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Abstract—This paper studies the design of a simple constellation 
precoding for a multiple-input multiple-output orthogonal frequency 
division multiplexing (MIMO-OFDM) system over Rayleigh fading 
channels where OFDM is used to keep the diversity replicas ortho-
gonal and reduce ISI effects. A multi-user environment with K syn-
chronous co-channel users is considered. The proposed scheme pro-
vides a bandwidth efficient transmission for individual users by in-
creasing the system throughput. In comparison with the existing coded 
MIMO-OFDM schemes, the precoding technique is designed under 
the consideration of its low implementation complexity while pro-
viding a comparable error performance to the existing schemes. 
Analytic and simulation results have been presented to show the dis-
tinguished error performance.  

 
Keywords— coded modulation, diversity technique, OFDM, 

MIMO, constellation precoding 

I. INTRODUCTION 
HE fourth-generation (4G) wireless mobile systems are 
ambitiously expected to provide  reliable and very  high data 

rate services such as video conferencing, multimedia internet 
access and wide area network in wideband transmission chan-
nels. An effective approach in enhancement of data rate over 
wireless channels is to employ multiple transmit and receive 
antennas (MIMO) [2], [3]. Under certain conditions, the channel 
capacity can increase linearly with the number of transmit an-
tennas in MIMO systems due to multiple and independent 
transmission channels. Orthogonal frequency division multip-
lexing (OFDM) is known to offer many advantages over sin-
gle-carrier schemes for high data rate transmission in 
time-disperse channels since it can overcome the problem raised 
by multipath distortion without the need of complex equaliza-
tion (e.g. [7], [8], [12], [13]).  For these reasons, systems em-
ploying the combination of MIMO and OFDM techniques can 
enjoy the advantages of the spectral efficiency and high data 
rate at the same time. Space-time modulation (STM) (e.g. 
[1][2][3]) is mainly designed to exploit the spatial diversity 
created by multiple transmit antennas for flat fading channels. 
The large delay spreads over frequency selective fading may 
destroy the orthogonality of the received signals. By using 
OFDM modulation, frequency selective channels are trans-

formed into multiple flat fading subchannels [10], and thereby 
system performance can be improved effectively by the 
space-time processing even in the fading channels with large 
delay spreads. To this end, here the design of a coded 
MIMO-OFDM scheme is studied for a high data-rate wireless 
communication over fading channels. Typical examples of 
space-time processing for the coded MIMO-OFDM include 
space-time trellis codes (STTC) and space-time block codes 
(STBC) [8], [10], [14], [15]. STTC provides maximum diversity 
and large coding gains at the expense of implementation com-
plexity which grows exponentially in the transmission rate. For 
this reason, STTC is unfavorable to usage of large size con-
stellation. STBC offers maximum transmit diversity with 
low-complexity linear decoding, but it comes with reduced 
transmission rates while more than two transmit antennas being 
used.  

Originated from the symbol-interleaved coded modulation 
for single-antenna systems [4], [5], the constellation precoding 
is an alternative transmit diversity scheme without sacrificing 
the transmission rate. It can improve error performance over 
fading channels by maximizing the channel cutoff rate or 
minimum product distance [4], [5]. Further, the literatures 
concerning the design of constellation precoding for MIMO 
schemes can be found in [6], [11], etc. In this paper, the con-
sidered constellation precoding code [11] is shown to have a 
high spectral efficiency, and operate at a low SNR for sin-
gle-carrier systems over fading. Since OFDM is an efficient 
modulation for multi-carrier transmission, the constellation 
precoding technique is combined with MIMO-OFDM in a 
nature manner, and thus the system with a high data rate for 
wideband channels is proposed. As any form of interleaving is 
not required for the precoding technique, the proposed system 
is especially suitable for the applications which are sensitive to 
processing delay. 

