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A constructive proof of the general Brouwer fixed
point theorem and related computational results in
general non-convex sets

Menglong Su, Shaoyun Shi, and Qing Xu

Abstract—In this paper, by introducing twice continuously differ-
entiable mappings, we develop an interior path following following
method, which enables us to give a constructive proof of the general
Brouwer fixed point theorem and thus to solve fixed point problems
in a class of non-convex sets. Under suitable conditions, a smooth
path can be proven to exist. This can lead to an implementable
globally convergent algorithm. Several numerical examples are given
to illustrate the results of this paper.
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I. INTRODUCTION

S a powerful mechanism for mathematical analysis, fixed

point theory has many applications in areas such as
mechanics, physics, transportation, control, economics, and
optimization. Fixed point theorems have been extensively
studied and generalized in the past years (see [1], [2], [3],
[4], [5], [6], [7], [8], etc. and the references therein). In
1976, Kellogg et al. (see [9]) gave a constructive proof
of the Brouwer fixed point theorem and hence presented a
homotopy method for computing the fixed points of a twice
continuously differentiable self-mapping ®(x). From then on,
this method has become a powerful tool in dealing with fixed
point problems (see [10], [11], [12], [13], [14], etc. and the
references therein). In 1978, Chow et al. [13] constructed the
homotopy

(1= p)(z = o(x)) + p(z —2°) (1)

for the bounded closed convex set. This homotopy is used
by many authors to compute fixed points and solutions of
nonlinear systems. In general, it is difficult to reduce or remove
the convexity.

If a bounded, closed subset in R™ is homeomorphic to
the unit ball, then any continuous self-mapping ®(z) in it
has a fixed point. This is the general Brouwer fixed point
theorem, which does not require the convexity of the subsets
in R™, certainly it is also very interesting and important to
give a constructive proof of it and hence solve fixed point
problems numerically in general non-convex subsets. Under
the normal cone condition, Yu et al. (see [15]) completed
this work in a class of non-convex sets. In this paper, we
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give a constructive proof of the general Brouwer fixed point
theorem and thus solve fixed point problems in more general
non-convex sets than those in [15]. To this end, we introduce
C? mappings &;(x) € R™,i = 1,...,m. Based on the newly
introduced mappings, by introducing the idea of Karmarkar’s
interior point method into the homotopy method, we develop
an interior path homotopy following method. Under suitable
conditions, we prove that a bounded smooth homotopy path
connecting a given point to a fixed point exists. This forms
the theoretical base of the interior path following method.
Numerically tracking the smooth path can lead to an imple-
mentable globally convergent algorithm for solving fixed point
problems. In addition, the method proposed in this paper also
avoids homeomorphically transforming the bounded closed set
to the closed unit ball. It is also important because it is difficult
to construct such a homeomorphism in practice. At last, several
numerical examples are given to validate the work in this
paper.

This paper is organized as follows. Section 2 is the main
part, which exhibits a constructive proof of the general
Brouwer fixed point theorem in more general non-convex sets
than those in [15]. In section 3, we use the reduced predictor-
corrector algorithms given by Allgower and Georg [11] to
compute some experimental examples, which illustrate the
results in this paper.

II. A CONSTRUCTIVE PROOF OF THE GENERAL BROUWER
FIXED POINT THEOREM

In this section, some notations are given as fol-
lows: g(z) = (91(2),...,9m(x))" € R™ Vg(z) =
(Var(x),...,Vgm(x)) € R™™, y € R™, y© ¢ R™,
Y = diag(y) € R™™, and Y(©) = diag(y(?) € Rm™*™,
The nonnegative and positive orthants of R™ are denoted
as R and RY',, respectively. We also denote the active
set at © by B(z) = {i € {1,...,m} : gi(z) = 0}. In
addition, set Q@ = {z € R" : g¢g;(z) <0, i = 1,...,m},
W ={zeR": g(x)<0,i=1,...,m},and 9Q = Q\Q°.

