methods resistant to the generation of spurious
eigenvalues. Lamb [12] used expansion of Chebyshev
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polynomials to investigate an eigenvalue problem arising from
a model discussing a finitely conducting inner core of the
earth on magnetically driven instability. Bukhari [13] studied
the effects of surface-tension in a layer of conducting fluid
with an imposed magnetic field and obtained results when the
free surface is deformable and non-deformable. He solved that
by using Chebyshev spectral method, and thus obtained some
different results from that of Chen & Chen [10]. Straughan
[14] studied the thermal convection in fluid layer overlying a
porous layer and considered the problem of lower layer heated
from below and surface tension driven on the free top
boundary of upper layer. In [15], he also dealt with the same
problem considering the ratio depth of the relative layer and
investigated the effect of the variation of relevant fluid and
porous material properties. Allehiany [16] studied Benard
convection in a horizontal porous layer permeated by a
conducting fluid in the presence of magnetic field and coriolis
forces. Al-Qurashi & Bukhari [17] studied the salt finger
convection in a horizontal porous layer superposed by a fluid
layer affected by rotation and vertical linear magnetic field on
both layers. The solution is obtained using Legendre
polynomials when the heat and the salt concentration affected
from above.

II. MATH
Let L, and L, be two horizontal porous layers such that the
top of the layer L, touches the bottom of the layer L,. The
plane interface between the two layers is x, =0, the upper
boundary of L,is x, =d,and the lower boundary of L, is
x, =—d,. We suppose that the two layers occupied by a

porous medium permeated by an incompressible thermally and
electrically conducting viscous fluid. The fluid flow in the
porous layer L, is governed by Darcy's law, whereas the fluid

flow in the porous layer L, is governed by Brinkman's law.

Gravity g acts in the negative direction of x, (Fig. 1).
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Fig. 1 Schematic representation of the physical configuration

Convection is driven by temperature dependence of the
fluid density and damped by viscosity. The Oberbeck-
Boussineq approximation is used as the density of fluid is
constant everywhere except in the body force term where the
density is linearly proportional to temperature, i.e

p=pli-alT-T,)] (1)

the governing equations of the porous layer L, are

1oV, _P u .
— vt By Wy —gl—o(T,-T
L0 VB Ly o, i-alr, 1)

2
%+ V,VT, =k,V'T,,
and the governing equations of the porous layer L, are
1 oy, P,
b=yt Ly —gll—fT, 7]
¢ O P K,
A3)
T
aa—t”+ V,VT, =k, V°'T,,

where p,, p, are the pressure of the porous layers L and L,
respectively, V,,V, are seepage velocity of the porous layers
L, and L, respectively, T,,T, are the Kelvin temperature of the
porous layers L, and L, respectively, k,,k, are the thermal and
overall thermal conductivity of the porous layers L and L,
respectively, uis the viscosity, K ,,K, is the permeability of

the porous layers L, andL, respectively, @ ,@y is its

porosity of the porous layers L, and L, respectively.

A. The boundary Conditions

Suppose that x, =d, is rigid and maintained at constant

B
temperature 7,, and x, =—d,is rigid and maintained at
constant temperature 7,, then the boundary conditions can be

written as:

L(d,)=0, T,d,)=T, &

on the upper boundary, and

aWD ('dn): 0, TD ('du): Tu’ (5)

Ox,

on the lower boundary, where w, and w, are the normal axial
Land L,

respectively. The boundary conditions on the interface plane
x, =0 are based on the assumption that temperature, heat

velocity components of the porous layers

flux, normal fluid velocity and normal stress tensor are
continuous so that

nO=T00 &S0k, T20)
(6)
w,0)=w, 0, =p, 00265 0)=-p, 0

3

Equations (2) and (3) have an equilibriam solution satisfying
the boundary conditions (4)-( 6) on the form

-VP, +p,g=0, -VP,+p,g=0, @)

and with the boundary conditions
TB(dB):Tu! TD('dD):TI’ (8)

and the interface conditions

(©0). P,(0)=P,0) (9

the equilibrium temperature field, hydrostatic pressure and salt
concentration in the fluid layer and porous medium layer are
respectively:

X3

T, :To_(To_Tu)d

B

’ PB:PB(‘XS)’
B

(10)
T

D

:To_(Tz_Tu);C_}’ P, :Ps(x3)’

D
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kyd,T, +k,d,T,

Where T, =
’ k,d, +k,d,

B. The Perturbation Equations

Suppose that the equilibrium solution be perturbed by
following linear perturbation quantities:

