International Journal of Information, Control and Computer Sciences
ISSN: 2517-9942
Vol:12, No:5, 2018

2D Structured Non-Cyclic Fuzzy Graphs

T. Pathinathan, M. Peter

Abstract—Fuzzy graphs incorporate concepts from graph theory
with fuzzy principles. In this paper, we make a study on the
properties of fuzzy graphs which are non-cyclic and are of two-
dimensional in structure. In particular, this paper presents 2D
structure or the structure of double layer for a non-cyclic fuzzy graph
whose underlying crisp graph is non-cyclic. In any graph structure,
introducing 2D structure may lead to an inherent cycle. We propose
relevant conditions for 2D structured non-cyclic fuzzy graphs. These
conditions are extended even to fuzzy graphs of the 3D structure.
General theoretical properties that are studied for any fuzzy graph are
verified to 2D structured or double layered fuzzy graphs. Concepts
like Order, Degree, Strong and Size for a fuzzy graph are studied for
2D structured or double layered non-cyclic fuzzy graphs. Using
different types of fuzzy graphs, the proposed concepts relating to 2D
structured fuzzy graphs are verified.

Keywords—Double layered fuzzy graph, double layered non-
cyclic fuzzy graph, strong, order, degree and size.

[. INTRODUCTION

O understand and accommodate uncertainties and

vagueness, the concepts in crisp set theory were not
sufficient. Zadeh proposed the theory of fuzzy sets in 1965
that deals with uncertainties [1]. Fuzzy graph theory was
introduced by Rosenfeld in 1975, which has now advanced
into large number of branches [2]. Yeh and Bang studied
various connectedness concepts on fuzzy graph such as
connectivity matrix, degree of connectivity, edge connectivity,
vertex connectivity [3]. Complement of a fuzzy graph was
studied by Sunita and Kumar [4]. Nagoorgani and Malarvizhi
had discussed the properties of - complement of a fuzzy

graph [5]. Nagoorgani and Radha discussed the degree of
vertex in some fuzzy graphs [6]. Double layered fuzzy graph
was introduced by Pathinathan and Roseline in 2014 [7]. In
the same year, they further studied the matrix representation of
double layered fuzzy graph [8] and vertex degree of Cartesian
product of intuitionistic fuzzy graph [9].

As a generalization of fuzzy sets, Attanasov introduced
intuitionistic fuzzy set in 1986 [10]. Pathinathan and Roseline
developed intuitionistic double layered fuzzy graph in 2015
and studied its properties [11], further they verified its
Cartesian product [12]. In the same year, they introduced
structural core graph of double layered fuzzy graph [13] and
later introduced triple layered fuzzy graphs [14]. In double
layered fuzzy graphs, they had dealt with those graphs whose
crisp graph is cyclic. In this paper, we have introduced the
concept of double layered non-cyclic fuzzy graph. Pathinathan
and Peter have also studied balanced double layered fuzzy
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graphs [15]. Peter studied the co-normal product of fuzzy
graphs [16].

Along with the introduction of double layered non-cyclic
fuzzy graphs, we have also defined the conditions to frame the
3D structure for a fuzzy graph whose crisp graph is non-cyclic
and also, we have defined its order, degree and size.

II. PRELIMINARIES

We recall some definitions.

A. Double Layered Fuzzy Graph

Double Layered Fuzzy Graph (Crisp graph G* is a cycle)

Let G:(o, ) be a fuzzy graph with the underlying crisp
graph G*:(c", i'). The pairDL(G): (CoL» o) is defined as
follows. The node set of DL(G) be " U 1" . The fuzzy subsets
o(u)ifuec’.

Op. on o Uy aredefinedas 5
p(uv) ifuv e p*.

p(uv) ifuveo.
ue) Ap(e;) ifthe edgee; ande,

have a common node between them.
to, =y0(u) Ap(e;) ifu; ec” and e ep”
and each e is incident withsingle u,
either clockwise or anticlockwise.

0 otherwise.

B. Order of Fuzzy Graph
Given a fuzzy graphG: (o, 1), with the underlying set S,

the order of G is defined as 2 o(X) and is denoted as O (G).

xeS

C. Size of Fuzzy Graph
Let G:(o, ) be a fuzzy graph, then the size of G is

defined as S(G) = Z H(X,y)-

X,yev

D. Vertex Degree
Let G: (o, u) be a fuzzy graph, the degree of a vertex u is

defined as d(u) = Z 1(X,y)-

x,yeE
E. Strong Fuzzy Graph
A fuzzy graph G: (o, p) is said to be a strong fuzzy graph
if u(u,v)=co(u)Ao(v)forall (u,v)inp".
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F. p-Complement
Let G be a fuzzy graph, the f/- complement of G is

denoted as G* : (¢*, y*) where ¢ U u* and

III. DOUBLE LAYERED NON-CYCLIC FUzZY GRAPH
A. Double Layered Non-Cyclic Fuzzy Graph
Let G:(q, 1) be a fuzzy graph with the underlying crisp graph
G :(c", ¢*). The pair NCDL(G) :(O-NCDLHuNCDL)iS defined as
follows. The vertex set of NCDL(G) bec” U " . The fuzzy

subset Oycp, is defined as:

Onep, =0(U) Ifueo™.