In [15], Yu et al. gave a constructive proof of the general
Brouwer fixed point theorem under the following assumptions:
(A1) QY is nonempty and 2 is bounded;
(Az) For any x € 09, the matrix {Vg;(z) :
full column rank;

(A3) (The normal cone condition of 2) For any = € 99, the
normal cone of 2 at  only meets € at z, i.e., for any x € 9,

i € B(x)} is of
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we have
{z+ Z yiVgi(x): y; >0 forie B(x)}ﬂQ = {z}.
i€B(x)
In that paper, the homotopy equation is given as follows
H(w,w® 1) =

( (1= p)(z — ®(z) + Vg(z)y) + plz — =) )
Vg(z) — py O g(z(©)

9
2
where w = (z,y) € "™, w(® = (z(0,y() € Q0 x BT,
The normal cone condition of a set is a generalization of
the convexity. If € is a convex set, then it satisfies the normal
cone condition. On the other hand, if € satisfies the normal
cone condition, then the outer normal cone of €2 can not meet
00, but meets Q at x. In the following, we want to give a
constructive proof of the general Brouwer fixed point theorem
in more general non-convex sets than those in [15]. To this
end, we introduce C? mappings &(z) € R*, i = 1,...,m
and make the following assumptions:
(C1) Q0 is nonempty and € is bounded;
(C2) For any z € 09, if

Z Vgi(z)yi + &i(x)u; =0, y; >0, u; >0,
1€B(x)

then y; = 0, u; =0, Vi € B(x);
(C3) For any z € 012, we have

{e+ Y &G)ui: wi>0, i€ B@)}nQ={z}.
i€B(x)

If  satisfies assumptions (A;) — (As3), let §;(x) = Vg;(z),
i=1,...,m, then Q satisfies assumptions (C;) — (C5). Con-
versely, the conclusion does not hold. This can be illustrated
by Examples 1-6 in Section 3. By this fact, we are capable of
giving a constructive proof of the general Brouwer fixed point
theorem in more general non-convex sets than those in [15].

The following lemma, which plays a key role in this paper,
gives an equivalent condition of the existence of fixed points.

Lemma 1 Let g;(x), i = 1,...,m be C® functions, let as-
sumptions (C7)—(C3) hold, and let §;(z) € R™, i =1,...,m
be C? mappings. Then for any C? mapping ®(z) : R" — R"
satisfying ®(2) C Q, 2* € Q is a fixed point of ®(z) in
if and only if there exists y* € R™, such that (z*,y*) is a
solution of the equation

r—®(z) + 7:;1 &(x)y: =0, 3)

Yg(x) =0, g(z) <0, y>0.

Proof Similar to the analysis of Proposition 2.2 in [15].
To give a constructive proof of the general Brouwer theorem
in a broader class of non-convex sets, we construct the
following homotopy:
H(w,w®, p) =

(1= p)(z—2(x) + (1 - p)uVg(x)y + &(z)y)
+p(z — 20)
Yg(x) — nY Wg(z©)
=0,
4)

where w = (z,y) € R*™, w(©® = (20, y(©) € Q° x R,
Note that when ¢ = 0, the homotopy equation (4) turns
to (3). When g = 1, the equation H(w,w®,1) = 0 has a
unique solution w = w(® € Q0 x BT,
For a given w(®), rewrite H (w,w ), 1) as H,, o) (w, j1). The
zero-point set of H ) is

H ) (0) = {(w, 1) € @ x RY x (0,1] : Hyyo (w, 1) = 0}.

In the following, we recall some basic definitions and results
from differential topology, which will be used in our main
result of this paper.

The inverse image theorem tells us that, if 0 is a regular
value of the map H, ), then H;(lo) (0) consists of some
smooth curves. And the regularity of H, ) can be obtained
by the following lemma.

Lemma 2 (Transversality Theorem, see [13]). Let Q, N
and P be smooth manifolds with dimensions ¢, m and p,
respectively. Let W C P be a submanifold of codimension
p (that is, p = p+ dimension of W). Consider a smooth map
®:Qx N — P.If & is transversal to W, then for almost all
a € Q, Py() = P(a,-) : N — P is transversal to . Recall
that a smooth map h : N — P is transversal to W if

{Range(Dh(x))} +{T,W} =T,P, whenevery = h(z) € W,

where Dh is the Jacobi matrix of h, TyW and T, P denote
the tangent spaces of W and P at y, respectively.

