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Abstract—The aim of this paper is to introduce the concepts of (e,
evq-fuzzy subalgebras, (e,evq-fuzzy ideals and (e,evq-fuzzy
quotient algebras of BCl-algebras with operators, and to investigate
their basic properties.
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I. INTRODUCTION

HE fuzzy set is a generalization of the classical set and
was used afterwards by several authors such as Imai [1],
Iseki [2] and Xi [3], in various branches of mathematics.
Particularly, in the area of fuzzy topology, after the
introduction of fuzzy sets by Zadeh [15], much research has
been carried out: the concept of fuzzy subalgebras and fuzzy
ideals of BCK-algebras, and their some properties.
BCK-algebras and BCl-algebras are two important classes
of logical algebras, which were introduced by Imai and Iseki
[1], [2]. In 1991, Xi [3] applied the fuzzy sets to BCK-
algebras and discussed some properties about fuzzy
subalgebras and fuzzy ideals. From then on, fuzzy BCK/BCI-
algebras have been widely investigated by some researchers.
Jun et al. [4], [5] raised the notions of fuzzy positive
implicative ideals and fuzzy commutative ideals of BCK-
algebras. Ming and Ming [12] introduced the neighbourhood
structure of a fuzzy point in 1980; Jun et al. [6] introduced the

concept of (€,evq)-ideals of BCI-algebras. In 1993, Zheng

[7] defined operators in BCK-algebras and introduced the
concept of BCl-algebras with operators and gave some
isomorphism theorems of it. Then, Liu [9] introduced the
university property of direct products of BCl-algebras. In
2002, Liu [8] introduced the notion of the fuzzy quotient
algebras of BCl-algebras. In 2004, Jun [10] introduced the
(@, ) -fuzzy ideals of BCK/BCl-algebras and established the

characterizations of (eevq)-fuzzy ideals. Next, Pan [13]

introduced fuzzy ideals of sub-algebra and fuzzy H-ideals of
sub-algebra. In 2011, Liu and Sun [11] introduced the concept
of generalized fuzzy ideals of BCl-algebra and investigated
some basic properties. In 2017, we [14] also introduced the
fuzzy subalgebras and fuzzy ideals of BCl-algebras with
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operators.
In this paper, we introduce the concepts of (e,e vq)-fuzzy

subalgebras, (¢,e vq)-fuzzy ideals and (e evq)-fuzzy quotient

algebras of BCl-algebras with operators. Moreover, the basic
properties were discussed and several results have been
obtained.

II. PRELIMINARIES

Some definitions and propositions were recalled which may
be needed.
An algebra(x;«0) of type (2,0) is called a BCl-algebra, if

for all x,y,z e X, it satisfies:
(D((xxy)*(xxz))(zxy) =0;
(2)(x*(x*y))*y =0;
(3)xxx=0;
(4)x*y=0and y*x=0imply X =Y.
We can define x*y=0 if and only if X<V, and the
above conditions can be written as:
L (xxy)*x(x*z)<z*y;
2. x#(x*y)<y;
3. X<x;
4. X<yandy<XimplyXx=y.

A BCl-algebra is called a BCK-algebra if it satisfies
0%x=0.

Definition 1. [5] (X;*,0) is a BCl-algebra, a fuzzy subset A
of Xis called a fuzzy ideal of X if it satisfies:

(DA(0)= A(x),Vxe X,

(Q)A(X)= A(x*+y) A A(Y), VX, y e X.

Definition 2. [4] (X;+0) is a BCl-algebra, a fuzzy subset A of
X is called a fuzzy subalgebra of X if it satisfies:

A(x=y)=A(x)*A(Y), X,y e X.

Definition 3. [12] (x;x0) is a BCl-algebra, a fuzzy subset A
of X of the form

A(y):{t(;tO),y:X,

0,y #X,

is said to be a fuzzy point with support x and value t,and is
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denoted by x,.