II. SYSTEM DESCRIPTION 

A. Transmitter and Diversity Encoder 
Consider an MIMO-OFDM system with 𝑛  t ransmit an-

tennas, 𝑛  receive antennas, and 𝑛  OFDM modulators with 𝐾subcarriers each, signaling in a Rayleigh fading channel. The 
framework of the transmitter is depicted in Fig. 1. At the input of 
the transmitter, the information bit stream is fed into the M-PSK 
modulator, and then the output symbols are encoded by a mul-
tiphase code of length 𝑛 . Blocks of 𝑛  coded symbols are 
produced sequentially by the encoder, and the coded symbol 
stream is partitioned into 𝑛  parallel branches. Let each symbol 
out of the same block be mapped to one subcarrier of a different 
OFDM modulator, respectively. Since 𝑛  OFDM modulators 
are equipped in the transmitter, the 𝑛  coded symbols of the 
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same block are distributed to 𝑛  OFDM modulators in order. 
Here a multi-user environment with K synchronous co-channel 
users is considered.  During each OFDM frame, there are totally 𝑛 𝐾 coded symbols transmitted from the 𝑛  antennas simulta-
neously.  

At each time slot, suppose the serial-to-parallel converter 
outputs a block 𝒛 = [𝑧 , 𝑧 , . . , 𝑧 ]  where 𝑧 = 𝑒𝑥𝑝(𝑗2𝜋𝑑 /𝑀) 
denotes one specified M-ary symbol be with 𝑑  taking value in 
ZM, the ring of integers modulo M. The output block 𝒛 is en-
coded by the encoder which maps each information-carrying 
M-PSK symbol 𝑧  onto a particular 𝑛 -tuple N-PSK signal with 
N being an arbitrary positive integer more than two, and may not 
be a power of 2. For K users, the operation of the encoder is first 
used to extract the M-ary 𝐝 = [𝑑 , 𝑑 , … , 𝑑 ] from 𝒛, and then 
generate a codeword matrix 𝐐 by multiplying a vector 𝐠 to-
gether the input 𝐝 under modulo N. The characteristics of the 
phase encoder can be expressed as 

   mod .T N=Q d g   (1) 

where 𝐠 = [g , g , . . , g ] is called the generating vector with 
the entities taking value in ZN, and the output matrix Q can be 
expressed as 

 [ ] [ ]1 2 1 2, ,..., , ,...,
t

T
K n=Q c c c q q q  (2) 

with 𝐜 = 𝑑 𝐠 and 𝐪 = g 𝐝Twhere i =1, 2, …, K and  j =1, 
2, …, nt. The codeword 𝐜  is then mapped onto a N-ary phasor 
block 𝐱 = [𝑒 / , 𝑒 / , … , 𝑒 / ] for i = 1, 
2, …, nt. Since the entities in the matrix Q have the values taken 
from ZN, it forces the phasors in the block 𝐱  to take M values 
out of the N possible values as 𝑁 ≥ 𝑀 . The K entries in 𝐪 = [g 𝑑 , g 𝑑 , … , g 𝑑 ]  are assigned to the K subcarriers 
of the j-th OFDM modulator, respectively. The output of the j-th 
OFDM modulator in response to 𝐪  is then transmitted from the 
j-th transmit antenna during each OFDM frame interval. In this 
way, the coded symbols within a codeword 𝐱  are transmitted 
each from a different antenna. The coded OFDM symbol, which 
is produced by the j-th OFDM modulator, can be expressed as  

 
21

,
0

1[ ] ,0
K j k l

Kj k
k

s l q e l K
K

π− ⋅

=
= ≤ ≤∑  (3) 

where 𝑞 , ≜ e /  is the coded symbol assigned to the 
k-th subcarrier of the j-th OFDM modulator. For each OFDM 

modulator, the coded OFDM symbols are finally modulated by 
the carriers and sequentially emitted from an individual antenna. 
All of the 𝑛  OFDM modulators are supposed to have the same 
frame interval. 

B. Receiver and Maximum-Likelihood Receiver 
Fig. 2 depicts the receiver model. During each OFDM frame, 

the recostructed signal at each receive antenna is a noisy 
superposition of the coded OFDM signals corrupted by fading. 
The coherently demodulated output of each receive antenna is 
then fed into an OFDM demodulator to extract the component of 
the received signals corresponding to the phasor block 𝐱  for 
user i where i =1, 2,…, K. Given a specific coded block 𝐱 = [𝑥 ,., 𝑥 ,…𝑥 ], 𝑟 , [𝑛] denotes the demodulated signal in 
response to 𝑥 , which is transmitted from the j-th transmit 
antenna and received by the m-th receive antenna at the time 
index n. Consider the receiver is in an AWGN channel with 
Rayleigh fading, and suppose that the fading fluctuations remain 
static but vary from one OFDM frame to another independently. 
Thus,  𝑟 , [𝑛] can be represented by 