V,=0+¢ev,, P,=P,(x,)+ep,
T, :To—(TD—T");—wg@B,
B (11
V,=0+ev,, P, =P, (x,)+ep,
T, :TU—(T,—TU);—3+89D,

D
then we may verify that the linearised version of equations (2)
are

Py OV 1
——=-Vp, —v, +p,0g0,,
(DB at pB KB B pﬂ g B

(12)

00 T, -T
atB -V, ( ud 0): kgvzeg’

B

and equations (3) are

Py Oy Iz
——=-Vp,——v, +p,080,,
(00 61‘ D KD D 0 D

(13)

600 -y (Tl _To):k V26
D D’

ot "od,

The boundary conditions (4)-(6) become respectively

ow,

ox

(@,)=0,

3

0,00-0,0)  kS-0-k,520)

w0, 0)=w, 0 - p,(0)+ 2622 (0)=-p,(0) (14

C. Non-Dimensionalisation

We now non-dimensionalize the equations (12) and (13) by
using the transformation

Ay

x=d,x"s, Vv,=—"V"s,

0, =|T,~T,|0"s,
B
(15)
d, ey

==t p,=
o BT

p’s,

B B

for the fluid layer, and using the transformation

A
x:de'n, VDZd—DV.D, QD:|T1_TO|0.DJ

(16)
Uy, . _d,

pD:K_DpD’ t )VD

t'p,

D
Thus equations (12) can be written in the form

Da, ov
—2 2 =-Vp,-v,+Da, Vv, + Rt 0,
9uF, O,

(17

00
6[B +Fv, =V?0,,

B

where P_,Da,and Rt, are non-dimensional numbers denote

the viscous Prandtl number, Darcy number and thermal
Rayleigh number of the porous layer L, and given by

K
:’u, Da=-—% Rt

P By _ poga|To _TanBdB
T oy d;’

B 5

Ay

and the equations (13) can be written in the form

Da, o, _ -Vp,—v,+Rt 0,
ob, o,

(18)

0, +Fv,=V?0
ot

D’
D

where P, ,Da, and Rt are non-dimensional numbers denote

viscous Prandtl number, Darcy number and thermal Rayleigh
number of the porous medium layer L, and given by:

_ u Da _& Rt :ga|Tl_To|Kde
Potp

D 2
d,

D D ’

M

and where
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_(To —T,,) —(T/ _To) —1, when heating from below,
~r,-7,|  |1,-7,] | 1, when heating from above.

We will discuss the problem in case of heating from below,
so we take F'=—1. Using (15) and (16) in the boundary
conditions (14) we obtain

w. =0 Pe@)=0  0,0)=0,
ox,
20, .\ 00,
= = 0
00,0, L0220
(19)
1 0
WB(O)_VTWD(O)’ _Dao{ pB(O)_2 6WB (O) :pD(O)’
Vr B s
w)=0. Z2(i-0 6,C)-0
x}
where a?,er,yr and K are given by
n T —T ] .
iz g,:k_ﬂ, yrzh_ozi) i K
d, k, Ir,-7,| e, K,
1 < d*Da
And P = . P, Da, =;Dan Rt, = eT2Da1; Rt

Note: the (*) superscript has been dropped from equations
(17)-(19) for simplify.
D. Linearisation of Equations

We take the curl curl of the equations (17); and (18); to
eliminate p,and p, respectively and considering the third

component of the result equations and the equations (17), and
(18),, we get

Da, 0

%P:; G_Z‘BVZWB =-V’w, +Da,V'w, +Rt,V0,,
(20)
o0
L w, =V?0,,
or,
and
Da, 0
= Ly =V, + RNV,
oob, o,
@n
00
61‘0 -w, =V?34,.

D
2

where V; =V?* - 0

—1is tow-dimensional Laplacian operator

3

and V* =(V2)2. To simple the normal stress boundary

condition on the interface plane (19); by eliminate hydrostatic
pressure term so taking tow-dimensional Laplacian of (19),
we obtain:

1 1 0
a9, 02 v 0|20 @)

3

Vr X5
Since
V~v8=0:aau3 Zﬁ:—z&,
X, X, X, 23
Vo, =0 o OV __OWy @)
ox ox ox

1 2 3
then we take the divergence of equations (17); and (18), we

get respectively

D ow, ow 0
Vip, =20 00 OV py g2 (g
¢, P, Ot Ox,  Ox, ox,
D
ipD:ﬁg%+%. (25)
$, P, Ot Ox;  Ox,
Substitute (24) and (25) in (22) we have
1 1 1 ©
Doy 2 Vi 0)- b 2 0
y,d 0ox, Da, ¢, P, Ot (26)