OyepL = M(UV) ifuv e i,

and the fuzzy relation f4ycp on O * U *is defined as:

() pyep, = p(uu;) =g if €is incident with o(l;) and
o(u;), ie. there is only one edge incident with the
corresponding vertex if u,u; e’ and € € u .

(i) pyep, = p(UU)) A (U U,) =€ A€, if € s incident with
o(l;) and o(u;), €is incident with o(U;) and o (U, )
i.e. there exist more than one edge incident with the
corresponding vertex and if u,u; e c*ande,,e; € 4"

(i) pyep, = (&) A p(e;) if the edge € and €; have a node
in common between them.

(V) thyep, =0U) A p(E) if U, ec™ and € € u*, cach €
is incident with single U either clockwise or
anticlockwise.

(V) tyep, =0 otherwise.

By definition g4y (U,V) <Oy (U)ACyp (V) for all u, v in
o U . Here M 18 @ fuzzy relation on the fuzzy subset

OycpL - Hence the pair NCDL(G):(0y oy » 4y, ) is defined as
the double layered non-cyclic fuzzy graph (NCDLFG) or 3-D
Non-Cyclic Fuzzy Graph.

B. Example for Double Layered Non-Cyclic Fuzzy Graph
with 3 Vertices

Consider the fuzzy graph G, whose crisp graph G is a non-
cycle with n = 3 vertices.

@5
(0.4) (0.5)

u;(0.4) " 0.6)

Fig. 1 Fuzzy Graph G:(g, 1) whose crisp graph G™:(o", ") isa

non-cycle

e u3
0.4 06 95 05

0.4
Fig. 2 Double Layered Non-Cyclic Fuzzy Graph NCDL (G)

=(Oncovs Mneo)

C. Example for Double Layered Non-Cyclic Fuzzy Graph
with 4 Vertices

Consider the fuzzy graph G, whose crisp graph G* is a non-
cyclic with n = 3 vertices.

(0.4) uz, (0.6)

Fig. 3 Fuzzy Graph G : (o, ££) whose crisp graph G™ : (o, 1) is

a non-cycle
(0.4) u, ¢1(03)  (0.6)u, e2(0.4)
(0.3) (0.4
(0.3) (0.3) ©2)
(0.5)u; 3 403} )
(0.5) (0.1)

(0.7)uy (0.3) €4(0.5)

Fig. 4 Double Layered Non-Cyclic Fuzzy Graph
NCDL(G)=(Oycp > HncoL )

D. Example for Double Layered Non-Cyclic Fuzzy Graph
with 5 Vertices

Consider the fuzzy graph G, whose crisp graph G* is a non-
cyclic with n = 5 vertices.
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Fig. 5 Fuzzy Graph G : (¢, 1) whose crisp graph G™:(o", x")isa

non-cycle
0.2) (0.4) (0.5) 0.3
u on G u, (02 (us)
(0.1 005 \©3 (0.4 |02 (0-1)
& (005 e o €, 01 s
0.1) (0.1) (0.2) (0.2)

0.3
(0.05) 10.1)

€3
(0.3)

Fig. 6 Double Layered Non-Cyclic Fuzzy Graph NCDL (G)

=(OncoLs Hncol)

We can obtain different double layered non-cyclic fuzzy
graphs for a given fuzzy graph G, whose crisp graph is non-
cyclic.

IV. THEORETICAL CONCEPTS

Theorem: If G is a strong fuzzy graph then NCDL (G) is
also a strong fuzzy graph.

Proof: Given G is a strong fuzzy graph, then by definition
of strong fuzzy graph we have (u,v)=o(u)Ao(v) for all

(u,v) in 2"
Now we have to prove that the NCDL (G) is also a strong
fuzzy graph. By the definition of NCDL (G) as

() MyeoL = p(uu;)=¢ if € is incident with o(u,) and
o(u;)> i.e. there is only one edge incident with the
corresponding vertex, if u,u,ec’ and & € o

(1) e, = u(UU)) A (UL, =€ A€ if € is incident with &(u,)
and O-(uj)’ e is incident with o(w) and o(u,) i.e. there
exist more than one edge incident with the corresponding
vertex and if U, U, co and €€ eu.