 , , ,[ ] [ ] [ ] [ ]m j m j j m jr n h n x n nω= +  (4) 

where ℎ , [𝑛] ≜ 𝛾 ,  is the instantaneous signal strength of 
the received signal for the path where 𝛾 ,  has an average of Ω. 
The random variable (r.v.) ℎ , [𝑛] is Rayleigh distributed, and 
the AWGN 𝜔 , [𝑛] is a sequence of i.i.d. circularly symmetric 
complex Gaussian rv’s with zero mean and unit variance. The 
AWGN, the fading process and the transmitted signal are 
assumed mutually independent. At the receiver, 𝑛  maximal 
ratio combiners (MRC) are equipped, and each is used to 
combine the 𝑛  diversity receptions corresponding to one of the 𝑛  symbols within  a coded block 𝐱. For MRC,  perfect channel 
site information for all diversity paths is supposed to be obtained 
at the receiver. Let 𝑦 [𝑛] be the output of the j-th MRC for 
combining the received diversity signals in response to 𝑥  
emitted from transmit antenna j. Then, 𝑦 [𝑛] is written as 

 [ ] [ ] [ ] [ ]j j j jy n n x n nγ ω= +  (5) 

where 𝛾 ≜ ∑ 𝛾 ,   and  𝜔 [𝑛] ≜ ∑ 𝑓 ,∗ [𝑛]𝜔 , [𝑛].  
Based on the observed block [𝑦 [𝑛], 𝑦 [𝑛], . . , 𝑦 [𝑛]] , the 
maximum likelihood (ML) detection of c is made. Since all 
possible 𝑛 -tuples c are assumed to be transmitted equally likely, 
the ML decision rule based on maximizing the likelihood 
function of [𝑦 [𝑛], 𝑦 [𝑛], . . , 𝑦 [𝑛]]  given the block c, is 

M-PSK 
Modulatior

Diversity 
Encoder

IFFT

IFFT

IFFT

S/P

P/S

P/S

P/S

Data 
bits

 
Fig. 1. Transmitter Model. 

 
Fig. 2. Receiver Model. 
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optimum in the sense of achieving minimum block error 
probability. Assume all of the diversity paths suffer from 
independent fading and uncorrelated additive white Gaussian 
noise. Since 𝛾 , [𝑛]  are known due to perfect CSI at the 
receiver site, the ML decision is equivalent to the maximum 
likelihood sequence estimation (MLSE) in an AWGN channel. 
The decision rule is to choose the block c iff 𝜂(�̂�) = max{𝜂(𝐜)} 
with the decision metric 

 ( ) * *

1

[ ] [ ] [ ] [ ]
tn

j j j j
j

y n x n y n x nη
=

⎡ ⎤+⎢ ⎥⎣ ⎦∑c . (6) 

III. ERROR ANALYSIS 

A. Pairwise Symbol Error Probability 
The performance analysis for the considered MIMO-OFDM 

scheme is here derived by investigating the pairwise block error 
probability (PEP) for each user. Let c and e be two distinct 
codewords transformed from the information carrying M-ary 
symbols 𝑒 𝐜/  and 𝑒 𝐞/ , respectively. Pr{𝐜 → 𝐞} =P(𝜂(𝐜) − 𝜂(𝐞) < 0|𝐜)  is the conditional probability that the 
metric  𝜂(𝐜) is smaller than 𝜂(𝐞) given that 𝐜  was indeed 
transmitted. Given 𝐜 and 𝛾 ≜ [𝛾 , 𝛾 , ⋯ , 𝛾 ], 𝜂(𝐜) − 𝜂(𝐞) is a 
conditional Gausssian random variable whose mean and 
variance are both equal to 2 ∑ 𝛾 κ (𝐜, 𝐞)  with 𝜅 (𝐜, 𝐞) ≜sin  

. Thus, the conditional probability is written as 

 ( )1
( ( ) ( ) 0 | , ) 2 [ ] , )(tn

jj jP Q nη η γ γ κ
=

− < = ∑c e c c e  (7) 

where 𝑄(∙) denotes the Gaussian tail integral. Averaging (7) 
over 𝛾, the PEP results as 

 { }
/2

2

0
1

Pr (1 ( , )csc )
1 t

R

n
n

j
j

d
π

κ θ θ
π

−

=

→ = + Ω∏∫c e c e   

A union bound to the symbol error probability (SEP) of the ML 
rule can be expressed as 