In this paper, W = {0}, so the Transversality Theorem is
corresponding to the Parameterized Sard’s Theorem on smooth
manifolds.

Lemma 3 (Parameterized Sard’s Theorem). Let V C R",
let U C R™ be open sets, and let & : V x U — R* be a
C"™ map, where 7 > max{0, m — k}. If 0 € R¥ is a regular
value of @, then for almost all a € V, 0 is a regular value of
o, = P(a,-).

With the preparation of the previous lemmas, we can prove
the following main theorem on the existence and boundedness
of a smooth path connecting an interior point z(®) in Q to a
fixed point. This implies the global convergence of the interior
path following method.

Theorem 1 Let H be defined as in (4), let g;(x), i =

1,...,m be C? functions, let assumptions (C;) — (C3) hold,
and let (), i = 1,...,m be C? mappings. Then for any
C? mapping ®(z): R® — R" satisfying ®(Q) C ,
(1) (existence of the fixed point) ®(x) has a fixed point in €;
(2) (computation of the fixed point) for almost all w® €
QY x R, there exists a C'! curve (w(s), pu(s)) of dimension
1 such that

H(w(s)v w(o)vﬂ(s)) =0, (w(0)7 M(O)) = (w(0>7 1) @)

And when p(s) — 0, w(s) tends to a point w* = (z*,y*). In
addition, the component z* of w* is a fixed point of ®(z) in
Q.

Proof Denoting the Jacobi matrix of H(w,w®, ) by
DH (w,w®, 1), we have

(0) (0) (0)
(0) _ (O0H(w,w'” ,pn) 8H(w,w'” ,u) O0H(w,w'™,u)
DH(wv w ’ ,LL) - ( ow ’ Ow(0) ) o

(6)

).
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Note that V(w, u) € R™™™ x (0,1], we obtain

AH (w,w® ) ( _HI 0 )

ow©® T\ —pYOVg(zO)T —uG () 7(7)
where G(z(®) = diag(g(z(?)). It is easy to show that
OH (w,w® | 11) /0w ® is nonsingular. Hence D H (w,w®), 11)
is of full row rank, then 0 is a regular value of H (w,w(®, u).
By the parameterized Sard’s theorem, for almost all w(® e
00 x R, , 0 is a regular value of map H,, o : € x R} x
(0,1 — R™™. By the inverse image theorem, Huj(lo) )
consists of some smooth curves. Since H,, o) (w(o), 1) =0,
then there exists a C* curve (w(s), u(s)) (denoted by T, o))
of dimension 1 such that

(w(0), 1(0)) = (0, 1).

By the classification theorem of one-dimensional smooth man-
ifold, I' ;o) is diffeomorphic either to a unit circle or to the
unit interval. Since

OH 0 (w®,1) I 0
w “\ YOUgzO)T  Gz)

is nonsingular, therefore I' ) is diffeomorphic to the unit
interval (0, 1].

Let (w*, x*) be a limit point of I' ), then the following

cases may occur:

@ (w*, p*) = (z*,y*, pn*) € @ x R x {0},

(b) (w*, p*) = (z*,y*, p*) € Q° x R x {1},
(© (w*,p*) = (z*,y*,pu*) € 0(Q x R) x (0,1].

From above analysis, the equation H o) (w,1) = 0 has a
unique solution (w(®, 1) in Q% x R, x {1}, so case (b) does
not occur.

If case (c) holds, there exists a sequence of points
{(w™®, 1) }52, C Tyyoy such that [|(w™®, )| — oo. Since
2 and (0, 1] are bounded, hence there exists a subsequence of
points (denoted also by {(w®), 111,)}72 ) such that () — 2*,
ly®| — oo and pp — p* as k — oco. From the second
equality of (4), it follows that

g(z®) = (Y ) 71y D g ().