(i) pyep, = ,u(ei)/\ﬂ(ej) if the edge €; and g have a node
in common between them.

(V) ttyep, =0(U) A p(e) if U o™ and g e y*, each g is
incident with single U; either clockwise or anticlockwise.

(V) e =0 otherwise.

Case i. 1, =o0(€) if € is incident with o(U;) and

o). i.e. there is only one edge incident with the

corresponding vertex. Since the parental graph is a strong
fuzzy graph then it is trivial that

£UY) =0 (U) Ao(v) = (V) = a(e,) Tor all u,v) in g, -

Case ii. ., =o(g)no(e;) if & is incident with
o(U;) and o(u;) and €; is incident with o(u,) and o(u,)i.e.

there exist more than one edge incident with the corresponding
vertex.

Here 5 (e)=c(u)ao(u;) and oe)=ou)rou,)
where given the fuzzy graph G is strong we have
(UL Uy = o (U) Ao (U) = 4(8,)- Similarly,
au,u) =o(u)Ao(u)=ue;) and hence
Hncor = H(&) A p1(8)) = u(EE)) -

Caseiii. g1, = u(e) A p(e;) ifthe edge € and €; have
anode in common between them. If u=g,v=¢, where u,ve )7
are adjacent inG” then g, (UV) =Cen §)NO 1 (6)-

Case iv. 4 =o(U)A(e) if Ueo™ and € € p*and
each € is incident with single U either clockwise or

anticlockwise in G'. Then ,Lmzo-m(q)/\o-m(ej) (by the

definition of Oycp ). Hence if G is a strong fuzzy graph, then
by Case i, i, iii and iv we have for
Hneor = Oneol (W) A Oyep (V) all (u, v)in piep, -
1. Order of Non-Cyclic Double Layered Fuzzy Graph
Order NCDL(G)=Order(G)*+ ) pyepy () -

¢;€E

where

G=(V,E) is a non-cyclic fuzzy graph.
Theorem: Let G = (V, E) be non-cyclic fuzzy graph then

Size NCDL(G)=Size(G)
+ Z ie;) Aple)t Z o(u;) A p(e).

¢j.c;eE u;eV,e ek

Proof. We know by the definition that size of a fuzzy graph

S(G)= > u(u,v).

u,veV

Size NCDL(G) = Y Oy (W A Gy (V)

uyveV

+ ZluNCDL(eI)/\%DL(en)"' Z OneoL (W) A Ly (€)-

§.ejcE ueV.geE

Size NCDL(G)= Y. o(u) Ao (V)

u,ve V

+ Z Hneo (&) A Hyep (8) + z OneoL (Ui) A Lyep (8)-

g.eje E uie V.geE

Size NCDL(G) = Size(G)
+ z (&) A p(ey)+ Z o(u) A u(e).

&.ejeE ueV.geE
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Theorem: Let G =(V, E) be a non-cyclic fuzzy graph then:

de()+(o(u)Au(e,)) if ueo.

dNCDL(G) = Z Iu(ei)/\lu(ej)+(7(ui)/\,u(ei) ifueu’.

geu

Proof: We know that the degree of a vertex in a fuzzy graph
is given by ds(u) = Zﬂ(u’v) .

VU
veV

Case i. Let Ues;, then:

dNCDL(G) (w= z oo, (U V) + ey (0;,€,)

ves”

= O UV + Oy (U A Ly (€)

=
Veo

= dG W+ou)A u(e).

Caseii. Let U e ", then:

dNCDL(G)(u): z IuNCDL(ei’ej)+:uNCDL(ui’ei)

x
€ .ejeu

- z ) A ue))+o(u)Aue)-

ei,eje,u

The g-complement of NCDL (G) is the fuzzy graph G
with its edge membership value is always less than G.

(0.4)
Uq

(0.3)

U
(0.6)

(0.4) ©%)

Fig. 7 Fuzzy Graph G : (o, 1) whose crisp graph G* : (o, ") is

a non-cycle

04
l(J1 )(0-3) (0.3)

Uy
(0.3)
(0.3)
(0.4) 0.8)
e lZO 3) ( N
2) Jd
(0.3) (0.3) (6‘_1)

Fig. 8 Double Layered Non-Cyclic Fuzzy Graph NCDL (G)

=(Oncous Hneol)

(0.4)
Ut (0.3)
e e
(0.1)
(0.6) uz ©2 ©8)
Uz
e °
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Fig. 9 Complement of Double Layered Non-Cyclic Fuzzy Graph
NCDL (G") =(0" ycpr» 4" ncor)
If G is a strong fuzzy graph, then the f/-complement of

NCDL (Q) is the fuzzy graph G with its edge membership
value is always less than G.

