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A modified inexact Uzawa Algorithm
for generalized saddle point problems
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Abstract—In this note, we discuss the convergence behavior of
a modified inexact Uzawa algorithm for solving generalized saddle
point problems, which is an extension of the result obtained in a
recent paper [Z.H. Cao, Fast Uzawa algorithm for generalized saddle
point problems, Appl. Numer. Math., 46 (2003) 157-171].
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[. INTRODUCTION

N this note, we consider the generalized saddle point
problems of the form

(5%)0)-(0) o

where A € R™*" is symmetric positive definite, B € R™*"
is of full row rank, and C' € R"™*™ is symmetric positive
semidefinite, p € R™ and ¢ € R™ are given vectors, with
m < n.

The generalized saddle point problems (1) arises in a wide
variety of scientific and engineering applications, see [2] and
references therein. Frequently, the matrices A and B are
large and sparse. So iterative methods become more attractive
than direct methods for solving the generalized saddle point
problems (1). Many efficient iterative methods have been
studied in the literature [1], [2], [8], [9], [12], [13], [15]. For
example, Miao and Wang [12] studied a class of stationary
iterative methods for (1) based on the work of Yun and Kim
[14].

Uzawa-type algorithms are of interest because they are
simple, efficient and have minimal computer memory require-
ments. Therefore, Uzawa-type algorithms are widely used in
engineering community, especially, are used for solving saddle
point problems [1], [3], [4], [5], [6], [7], [10], [11], [15].

Recently, Cao [5] consider the inexact Uzawa algorithm
for solving generalized saddle point problems (1), which is
an extension of the results obtained in [3]. In this note, a
slight modification of the inexact Uzawa algorithm for solving
generalized saddle point problems (1) (see [5]) is discussed, a
bound of convergence rate is obtained.
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II. MODIFIED INEXACT UZAWA ALGORITHM

Let Q4 and @) be symmetric, positive definite n x n and
m X m matrix, respectively, satisfying

(1= 6)(Qau, u) < (Au, u)

< (QAu7 U), Vue Rn?
(1=7)(Qpv, v) < ((BA™'B" + C)v, v)
< (Qpv, v), YveER™ 2

for some 0 < 6 < 1 and 0 < v < 1. Here (-, -) is the
Euclidean inner product in R™ or R™. Then the inexact Uzawa
algorithm for solving (1) as follows:

Algorithm 1. (INEXACT UZAWA ALGORITHM) For xgy €
R™ and yo € R™, given, the iterative sequence {(x;, vy;)} is
defined, for i = 1,2,---, by

{ Tiv1 =2 + Q4 (p — (Az; + BTy)),
Yir1 = yi + Q5 (Brip1 — Cy; — q).

From (2), we can see that Q4 — A and Qg are symmetric
and positive definite, therefore we can define an inner product
in R™ x R™ by (cf. [3], [5])

() (1))
(4% o, )(0)(2))

(Qa = Au,7) + (QpY, 5). 3)

The corresponding norm is denoted by

llgl] = [g, q]"/?,

For the inexact Uzawa algorithm 1, Cao [5] provide the
following convergence theorem:

Theorem 2. Assume that (2) hold. Let =,y be the solution
pair for (1), z;,y; be defined by the inexact Uzawa algorithm
1, and set

Vg€ R"xR™. 4)

Then for:=1,2,---

llesl] < p'lleoll,

where
(1= 6) + /21 = 67) + 46
p= 9 .

In this note, we discuss the following slight modification of
the inexact Uzawa algorithm 1 for solving generalized saddle
point problem (1).
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Algorithm 3. (MODIFIED INEXACT UZAWA ALGORITHM)
For zyp € R" and yo € R™, given, the iterative sequence
{(zi, vi)} is defined, for i =1,2,---, by

{ Tiy1 = x; + Q,Zl(lp — (Az; + BTy;)),
Yi+1 =y + wQp (Bxiy1 — Cyi — q),
where w € (0,1] is a real parameter.
Remark 4. Algorithm 3 is an extension of Algorithm 1. It is

also an extension of the inexact Uzawa algorithm considered
in [6].

III. CONVERGENCE ANALYSIS

In what follows, we consider the convergence of the modi-
fied inexact Uzawa algorithm 2. Similar to (3), we can define
inner product as

(9)(2)] = @i apun

Therefore the corresponding norm for e; can be defined as
leilll = [(Qa — A)ef,ef) +w ™ (Qpel,e)]% (5)

We have the following convergence result for Algorithm 2.
Theorem 5. Assume that (2) hold. Then for i = 1,2, ---

w_l(QBU7 5)'

llelll < P lleolll,

where p,, = max{ri(w),r2(w)} and
n@ = $l0-501-w-)
V(1= 0)2(1 —w(l —7))* +46 ],
ra(w) = V.

Proof. Denote S, = BA™'BT +C and Qp(w) = w™'Qp, it
is easy to see that the iterative error equation can be expressed

as (cf. [5]) )
(F)-n(3) o
where
My = ( ~(1- Q7' Q4B )
Qpw)~ 1B(I QaA) 1-Qpw) 'S, )

From [5] and (6), we know that
el < o(My)llleslll,

where o (M) is the spectrum of matrix M. Since M is sym-
metric with respect to the |-,-| inner product, its eigenvalues
are real. We shall bound the positive and negative eigenvalue
of M in what follows.