 { }2 Prtn
sP

−

≠

≤ →∑∑
c c e

c e  (8) 

B. Chernoff Bound 
 Using the Chernoff bound technique, Pr(c→e) can be upper 

bounded as follows: 

 ( ) ( , )P ( , ) 0 | |E eληη ⎡ ⎤≥ ≤ ⎢ ⎥⎣ ⎦
c ec e c c  (9) 

where 𝜂(c,e)≜𝜂(e)-𝜂(c), E [⋅] denotes expectation, and 𝜆 is a 
Chernoff bound parameter to be optimized. Given c and γ, the 
conditional expectation of e (𝐜,𝐞) can be derived as  

 ( ) 2( 2 ) ( , ),

1

| ,
t

j j

n

j

E e e λ λ γ κλη γ −

=

⎡ ⎤ =⎢ ⎥⎣ ⎦ ∏ c ec e c  (10) 

Averaging (10) over 𝛾, it then follows that 
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where Γ(∙) is the gamma function. Employ the formula ∫ 𝑥 e 𝑑𝑥 = ( ) , β > 0, and (11) results as 

 ( ) ( ), 2

1

| 1 ( 2 ) ( , )
t

r
n

n

j
j

E eλη λ λ κ
−

=
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The Chernoff bound to Pr(c→e) can be represented by 

 ( )
1

Pr( ) 1 ( , )
t

r

n
n

j
j

κ
−

=

→ ≤ + Ω∏c e c e  (13) 

as the Chernoff bound parameter 𝜆 is optimized to one. Subs-
titute (13) into (8), and another upper union bound to SEP is 
achieved. 

IV. CODE SEARCH 
The cutoff rate provides a valid measure while comparing the 

coded modulation schemes. Using the Chernoff bound (13), the 
cutoff rate 𝐶  for the proposed scheme in bits/transmitted block 
can be derived as [9] 

 ( )2
1

2 log 1 ( , )
t

r

n
n

R t j
j

C n κ
−

=≠

⎡ ⎤
⎢ ⎥= − + Ω⎢ ⎥
⎢ ⎥⎣ ⎦
∑∏
c e

c e . (14) 

The expression (14) of the cutoff rate includes a summation of 
the pairwise product terms. For the pairwise c→e, the product 
term in the summation of (14) can be approximated as 

 
1

( ( , ) )
t

r

n
n

j
j

κ −

=

Ω∏ c e . (15) 

for Ω ≫ 1. Define the effective length of the pairwise c→e as 
the nonzero entry number of the codeword difference. Thus, the 
approximated product term which dominates the summation of 
(14) is expressed by 

 min
min( )r rn nρ− Ξ −Ω  (16)  

 

TABLE I.  
PARAMETERS FOR THE GOOD CODES 𝑛  2 3 4 Ξ  2 3 4 

g [4 7] [1 2 4] [1 5 7 13] 
Remark 𝑄 ∗ 𝑄 ∗ 𝑄 ∗ 
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where Ξ  denotes the minimum value of the effective length 
among all pairwise 𝐜 → 𝐞, and  

 
min

min
1

min ( , )j
j

ρ κ
Ξ

→ =

⎧ ⎫⎪ ⎪⎪ ⎪⎪ ⎪⎨ ⎬⎪ ⎪⎪ ⎪⎪ ⎪⎩ ⎭
∏

c e
c e  (17) 

with 𝜅 (𝐜, 𝐞) being the 𝜅 (𝐜, 𝐞) in response to the pairwise with Ξ . Conveniently, here the code merit figure is defined as 𝜌  which represents the minimum value of the product terms 
for all pairwise 𝐜 → 𝐞 with the effective length being Ξ . The 
approximated dominant term (16) is inversely proportioned to 𝑛 Ξ  to the power of Ω. This implies the diversity order can 
reach a maximum value of  𝑛 𝑛  as the minimum effective 
length Ξ  equals to the number of transmit antennas. Since a 
code with a lager code merit figure 𝜌  will have a larger 
approximated cutoff rate, the code search criterion is to search 
the good codes achieving the maximum 𝜌 . 𝑄  denotes the 
code family with the code length of 𝑛  and the entries taking in 
ZN. Given a specified 𝑄 , for the sake of finding the good 
codes, one has to exhaustively search for all admissible forms 
of the generating vector g. The complete search steps for a code 
family 𝑄  are presented as follows: 
Step 1: Determine the values of Ξ  for all codes in 𝑄 . 
Step 2: Select the candidate codes with the largest minimum 
effective length Ξ  in 𝑄 . 
Step 3: From the candidates, pick out the good code(s) yielding 
the largest 𝜌 . 