(0.2) U1

Fig. 10 Fuzzy Graph G : (o, ££) whose crisp graph G™ : (o™, ) is

a non-cycle

(0.2) U1 (0.2) ¢,

02)

(0.2)

e, (0.2)

(0.7)u3 (05) e5(0-5) Us (0.5) e

0.9) 05)

Fig. 11 Double Layered Non-Cyclic Fuzzy Graph NCDL (G)

=(OncoL > MneoL)
(0.2) 1 & 0.2)
U2 o €2
(0.5) (0.2)
U & U %
07 (05 (0.9) (0.5)

Fig. 12 Complement of Double Layered Non-Cyclic Fuzzy Graph
NCDL (G*) =(0 ycpps 4" nepr)
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V.CONCLUSION

The 3D-structure for non-cyclic double layered fuzzy graph
was obtained and defined in this paper. Some of its properties
were derived. Further this can be extended to study its degree
of non-membership values. Similar studies can be done for
triple layered fuzzy graphs [7]. Its application can be verified
in networking structures in future.

REFERENCES

[1]1 L. A. Zadeh, “Fuzzy sets”, Information and Control, 1965, pp. 338-353.

[2] A. Rosenfeld, “Fuzzy Graphs”, in L. A. Zadeh, K. S. Fu, K. Tanaka and
M. Shimura, eds., Fuzzy Sets and Their Applications to Cognitive and
Decision Process, Academic Press, New York, 1975, pp. 75-95.

[3] R.T. Yeh and S. Y. Bang, “Fuzzy Relations, Fuzzy Graphs and their
Applications to Clustering Analysis”, in L. A. Zadeh, K. S. Fu, K.
Tanaka and M. Shimura, eds., Fuzzy Sets and Their Applications to
Cognitive and Decision Process, Academic Press, New York, 1975, pp.
75-95.

[4] M. S. Sunita and A. Vijaya Kumar, “Complement of Fuzzy Graph”,
Indian Journal of Pure and Applied Mathematics, vol. 33, no. 9, 2002,
pp. 1451-1464.

[5] A. Nagoorgani and J. Malarvizhi, “Properties of £/ - Complement of a

Fuzzy Graph”, International Journal of Algorithms, Computing and
Mathematics, vol. 2, no. 3, 2009, pp. 73-83.

[6] A. Nagoorgani and K. Radha, “The Degree of Vertex in some Fuzzy
Graphs”, International Journal of Algorithms, Computing and
Mathematics, vol. 2, no. 3, 2009, pp. 107-116.

[7] T. Pathinathan and J. Jesintha Roseline, “Double Layered Fuzzy Graph”,
Annals of Pure and Applied Mathematics, vol. 8, no. 1, 2014, pp. 135-
143.

[8] T. Pathinathan and J. Jesintha Roseline, “Matrix Representation of
Double Layered Fuzzy Graph and its Properties”, Annals of Pure and
Applied Mathematics, vol. 8, no. 2, 2014, pp. 51-58.

[9] T. Pathinathan and J. Jesintha Roseline, “Vertex Degree of Cartesian
product of Intuitionistic Fuzzy Graph”, International Journal of
Scientific and Engineering Research, vol. 5, no. 9, 2014, pp. 224-227.

[10] K. T. Atanassov, Intuitionistic Fuzzy Sets, Fuzzy Sets and Systems, vol.
20, 1986, pp.87-96.

[11] T. Pathinathan and J. Jesintha Roseline, “Intuitionistic double Layered
Fuzzy Graph and its Properties”, Asian Research Publishinng Network,
2015, pp. 5413-5417.

[12] T. Pathinathan and J. Jesintha Roseline, “Intuitionistic double Layered
Fuzzy Graph and its Cartesian product Vertex degree”, International
Journal of Computing Algorithm, 2015, pp. 1374-1378.

[13] T. Pathinathan and J. Jesintha Roseline, “Structural Core Graph of
double Layered Fuzzy Graph”, International Journal of Fuzzy
Mathematical Archives, vol. 8, no. 2, 2015, pp. 59-67.

[14] T. Pathinathan and J. Jesintha Roseline, “Triple Layered Fuzzy graph”,
International Journal of Fuzzy Mathematical Archives, vol. 8, no.l,
2015, pp. 36-42.

[15] T. Pathinathan and M. Peter, “Balanced Double Layered Fuzzy Graph”,
International Journal of Multidisciplinary Research and Modern
Education (IIMRME), vol. 3, no. 1, 2017, pp. 208-217.

[16] M. Peter, “On Co-Normal Product of two Fuzzy Graphs”, International
Journal of Multidisciplinary Research and Modern Education
(IJIMRME), vol. 3, no. 1, 2017, pp. 203-207.

354