Definition 4. [12] If X, is a fuzzy point, it is said to belong to
(resp.be quasi-coincident with) a fuzzy subset A, written as
X, € A (resp. X0A) if A(x)>t (resp. A(x)+t>1). IfX € Aor
X, gA, then we write X, € VQA. The symbol e vq (resp. e ora
) means € v( (resp. < or () does not hold.

Definition 5. [10](x;x0) is a BCl-algebra, a fuzzy set A of
X is called an (e,e vq)-fuzzy ideal of X if for all t,re(0,1]and
X,y € X, it satisfies:

1. x, e A= 0, e vgA,

2. (x* y)t eAandy, e A= X eVvOA
Definition 6. [10] A fuzzy set A is an (e,e vq)-fuzzy ideal
of X if and only if it satisfies:

(1) A(0)2 A(X) 0.5,V € X,

(2)A(x)= A(x*y)AA(Y)A0.5,VX,y € X.

Definition 7. [7] (x;«o0)is a BCl-algebra, M is a non-empty
set, if there exists a mapping(m,x) >mx from MxXto X

which satisfies
m(x*y)=(mx)*(my),vx,ye X,meM,

then M is called a left operator of X, Xis called BCI-
algebra with left operator M,or M —BCl-algebra for short.

Proposition 1. [6] Let (X;*,0) be a BCI-algebra, if A is an

(e,e vq) -fuzzy ideal of it, and X*Yy <z, then
A(x)2A(y)AA(z)~0.5,Vx,y,2€ X.

Definition 8. [13] Let A and B be fuzzy sets of set X, then

the direct product AxB of A and Bis a fuzzy subset of
X x X, define AxB by

AxB(x,y)=A(X)AB(Y),vx,y e X.

Definition 9. [7] Let(X;#0)and(X;%0)be twoM —BCI-
algebras, if for allxe X,meM, f(mx)=mf (x),and f is a
homomorphism from <X;*,0> to <)? ;*,0>,then f is called a

homomorphism with operators.

Definition 10. [13] (X;*,0) isan M —BCl-algebra, let B be
a fuzzy set of X,and A be a fuzzy relation of B,if it
satisfies:

A (X, y)=B(x)AB(Y),¥x,yeX,

then A is called a strong fuzzy relation of B.
Definition 11. [14] If <X;*,O> is an M —BCl-algebra, Ais a

non-empty subset of X, and mx e Afor all xe A,me M, then
(A;%,0) is called a M —subalgebra of <X;*,0>.

In this paper, X always means a M —BCl-algebra unless
otherwise specified.

111 (&€ vq) -Fuzzy SUBALGEBRAS OF BCI-ALGEBRAS WITH
OPERATORS
Definition 12.(x;+0) is a BCl-algebra, a fuzzy set A of Xis
calleda M — (g,evq)-fuzzy subalgebra of X if for allt,r(0,1]
and X,y € X, it satisfies:

l.x, eAandy, e A= (Xx*y) eVOA,

2. X, € A=(mx), e vgA.

Proposition 2. (x;x0)is a BCl-algebra, a fuzzy set A of Xis
anM —(e,e vq)-fuzzy subalgebra of X if and only if it satisfies:
(A(x*y)=A(X)AA(Y)A0.5 VX, y e X,

(2)A(mx) = A(X)A0.5,Vx € X.

Proof. Suppose that A is an M — (€,e vq) -fuzzy subalgebra
of X. (1) Let X,ye X, suppose that A(x)aA(y)<0.5,then
A(x*y)=> A(X)AA(Y), if not, then we have
A(xxy)<t<A(x)AA(y),3te(0,0.5); it follows that X, € Aand
yoeAbut  (xry),  =(x*y)evaA,
contradiction, then whenever A(x)AA(y)<0.5. We have

which  is a

A(x*y)=A(X)aA(y). If A(x)aA(y)=05, then (x) e Aand
Yos € A which implies that (x*y)  =(x*y) .€V0A,
therefore  A(xxy)>0.5, if  A(xxy)<0.5, then

A(x*y)+0.5<0.5+0.5=1, which is a contradiction, hence

because

A(xxy)= A(X)AA(Y)A0.5Vx,y e X.