We first provide a bound for the positive eigenvalues of M.

Let
N oI §Y2L
S\ VL I-L'L-Qpw)iC )
where L = (I — Q;'A)"'2Q'BT and L* =

Qp(w) ' B(I—Q,* A)'/2. Then the largest eigenvalue of M;
is bounded by the largest eigenvalue of N (see [5]). Let A

be a positive eigenvalue of N with corresponding eigenvector

{1/)17 1/}2}7 i.e.,

ot + Y2 Ly = My,
SV2L 4y + (I = L*L — Qp(w) O = A

Eliminating v; gives
A +08)Qp(w) 102 + (A + 8)(A — 1)s.

From the first equation of (7), we can see that ¢ # 0, and
hence

0

AL Ly =

~MQB(W)L* Lpg, 92) €]
= (A+8)(Cha, b)) + (A +8) (N — 1)(Qp(w)iha, a).

By the first equation of (2) and the definition of L and L* it
follows that

(Qp(W)L* Libo,hs) = (Q4 B2, BTey)
> (1 =08)(BA'B 4y, 95).

Now (8) imply

0 = MQp(W)L"Lpa,1h2) + (A + 8)(Ceh,¢2)

FA+ (A= 1)(Q@p(w)h2, ¥2)

> A(L—8)(BAT' B ¢2,92) + (A +6)(Cha, ¥2)
+(A+0)(A = 1)(Q@B(w)Y2,v2)

= A1 —=0)(Sath2,2) + 6(1 + X)(Cepa, 1h2)
FA+ A = 1)(@B(w)h2, 2)

> A1=26)(1=)(Qpvz2,12)
FA+ (A= 1)(Q@p(w)h2, ¥2)

= PMI=0)1 =) +wA+ A= D@2, ¢2).

Since Q5 is symmetric positive definite and 1y # 0, we get

A1 =0)(1=7) < —w(A+8)(A-1),

From which we have
A <y (w),

where

Sl = 8)(1 w1 - 7))
+V/(1 =021 —w(l —7))2+45 ].

Next we estimate the negative eigenvalue of M, let A <
0 be an eigenvalue of M; with corresponding eigenvector

{01, ¢2}, ie.,

—(I = Q3" )1 + Q' BT d2 = Aoy,
Qp(w) ' B(I - Q4 A) ©)
+(I = Qp(w)"'BQL BT + C)ps = Apo.
From (9), we can see that ¢; # 0 (cf. [5]). Thus, any
eigenvector of M; corresponding to a negative eigenvalue must

have a nonzero component ¢;.
From (9) we have

(1 =N -Qpw)™

ri(w) =

C)p2 = AQp(w) ' Boy.
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By (2) and noting A < 0, it follows that (1—\)I—Qpg(w)~!C
is invertible. Thus, we get

G =M1 =N - Qpw)tC) QW)™ 'Bp1. (10

Substituting (10) into the first equation in (9) and taking an
inner product with Q 4¢1 gives

(1 + M) (Qad, é1) n
= (Ad1,01)
FA((L =N - Qpw)™"
For ¢; € R™, we have

(1=XNI - Qp(w) 'C)"'Qp(w) " B¢, Béy)
= (1=NQp(w)—C)"'B¢y, Bey)
~ sup (1 =NQp(w) = C)"'Boy,v)?
verm (1 =MN@p(w) — C)~tv,v)
—  sup (¢1,B"v)*
verm (1 =N)@p(w) — C)v,v)
1 (¢1, BTv)?
= T (@sl) - Cho o)
1 (Ap1,¢1)(BA™LBTv,v)

S T (@) - Ouo) (12)

As w € (0, 1], the following inequality hold

sup (Ag1,¢1)(BA™" B v, v)
vern  ((Qp(w) = C)v,v)
(A¢1,61)(BA B v, v)
= wvsgll%g” ((QB - 0)1)71})
Then from (12) and (2), we have
(1= NI = Qs(w)"'0) ' Quw) ™ Bé1, Béy)
v oo (Ag1, 91)(BA™'BTv,v)
(@p = C)v,v)

C)'Qp(w) ' Boy, Bér).

<
1—Xyerm

< (A0, an).

Now (11) becomes

1+ N (Qad1,91) > (A1, 1) + 1)\7(/1(?1,(251)

Note that w < 1 and )\ < 0, we therefore have

A2 = 8)(Qagr, d1) <O.

Q4 is symmetric positive definite, therefore we obtain the
bound for the negative eigenvalue of M; as

—VE<A<o.

We complete the proof.

Remark 6. In particular, if w = 1, then Algorithm 3 be-
comes Algorithm 1. Therefore, we can obtain the convergence
result of Algorithm 1 (Theorem 2) directly from Theorem 5.

Remark 7. We remark that ro(w) < 1as 0 <6 < 1. Itis
elementary to see that r1 (w) < 1—3w(1—5)(1—~). Therefore
P < 1, that is to say that the modified inexact Uzawa method
(Algorithm 3) converges if (2) hold.
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