H(w(s),w®, u(s)) =0,

So the active index set

B(z*)={ie{l,...,m}: (k)

lim y;” = oo}
k—oo
is a nonempty set, i.e., z* € 0f2, where yl(k) denotes the ith
element of y(¥).
From the first equality of (4), we have

(1= )la® — Ba®) + (1 = )V g(a™)y®
F6@® )y ] + (e — 20) = 0.
®)

(1) When p* = 1, rewrite (8) as
S (1= )y = ) Vg (@ ®)) + & (a®))]

i€B(x*)
D —a®) = (1 — ) (@ () — 20)

— Y (= )y = ) eV gi(®) 4 € ().

iZB(z*)

©))

By the fact that ygk) is bounded for ¢ ¢ B(x™*), and assumption
(C1), when k — oo, we have

> dim (1 - )y )ei(@*) + (2% — @) = 0.
i€B(z*) koo
(IO;

Then by assumption (C3), we have that klim (1- uk)ygk
L —> 00

(denoted by p}) exists, furthermore, we get

(%) o * — 2(0)
iEBZ(z*)gl(x )pi + HON) (1D
which contradicts assumption (C').

(2) When p* < 1, rewrite (8) as

Z(: )((1 — )y = ) Vi (2 W) + & (2 W)

i€B(x*

=- >

—(1 = ) (@®) = 2(@®)) = pp(@® — 2).
(12)

) be a vector which consists of ygk),i € B(z*) and let

Let y;

(k)
oM = Y e B(a). (13)
v |
Note that 0 < ozl(-k) < 1, so there exists a subsequence of
{agk)}, still denoted by {agk)}, such that al(-k) — a for each
i € B(z*) as k — +oo. Furthermore, we denote by o* the
vector consisting of a, i € B(z*), then ||o*|| = 1. Dividing
both sides of (12) by ||y§k)\|, when k — +00, we have
> (L=p*)PpraiVgi(a*) + (1 - p)ai&(a*) =0,
i€B(z*)
(14)
which contradicts assumption (Cs).
From above discussion, we obtain that case (a) is the only

possible case. Therefore w* is a solution of (4), and by Lemma
1, we have z* is a fixed point of ®(z) in Q.

III. NUMERICAL ANALYSIS

For almost all w® = (2 y©) e Q% x R, by
Theorem 1, the homotopy generates a C' curve I'y ). Then
by differentiating the first equality of (5), we get the following
theorem

Theorem 2 The homotopy path I, ) is determined by
the following initial value problem to the ordinary differential
equation

DH oo (w(s). () ( w(s)

f1(s)
(15)
where s is the arclength of the curve I" ).
Next, we discuss how to track the homotopy path I' )
numerically in the following remark.
Remark 1 Let A = DH,o(w(s),u(s)), v =
(w(s), ()", y(s) = (w(s), u(s)), then (15) becomes

Av =0, y(0) = (w®,1). (16)

By solving the linear system Av = 0, we get a solution v,
then (15) becomes the following initial value problem

W =y, y(0) = (w®,1). (17)

(1= )y = )V gs(@®) + & (20)]

) =0, (w(0), u(0)) = (w®,1),

1093



International Journal of Engineering, Mathematical and Physical Sciences
ISSN: 2517-9934
Vol:6, No:8, 2012

Generally, if we utilize numerical algorithms for initial value
problems of ordinary differential equations (for example,
Runge-Kutta algorithms) to solve (17) independently, the
steplength must be sufficiently small to guarantee that each
iterate (w®), y1) is close enough to the solution curve. This
may increase computational cost greatly. Since ones only try
to find a point (w, )(when p is approximately zero) instead of
tracking the curve I' o) very precisely, hence they would like
to combine numerical algorithms for initial value problems
of ordinary differential equations with other methods (for
example, Newton’s methods) to develop more efficient meth-
ods, i.e., predictor-corrector methods[11]. In the following, we
formulate the implementation of a standard predictor-corrector
procedure in detail. Suppose we have obtained a sequence of
points (w®, ;)i = 1,...,k, starting with an initial guess
(w®,1). To get the next iterate (w®*+1), 1), we need to
solve the linear system Av = 0, which enables us to get a
unit tangent vector v*) at (w*), uz.). The tangent vector at a
point on I' o) has two opposite directions, one (the positive
direction) makes s increase, another (the negative direction)
makes s decrease. Since the negative direction will lead us
back to the initial guess, so we must go along the positive
direction. The criterion that determines the positive direction is
based on a basic theory of the homotopy method, namely, the

ositive direction at any point keeps the sign of the determinant
DH w . . . Lo
w(;;)T( H) invariant. On the first iterate, the sign is

determined by the following lemma.
Lemma 4 If I o) is smooth, then the positive direction
v(©) at the initial point (w(®),1) satisfies

sign = (=1)™*th

MO

DH o) (w©,1) ‘

Proof Since DH o) (w®,1) = 0H,, 0 (w®,1)/0(w, )