(2) Let x e X and assume that A(x)<0.5. If A(mx)<A(x), then
we have A(mx)<t<A(x),3te(0,0.5), and we havex € A and
(mx), €A, since A(mx)+t<1,we have (mx), gA; it follows that
(mx), evgA, which is a contradiction, hence A(mx) > A(X).
Now if A(x)>05then X,; €A, thus (mx)  evgA, hence
A(mx)=0.5, which is a

contradiction,

otherwise A(mx)+0.5<0.5+0.5=1,
consequently, A(mx) > A(X) A0.5,Vx e X.
Conversely, assume that A satisfies condition (1), (2).
(D Let x,yeX and t,e(01] be such that x €Aand
y, €A then A(x)>t and A(y)>t,.
A(xxy) <t At if A(x)AA(Y)<0.5, then
A(xxy)2 A(X)AA(Y)A0.5=A(X)AA(Y) 2t AL,  this is a
contradiction, so we have A(X)AA(Y)20.5, it follows that

Suppose that
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A(x*y)+t Aty >2A(x*y) 2 2(A(X) A A(Y)A0.5) =1,

so that (x*y)  evOA

(2) Let xe X and te(0,1] be such that X, € A then we have
A(x)>t. Suppose that A(mx)<t,
A(mx)> A(x)~0.5= A(x)>t, this is a contradiction, hence we

if  A(x)<05, then
know that A(x)>0.5, and we have
A(mx)+t>2A(mx) = 2(A(x) A0.5) =1,

then (mx)t €VvQgA. Consequently, A isan M — (e vq)-fuzzy

subalgebra.
Example 1. If A is an M — (¢,e vq)-fuzzy subalgebra of X,

then X, isan M — (¢ evq)-fuzzy subalgebra of X, define
X, by

ILLxe A

X, X —>[o,1],xA(x)={0 oA

Proof. (1) For all x yex,if X,ye A, then xxyeA then we
have
Xa(xxy) =12 X, (x) A X, (y) A0S,

if there exists at least one which does not belong to A
between x and Yy, for example X ¢ A, thus

Xa(xxy)=0=X,(X)AX,(y)A0.5.
(2) Forall xe X, me M, if xe A, then mx € A, therefore
X, (mx)=1= X, (x)A0.5,

if x¢ A, then x,(mx)>0=X,(x)~0.5,therefore X, isan M —
(e,e vq)-fuzzy subalgebra of X.

Proposition 3. Aisan M — (e,e vq) -fuzzy subalgebra of X
if and only if A is an M —subalgebra of X, where A is a
non-empty set, define X, by

A ={x|xe X,A(x)2t},Vte[0,0.5].

Proof. Suppose A is an M —(e,evq)-fuzzy subalgebra of
X, A
A(x*y)2 A(X) AA(Y) A0.5. If
A(x)=t,A(y)>t, thus

is a non-empty set, te[0,0.5], then we have

xeA,yeA, then

A(x*y)=A(X)AA(Y)A05>t,

then we have x*yeA.If A is an M —(gevq)-fuzzy
subalgebra of X, then A(mx)> A(X)A0.52t,Vxe X,me M, then
we have mx e A.Therefore A is an M —subalgebra of X.
Conversely, suppose A is an M —subalgebra of X, then we

have x*ye A. Let A(X)=t, then
A(x*y)=t=A(X)=A(X)AA(Y)A0.5.
If A isan M —subalgebra of X, then we have
A(mx)>t=A(Xx)=A(X)A0.5Vxe X,meM,

therefore A is an M — (e e vq)-fuzzy subalgebra of X.