2 D D a awl?
2V2w5(0)):—[¢%5+1 ~ (0).
D 3

Now we look for solution of the form
@(x, ): di(x3 )exp[i(nx1 +mx, )+ o t] ,

for the functions w,,0,w,and 6,.Thus the governing

equation are:

Da,
¢ L,

o,L,w,=—L,w,+Da,L’w, —a,Rt,0,,

0,0, =w,+L,0,,
Da

D

o, Lw,=Lw +aRtf, 27

where a, =4n.+m, and a,=4n,+m, are non-

dimensional wave numbers in the fluid layer and porous
medium layer respectively, o is the grouth rate and
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- d? d
a, =aa,, Op =——0), DI) :g’ X3 E[—I,O],
T 3
D, S x, €01}
Ox

and LD:( 2_aé)‘

on x, =1, (28)

B BB B
WB = yTwl)’ yTelf = 9[)’
DEHB = DI)HI)’

1
— DaD(D;wB - D,w, —
yrd Da, 29
on x, =0, (29)

on x, =—1. (30)

III. NUMERICAL SOLUTION
A Legender polynomials is applied to solve the equations
(27) with the relevant boundary conditions (28)-(30), and we
map Xx, € [0,1] and x, e [— 1,0] in to ze [—1,1] by the
transformations z=2x, -1 and z=2x, +1 respectively, and

get

2 29 s p,-p,-22-p
Oz

p» . zel-11].

3

then, suppose that

1<r<10  zel[-11],

M-l
v,(2)=2 a,P(2).
k=0

let the variables y, where 1<r <10 be defined by:

yl :WB’ yZ :DBWB’ y3 :D;WB’ y4 :D;WB’
yS :08’ yﬁ :DBQB’ (31)
y7 :WD’ yS :DDW[)’ y‘) :91)’ yIO :Dl)e[)‘

Then the equations (27) can be rewritten in a system of
eighteen ordinary differential equations of first order as
follows

Dli‘yl =V
Dli‘yZ =V

Db’y3:y4’
a 1 a’
D,y,=-| —2+a} |y, +| 2a, +—— |y, +——Rt,y, +
By4 (DB Byl B DaB y3 DaE ByS
o ( 5
;T agy )’
9,P, o
D,ys =y,
Dﬂyﬁz_yl+a§y5+aﬂy5’
D,y, =y

D
L;f (a2y, —Dy,)

D D

DDyS :a;y7 _aLZ)RtDyQ to,

Dyyy =y
DDylo =Y, +a[2)y9 +0,Y,

and the boundary conditions are

y]:O’ y2:0, y5:0, OI’ZZ=1J

y(=1)=7,9,0=0,  y»,(1)-y,0)=0

onz=0

y - )
87'¢BRR ’ ¢I)I)r/) '
v, =0, v, =0, y, =0, on z=-1,
72
Since D, =D, =D and if we put 6, =c then 6, =—o0 so

T

the eigenvalue problem can be reformulated in the form

d—YzAY+aBY,
Iz

zel[-11]

where A4 and B are real 10x10 matrices.

IV. RESULTS AND DISCUSSION

The eigen value problem (27) with boundary conditions
(28)- (30) by using Legendre polynomials is transformed to a
system of five ordinary differential equations of first order in
the porous layer L, and a system of five ordinary differential
equations of first order in the porous layer L, with ten
boundary conditions. We will find the thermal Rayleigh
numbers of the porous medium Rz, corresponding to the wave
numbers a, for different values of depth ratio d, permeability

ratio K and thermal conductivity ratio &, as shown in the

following Figs. 2-9. Therefore, we concluded that:
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» The deeper the space between the two porous layers is the
less value the thermal Rayleigh numbers will be, which
leads to the instability of the fluid. This means that the less
deep the Darcy, governed porous layer is the more the
thermal convection, as shown in Fig. 2.

» The increases of the rate of permeability K helps suppress
the thermal convection which leads to the stability of the
fluid. This case becomes clearer when the space between
two porous layers decreases, as shown in Figs. 3-5.

> As thermal conductivity ratio ¢, increases, the thermal

Rayleigh number increases. This means that when the
porous layer governed by Brinkman's model is more
thermal conductive than the porous layer governed by
Darcy's model it helps stabilize the fluid. This case
becomes more clear when the space between two porous
layers decreases and the rate of permeability increases, as
shown in Figs. 6-9.
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Fig. 5 The relation between a,and Rt for different value of K ,
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Fig. 7 The relation between a,and Rt , for different value of &,,
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Fig. 8 The relation between @, and Rt for different value of &,
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Fig. 9 The relation between a,and Rt for different value of &,
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