I 0 a®
- ( YOV Gz©) O ) = (My, M2),
(18)
where a® = (@) — 20) — @)y O =
—YOg(z), My € Rvtm)x(ntm) pf, e RnFm)x1 The
tangent vector v(9) of T,y at (w(®), 1) satisfies

(0)
(My, Ma)v(©) = (My, M) < Z%o) ) =0, (19
2

where v\%) € Rrt™, vém € R'. By a simple computation, we
have v{” = — M Moo, thus

‘ DH 0 (w®, 1) M, M,

= T T
v@" v YO
_ M, Mo O
-MIM7T o1 |2
= | My o8 (1 + MT MM M,)

I 0
= ‘ YOvg(a)T  G2®)
= (=1)"™|G (a0 (1 + MTM;T M M,).

(20)

o8 (1 MT MMM,

Note that ¢;(z®) < 04 = 1,....m, (1 +
MIM;TM'M;) > 0 and " should be negative
since initially we plan to move along the path I' o) by

, , DH,0) (w®,1) | .
decreasing p, and hence the sign of U(O)T is
(_1)m+1.

Then, by using the Euler method, for some small steplength
hi > 0 (not sufficiently small), we are able to get a predictor
point (w(k>,ﬁk) = (w“’),uk) + hiv®) . Here we do not
replace the Euler method by more complicated algorithms,
for the predictor point need not to be close enough to the
curve I' ), if only it is located in the convergent region
of the Newton’s method during the corrector phase. Next,
we may make a corrector step. Setting DH, o (w, )t =
DH 0 (w, )" (DH o (w, 1) DH 0y (w, 1)) =", which is
the Moore-Penrose inverse of DH, ) (w, ). The corrector
phase then tries to identify a corrector point (w®**Y 1ix41)
on the path I' o). The corrector step is usually carried out by
the Newton’s method that uses the Moore-Penrose inverse of
DH o) (w, ), starting with (@®), i) and proceeding until
| H o) (w1 g y1)]| is approximately zero. The following
pseudocode shows the basic steps of a generic predictor-
corrector method.

Algorithm 1 (Euler-Newton method)

Step 0: Give an initial point (w(®),1), an initial steplength

ho > 0 and three small positive numbers ¢; > 0, e2 > 0,

e3> 0. Set k=0.

Step 1: Compute the direction *) of the predictor step:

(a) Compute a unit tangent vector v(*).

(b) Determine the direction n*) of the predictor step as

follows.

DH 0 (w®), )
MO

(=1)™+1, then n®) = v If the sign of the determinant

DH 0 (w®), piy,)
KT

If the sign of the determinant of

of = (—=1)™, then n®) = —y(*),

v(

Step 2: Compute a corrector point (w*+1), g ).

(@™, i) = (W™, ) + hen™;

(W 1) = (@P, fir) = DH o) (0" i) T oo (@), fig).

where DH 0 (w, )T =
DH 0 (w, )" (DHy) (w, 1)) DH o) (w, p)") ™" is the
Moore-Penrose inverse of DH o) (w, f1).

If HHw(U) (w(]““>,uk+1)\| < €, let hgppr = min{ho,Qhk},
and go to Step 3;

If || H0 (w(kﬂ),ukﬂ)ﬂ € (e1,€2), hgt1 = hg, and go to
Step 3;

If (| Hyo (w0, )| > e, =
max{2~%hg, (hx/2)}, k =k +1; and go to Step 2;

Step 3: If puri1 < €3, then stop, else £ = k£ + 1, and go to
Step 1.

By using the homotopy (4) and Algorithm 1, we provide
)several numerical examples that illustrate the work in this
paper. In each example, we set €; = l.e —3, €2 = 1.e — 6 and
ho = 0.02. The behaviors of homotopy paths are shown in
Figs. 1-6. Computational results are given in Table 1, where
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Fig. 1. The homotopy pathways of Example 1

Fig. 2. The homotopy pathways of Example 2

-6

Fig. 3. The homotopy pathways of Example 3

2(© denotes the initial guess, I'T" the number of iterations,
the value of || H,, ) (w™, ux)|| when the algorithm stops, and
x* the fixed point.