Proposition 4. Suppose X,Y are M —BCl-algebras, f is a
mapping from Xto Y, if A is an M- (g€ vq)-fuzzy
subalgebra of the Y, then t7(a) is a M — (gevq)-fuzzy

subalgebra of X.
Proof. Let yeY,suppose f is an epimorphism, and we have

y=f(x),3xeX. If Aisan M — (e evq)-fuzzy subalgebra of

Y , then we have
A(x*y)= A(X)AA(Y) A0.5, A(mx) = A(X) A 0.5.

Forall X,y e X,me M, we have

M (A)(xxy)=A(f(x)*F(y)) 2 A(f(X))AA(f(Y))A05
= (A)(X)A 1 (A)(Y)~0.5;

@) f(A)(mx)=A(f (mx))=A(mf (x))

> A(f(x))~0.5=f"(A)(x)A0.5.

Then f™'(A) isan M — (e e vq)-fuzzy subalgebra of X.

IV.(e,e vq)- FUzzZy IDEALS OF BCI-ALGEBRAS WITH
OPERATORS

Definition 13. (x;«0)is a BCl-algebra, a fuzzy set A of Xis
called an M —(e,e vq) -fuzzy ideal of X if for all t,re (O,l]
and X,Y € X, it satisfies:
1. X, € A=0, e vOA
2. (x*y)‘ ceAandy, e A= X, € VOA,
3. % € A= (mx), e vgA
Proposition 5. [13](x;x0) is a BCl-algebra, a fuzzy set A is
an M —(e,e vq) -fuzzy ideal of X if and only if it satisfies:
(1)A(0)= A(X)A0.5,¥x € X,
(2)A(x)= A(x*y)AA(Y)A0.5,VX,y e X,
(3)A(mx) = A(X)~0.5,¥x e X.
Proof. Suppose that A is an M —(e,e vq)-fuzzy ideal of X.
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(1) Let xe X and assume that A(x)<0.5. If A(0)<A(x),then
we have A(0)<t<A(x),3te(0,0.5),and we have X €A and
0,eA, since A(0)+t<1, we have OtaA, it follows that 0,evqA,
which is a contradiction, then A(0)>A(x). Now if A(x)>0.5,
then x,; €A, then we have 0,5evgA, henceA(0)>0.5,
otherwise, A(0)+0.5<0.5+0.5=1, which is a contradiction,

consequently,
A(0)= A(Xx)A0.5,Vx e X.

(2) Let x,ye X and suppose that A(xxy)aA(y)<0.5, then
A(x)=A(x*y)AA(y), if mnot, then we have
A(x)<t<A(x*xy)aA(y),3te(0,0.5), it follows that
(x+y)cA and y €A but X, =XxevgA which is a
contradiction, hence whenever A(xxy)aA(y)<0.5, we have
A(X)= A(x*y)AA(y).  If  A(x*y)AA(y)=0.5  then
Yos €A, which

Xos = Xosn0s € VOA, therefore A(x)20.5, because if A(x)<0.5,

(x*y),,€A  and implies  that

then A(x)+0.5<0.5+0.5=1, which is a contradiction, then
A(X)= A(x*y)AA(Y)A0.5Vx,y e X.

(3) Let x e X and assume that A(x)<0.5. If A(mx)<A(x), then

we have A(mx)<t<A(x),3te(0,0.5),and we have x €A and
(mx), €A, since A(mx)+t <1, we have (mx), gA, it follows that
(mx), e vgA, which is a contradiction, then A(mx) > A(x). Now
if A(x)205, then X 5 € A, thus (mx),_evga, hence A(mx)>0.5,

otherwise A(MX)+0.5<0.5+0.5=1, which is a contradiction,

consequently, A(mx)>A(x)~0.5,vxe X. Conversely, suppose

that A satisfies (1), (2), (3) of the Proposition 5, then we
have

(1) Let xe X and te (0,1] be such that X, € A, then we have
A(x)>t, A(0)<t, if
A(0)> A(x)A0.5= A(x)>t, which is a contradiction, then we
know that A(x)20.5, and we have
A(0)+t>2A(0)22(A(x)~0.5)=1, thus 0, € vgA

suppose  that A(x)<05, then

(2) Let x,ye X and t,t, ¢(0,1] be such that (x*y) e Aand
Y,, € A then and A(y)=>t,,