V. NUMERICAL AND SIMULATION RESULTS 
Without loose of generality, the cases with 𝑀 = 2 are 

considered in this section. Following the steps of code search in 
Sec. IV, some good codes have been found through a complete 
computer search. The codes remarked by 𝑄 ∗, 𝑄 ∗ and 𝑄 ∗ are 
the best ones found in the code families with 𝑛  = 2, 3 and 4, 
respectively. Table 1 lists the generating vectors g and mini-
mum effective length Ξ  for the codes. The computer 

simulation of the constellation precoded MIMO-OFDM system 
is realized by Monte-Carlo approach. The subcarrier number K 
for each OFDM modulator is 256 in the considered system. Fig. 
3 shows the cutoff rate values of the codes 𝑄 ∗, 𝑄 ∗ and 𝑄 ∗ 
with 𝑛  = 1, i.e. no reception diversity. It is clear that the cutoff 
rate increases as the number of transmit antennas increases. The 
curves show that reliable communication at a rate of 2 
bits/block can be achieved approximately at 17 dB, 2.5 dB and 
0 dB for the codes  𝑄 ∗ , 𝑄 ∗  and 𝑄 ∗ , respectively. Fig. 4 
presents the SEP union bounds of the three MIMO- OFDM 
systems employing the codes 𝑄 ∗, 𝑄 ∗ and 𝑄 ∗ with 𝑛  = 1, 2, 
and 3, respectively, over Rayleigh fading. The error probability 
of uncoded BPSK for OFDM system without diversity scheme 
is also included in the figure for performance comparisons. It is 
shown that distinguished diversity gain can be achieved by the 

 
Fig. 3. The cutoff rate versus SNR per bit characteristics for the 
codes 𝑄 ∗, 𝑄 ∗ and 𝑄 ∗; 𝑛  = 1. 
 

 
Fig. 4. The error performance of the proposed MIMO-OFDM sys-
tem employing the codes 𝑄 ∗, 𝑄 ∗ and 𝑄 ∗ with 𝑛 = 1, 2  and 3, 
respectively; K=256. 

 
Fig. 5. Simulations of bit error probability for the proposed MIMO- 
OFDM employing the code 𝑄 ∗ over Rayleigh fading with channel 
length of 4 for the delay spread TRMS= 100, 200, and 300 nsec.; nr=1.
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proposed MIMO-OFDM scheme with the three codes. For 
instance, gains of 16 dB, 17 dB and 18.2 dB are achieved at the 
SEP union bound of 10  over the uncoded OFDM system by 
using the the codes 𝑄 ∗ , 𝑄 ∗  and 𝑄 ∗,  respectively, for the 
proposed MIMO-OFDM schemes with two receive antennas.  

Fig. 5 investigates the impact of multipath fading on the error 
performance of the proposed scheme. Here the Rayleigh fading 
is supposed to have a channel length of 4. The simulation 
results of the error probability for the proposed MIMO-OFDM 
system using the codes 𝑄 ∗ are depicted in Fig. 5 for the delay 
spreads of 100 ns, 200 ns, and 300 ns, respectively. The more 
the delay spread is, the more the performance degradation will 
be. This is because the codes are not optimized for the 
multipath fading. Nevertheless, the scheme is shown to be 
robust over multipath fading with channel length of 4 while the 
delay spread is small than 100 ns even the code is not optimized 
for the multipath case.  

VI. CONCLUSION 
In this conference paper, the design of a simple constellation 

precoding for MIMO-OFDM systems in a wireless Rayleigh 
fading environment is studied. The proposed technique exploits 
the maximum diversity 𝑛 𝑛  given by 𝑛  transmit and 𝑛  
receive antennas. For the found good codes, analytical and 
simulation results has been conducted to assist performance 
evaluation. It shows that the proposed MIMO-OFDM system is 
capable of providing a high data-rate and reliable transmission 
at the cost of a little increased baseband implementation 
complexity and processing delay. 
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