Example 1 To find a fixed point of self-mapping ®(z) =
(=1, —22)T in Q= {(z1,22) € R?: 2?+23 <1, — (21—
1)2 —22+1<0}.

Let C? mappings &;(z) = Vgi(z),i = 1,2, it is easy to show
that the feasible set 2 satisfies assumptions (C;) — (C3).

Example 2 To find a fixed point of self-mapping ®(z) =
(w1, —22)T in Q= {(w1,22) E R?: — (11 -2)2—23+4<
0, (1 +1.5)2 4+ 23 —25<0, z; —3.25 < 0}.

Let C? mappings &1(x) = (10,007 + Vg (), &(z) =
Vgi(x),i = 2,3, it is easy to show that the feasible set 2

Fig. 5. The homotopy pathways of Example 5

1y,
b

Fig. 6. The homotopy pathways of Example 6

satisfies assumptions (C1) — (Cs).

Example 3 To find a fixed point of self-mapping ®(z) =
(w1, —22)Tin Q= {(21,22) € R?: —21-5<0, 1,-5.1<
0, —23—51<0, 21 —-35<0, 77 —23 —9<0}.
Let C? mappings &(x) = Vgi(z),i = 1,2,3,4, &(z)
(12,0)7T, it is easy to show that the feasible set () satisfies
assumptions (C7) — (Cs).

Example 4 To find a fixed point of self-mapping ®(z) =
(z1,—22)T in Q = {(z1,22) € R? : 2? + 23 <132, 22 +
23 > 9% gs(z) > 0}, where g3(z) = x; — 8|zz| for all
21 < —8 and it is three continuously differentiable in R2.
Let &i(2) = Vai(a),&(x) = (-16 — 221, —225)" and
&(z) = Vgs(x), it is easy to show that the feasible set )
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satisfies assumptions (C1) — (C3).

Example 5 To find a fixed point of self-mapping ®(z) =
(—21,22)T in Q= {(z1,72) € R?: 22 +2% <25, 3—22+
Let &1 (x) = Vgi(x) and &(x) = (0,8)7, it is easy to show
that the feasible set © satisfies assumptions (C) — (C3).

Example 6 To find a fixed point of self-mapping ®(z) =
(w1,—22)T in Q = {(z1,22) € R?: —z;+23 -9 <
0,—(z1—3)2-23+9<0, 21 —23+3<0, =1 —5<0}.
Let & () = Vgi(), &2(z) = (10,0)" +Vgo(x) and &(x) =
(8,0)T, it is easy to show that the feasible set  satisfies
assumptions (C7) — (Cs).

2517-9934
No:8, 2012
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TABLE 1
NUMERICAL RESULTS OF EXAMPLES 1-6
Example z(©) IT z* D(x™)

3.1 (0.3, 0.8) 16 (0.000001, 0.000003) (0.000001, 0.000003)
(0.3, -0.8) 18 (0.000000, -0.000002) (0.000000, -0.000002)

32 2,4 21 (-2.000001, 0.000003) (-2.000001, 0.000003)
(2, -4) 24 (-2.000000, 0.000002) (-2.000000, 0.000002)

33 (28, 4.9) 13 (8.000000, 0.000002) (8.000000, 0.000002)
(28, -4.9) 15 (8.000000, -0.000001) (8.000000, -0.000001)

3.4 (-2, 11) 17 (12.000001, 0.000002) (12.000001, 0.000002)
(-2, -11) 21 (12.000003, -0.0000001)  (12.000003, -0.0000001)

3.5 (-35, 1) 19 (0.000000, -4.000001) (0.000000, -4.000001)
3.5, 1) 18 (0.000001, -4.000000) (0.000001, -4.000000)

3.6 4, 3.5) 23 (-5.000001, 0.000000) (-5.000001, 0.000000)
(4, -3.5) 21 (-5.000000, -0.000002) (-5.000000, -0.000002)
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