A(x) <t at,, I A(x*y)AA(y)<0.5, then

A(x*y)=t, suppose that

A(X)= A(x*y)AA(Y)A0.5=A(X*Y)AA(Y) 2t AtL,,

This is a contradiction, so we have A(x+y)aA(y)>05, it

follows that
A(X)+t A, >2A(X) 2 2(A(x*y) A A(Y)A0.5) =1,

so that X, ,, €VOA

(3) Let xe X and te(0,1]be such that x, € A, then A(x)xt,
suppose that A(mx) <t, if A(x)<0.5, then
A(mx)> A(x) ~0.5= A(x)>t, which is a contradiction, then we
and we have

know that A(x)=0

.5,
A(mx)+t>2A(mx) 2 2(A(x)A0.5)=1,  thus  (mx) evoA
Consequently, A isan M —(eevq)-fuzzy ideal.

Example 2. If A is an M —(gevq)-fuzzy ideal of X, then

X, isan M —(e,e vq) -fuzzy ideal of X, define X, by

X, X = (011X, (x) =] XA

: X = [0,1], =

A A 0,x¢ A

Proof. (1) Forall x,y e X,if X,y € A, then x*y e A, thus

X, (0) XA (X)A0.5,
Xa(X)=12 X, (x*xy)AX,(y)A0.5,

1>

if there exists at least one between x and Yy which does not

belong to A, for example x ¢ A, thus

XA(0)=1>X,(x)A0.5,

Xa(X)2 X, (xxy)AX,(y)A0.5=0,

therefore X, is a (eevq)-fuzzy ideal of X.

(2) For all xe X, meM, if xe A, then mxe A, therefore
Xa(mx)=12 X, (x)~0.5. If xg A, then X,(mx)>0=X,(x)A0.5,
therefore X, isan M —(e,e vq)-ﬁJzzy ideal of X.
Proposition 6. A isan M —(e,evq)-fuzzy ideal of X ifand
only if A isan M —ideal of X, where A is non-empty set,
define A by

A ={x|xeX,A(x)2t},vte[0,0.5].

Proof. Suppose A is an M —(e,evq)-fuzzy ideal of X, Ais
non-empty set, t[0,0.5], then we have A(0)>A(x)A0.5>t,
0eA. If x=*xyeA,yeA, then
A(xxy)2t,A(y)2t, thus A(x)>A(x*y)AA(y)A0.5>t then we

then we have

have xe A. For allxe X, meM,if A is an M —(e,evg)-
fuzzy ideal of X, hence A(mx)>A(x)A05>t, thus mxeA,

therefore A is an M —ideal of X. Conversely, suppose A is
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an M —ideal of X, then we have 0eA,A(0)>t. Let A(x)=t
thus xe A,we have A(0)>t=A(x), suppose there is no
A(x)> A(x*y)AA(y)~0.5, then there existX,, Y, € X, we have
A(%) < A% %Y, ) AA(Y) A 0.5, Tet 1 = A(x, *y,) AA(y,)~05, then
A(%) <ty =A(% * Y ) AA(Y, ) A0.5 I X *Y, €AY, €A, then
we have X, €A then A(x,)>t, which is inconsistent with
A(%) <ty = A(X, * ¥, ) AA(Y,) A 0.5, then we have
A(x)2 A(x*y)AA(y)~05. If A isan M —ideal of X, then we
have A(mx)>t=tA05=A(x)A05,vxeX,meM, therefore A is
an M - (e evq)-fuzzy ideal of X.

Proposition 7. Suppose X,Y are M —BCl-algebras, f is a
mapping from X to Y, Aisan M —(cevq)-fuzzy ideal of Y,
then f™'(A) isan M —(e.cvq)- fuzzy ideal of X.

Proof. Let y €Y, suppose f is an epimorphism, then we have
y="f(x),3xex. If A is an M —(gevq)-fuzzy ideal of Y,

then we have

(x=y)AA(Y)A0.5,
A(X)A0.5.

Forall X,y e X,me M, we have
(1) £ (A)(0)=A(f(0))=A(0)= A(f(x))r0.5=F"(A)(X)A0.5;
) (A0 = AT ()= AT (x)* F (y)) A AT (v)) 0.5
A(f (x* V) AA(F(y))A0.5=F"(A)(x*y)a f(A)(Y)A0.5;
f‘(A)(mX) A( T (mx)) = A(mf (x))

> A(f(x))A05= " (A)(x)A05.
Therefore f'l(A) is an M —(eevq)-fuzzy ideal of X.

V.(&,evq)- Fuzzy QUOTIENT BCI-ALGEBRAS WITH
OPERATORS
Definition 14. Let A be an M —(e,e vq)-fuzzy ideal of X, for
all ae X, fuzzy set A, on X defined as: A, : X —[0,1]

A (x)=A(a*x)AA(x*a)A0.5Vxe X.

Denote X/A={A, :aeX}.
Proposition 8. Let A, A e X/A, then A = A ifand only if
A(axb)AA(b*a)A0.5=A(0)A0.5.

Proof. Let A, = A, then we have A (b)= A (b), thus
A(axb)a A(b*a)~0.5= A(b*b) A A(b*b) A 0.5= A(0)A0.5,

thatis A(axb) A A(bxa)A0.5= A(0)~0.5. Conversely, suppose

that A(axb)a A(b*a)A0.5= A(0)~0.5. Forall x e X, since
(a#x)*(b*x)<axb,(x*a)*(x*b)<b=*a,

It follows from Proposition 1 that

Hence
=A(a*x)AA(x*a)A0.5

x*b)A A(axb)A A(b*a)A0.5
b)A A(0)A 0.5
x*b)A0.5=A (X),

thatis A, > A . Similarly, for all x € X, since
(b*x)*A(a*x)<b=a,(x*b)*A(x*a)<ax*bh.

It follows from Proposition 1 that

A(bxx)= A(axx)AA(b*a)A0.5,
A(x*b)= A(x*a) A A(a*b)A0.5.

Hence

A (x)=A(b*x)AA(x*b)A0.5
A(axx)A A(xxa)r A(b=a)r A(axb)A0.5
A(axx)a A(xxa)r A(0)A0.5
A(axx)a A(xxa)r0.5=A,(x),

v

thatis A > A,. Therefore, A, = A. We complete the proof.

Proposition 9. Let A, = A, A = A, then A, =A....

Proof. Since

((axb)x(a'xb))(axa’)=((axb)x(axa’))(a*D’)
<(a'*b)*(a'*b’) <b'*b,
((a"*b")*(a*b))*(b*b")=((a'*b’)*(b*b"))*(a*b)

<(a'*b)*(a*b)<a’+a.

Hence
A((a*b)*(a'+b)) = A(a*a’) A A(b'*b) A 0.5,
A((a'*b")*(axb)) = A(b*b') A A(a’*a) A0.5.

Therefore
A((a*b)*(a'*b")) A A((a'*b")*(a*h)) A 0.5
=A(axa’)aA(a'*a)A0.5A A(b*b") A A(b'#b)A0.5A0.5
= A(0)A0.5,

it follows from Proposition 8. that A, = A,,... We completed

the proof.
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Let A be an M —(e,evq)-fuzzy ideal of X. The operation "+"
of R/A is defined as: VA,A eR/A,A *A =A,. By

Proposition 8, the above operation is reasonable.
Proposition 10. A is an M —(e,evq)-fuzzy ideal of X, then

R/A={R/A;x A} isan M —BCl-algebra.
Proof. Forall A,A A eR/A, we have

(A A=A A (A A=A = A

(A**('%*A/))*A/ = Axx*(x*y))»y =A;
AxA=AL=A;

if AxA=AA*A=A, then A=A A=Al
follows from Proposition 8 that A(xxy)=A(0),A(y*x)=A(0),
hence A(xxy)aA(y#*x)A0.5=A(0)A0.5, then we have A =A .
R/A={R/A;* A a BCl-algebra. For all
A eR/A,meM, we define mA =A,.Firstly, we verify
that mA, =A is reasonable. If A =A,

=mA,, thatis to verify A = A, . Wehave

Therefore } is

then we verify

A(mxxmy)A0.5=A(m(x*y))A0.52 A(x*
A(my#mx)A0.5=A(m(y*x))A0.5> Ay *

y)AO.S,
X)/\O.S,

so we have

A(mx=my) A A(my=mx)A 0.5 A(x*y)AA(y*x)A0.5=A(0)A0.5,

then A(mxxmy)a A(my*mx)~0.5=A(0)A0.5, that is A=A .
In addition, for all me M, A ,A e R/A, we have

m(A, * )=mAx»=Awy
= Any) = Anc* Ay, = MA ¥MA.

Therefore R/A={R/A;»A}is an M —BCl-algebra.

Definition 15. Let x be an M —(e,evg)-fuzzy subalgebra of
X,and A be an Mm ~(ee vq)-fuzzy ideal of X, we define a
fuzzy set of X/A as follows:

p/A:X/A[0,1], u/A(A)=sup u(x)A0.5VA e X/A.
A=A

Proposition 11. 4/ A is an M —(e,e vq)-fuzzy subalgebea of
X/A.

Proof. Forall A,A e X/A,we have

W/ A(A*A) =l Al

> sup p(s*t)A0.52
A=AGA=A

= sup 4(s)A sup p(t)~0.5
A=A, A=A,

= 1/ A(A) A/ A(A) 705,

AMy) = sup u(z)A~0.5
A=Ay

sup  u(s)Ap(t)~0.5
A=AGA=A

Forall me M, A eR/A, we have

1/ A(Ay)= sup u(mz)A0.5

> sup u(z)~0.5=p/A(A)A0.5.

A=A

Therefore u/A is an M —(e,e vq)-fuzzy subalgebra of
X/A.

VI. DIRECT PRODUCTS OF (€,€ vq) - Fuzzy IDEALS OF BCI-
ALGEBRAS WITH OPERATORS
Proposition 12. Suppose A and Bare M -(gevq)-fuzzy
ideals of X,

X xX.
Proof. (1) Let (x,y)e X x X, then

then AxB is an M —(eevq)-fuzzy ideal of

AxB(OO) A(0)~B(0)

= ZA(X)/\O.S/\B(y)/\O.S
( ) ( )/\05 A><B(

X, ¥)A0.5,

then AxB(0,0)> AxB(x,y)A0.5V(x,y)e X xX;
(2) Forall (x,x,).(y,,y,) € X xX, we have

AxB((%:% ) *(¥,Y,)) A AxB(Y,,Y,) A 0.5

= AxB(X *Y,, % *Y,) A AxB(Y,,y,) A 0.5
=(A(X%*Y,)AB(X, *Y,)) AA(Y,) AB(Y,) 705
= (A% *Y,)AAY))A(B(X,*Y,) AB(Y,))A0.5
A(X)AB(X,)=AxB(x,X,),

IA

then for all(x,,x,),(y,,y,) e X xX, we have

AxB (X%, )= AxB((X.%,)*(;. ¥, )) AAxB(Y,,¥,) A 0.5;

(3) Forall(x,y) e X x X, we have
AxB(m(x,y))=AxB(mx,my)= A(mx)AB(my)
ZA(X)/\O.S/\B(y)/\O.S:A(X)/\B(y)/\O.S

=AxB(X,y)A0.5,

then we have
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AxB(m(x,y))z AxB(X,¥)A0.5V (X, y)e X xX.

Therefore AxBisan M —(eevq)-fuzzy ideal of X x X

Proposition 13. Suppose A and B are fuzzy sets of X, if
AxB is an M - (g evq)-fuzzy ideal of X x X , then A or B

is an M —(e,evq)-fuzzy ideal of X.
Proof. Suppose A and B are M -(c,evq)-fuzzy ideals of X,

then for all (x,x,),(y,,y,)e X x X, we have

AxB(X.%,) 2 AxB((X.%,)*(Y,.Y,)) AAxB(Y,,y,) A0.5
= AxB((x%*Y,),(%*¥,)) AAxB(Y,,¥,) A 05,

if X, =Yy, =0, then
AxB(0,x,) 2 AxB(0,x, *Y,) A AxB(0,y,) A0.5,
then we have
AxB(0,%) = A(0) A B(x) = B(x),

thus B(x,)>B(x, *y,)AB(y,)~0.5. If AxB isan M —(e,evq)
-fuzzy ideal of X, then

AxB(m(x,y))= AxB(X,y)A0.5V(X,y)e X x X,
let x=0, then
AxB( (x,y))= AxB(mx,my) =

2 A(
=B(

A(mx) A B(my)=B(my)
X) ( )/\O.S:A(O)/\B(y)/\O.S
y)A0.5,

then we have
B(my)z B(y)/\O.S,Vye X,meM.

Therefore B isan M —(e,evq)- fuzzy ideal of X.

Proposition 14. IfBis a fuzzy set, A is a strong fuzzy
relation A of B,then B is an M —(e,evq)-fuzzy ideal of X if

and only if’ A is an M —(e,e vq)- fuzzy ideal of X x X.
Proof. If Bis an M (e vq)-fuzzy ideals of X, then for all
(x,y)e X xX, we have

A;(0,0)=B(0)AB(0)=B(x)A0.5AB(y)A0.5
=A; (X% Y)A0.5;

forall (X,,X,),(Y;,Y,)€ X x X, we have

UP

(4.%)=B(x) nB(x)

( X *y,)AB( yl)/\OS) ( (xz*yz)/\B(yz)AO.S)
(B(x,*y,)AB(x, *yz)) ( (yl)/\B(yz))AO.S
(X *yl,x *V, ) AA (V). Y,)A0.5

A ((%2%,) % (Y1 ¥2)) A A (V12 Y2 ) A0S

II I \%

for all (x,y)e X xX, we have

A (m(x,y))= A (mx,my) =B (mx)AB(my)
(X)/\O.S/\ B(y)/\O.S: A (X,y)/\O.S.

Therefore A; is an M -(gevq)-fuzzy ideal of X xX.

Conversely, suppose Agis anM —(eevq)-fuzzy ideal of

X x X, forall (x,,x,)e X x x, we have

B(0)AB(0)= A, (0.0)> A, (x.X) A0.5=B(x) AB(X) A 0.5,

forall (x,,%,),(Y,,Y,)€ X xX, we have

B(X)AB(X,)=As(X,X,)

> A (%) (Y10 ¥2)) A A (15 ¥2) A 05

=A (X * YL % %Y, ) A A (Y. Y, ) A05
=(B(x,*Y,)AB(X, *Y,))A(B(y,) AB(Y,))A0.5
=(B(x,*Y,)AB(y,))A(B(X, *Y,) AB(Y,)) A0S,

let X, =y, =0, then
B(x,)AB(0)=(B(x *Y,)AB(Y,))AB(0)A0.5,
if A, isan M —(€,evq)-fuzzy ideal of X x X, then

A (M(%,¥))2 Ay (%, Y). VX, ye X xX,meM,

We have

B(mx) A B(my)= A (mx,my) > Ay (X,¥)A0.5=B(x)AB(y)A0.5,
if X =0, then
B(0)AB(my)=A; (0,my)> A, (0,y)A0.5=B(0)AB(y)A0.S5,

namely, B(my)>B(y)A0.5. Therefore Bis an M-(eevq)-
fuzzy ideal of X.
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