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[. INTRODUCTION

HE fuzzy set is a generalization of the classical set and it

has been applied to many mathematical branches such as
groups, rings, ideals and obtained many theories about fuzzy
set since Zadeh [13] first raised the concept of fuzzy set in
1965.

BCK/BCl-algebras are two classes of logical algebras,
which were introduced by Imai and Iseki [1], [2]. In 1991, Xi
[3] applied the concept of fuzzy sets to BCK-algebras, since
then fuzzy BCK/BCl-algebras have been extensively
investigated by several researchers. Jun et al. [4], [5]
introduced the concepts of fuzzy positive implicative ideals
and fuzzy commutative ideals of BCK-algebras. Meng et al.
[6] introduced the concept of fuzzy implicative ideals of BCK-
algebras. Jun et al. [7] introduced the concept of commutative
ideals of BCl-algebras, Liu and Meng [9], [10] introduced the
concepts of fuzzy positive implicative ideals and fuzzy
implicative ideals of BCI-algebras. In 1993, Zheng [8] defined
operators in BCK-algebras and introduced the concept of BCI-
algebras with operators and gave some isomorphism theorems
of it. Next, Liu [12] introduced the university property of
direct products of BCI-algebras. In 2002, Liu [11] introduced
the concept of the fuzzy quotient algebras of BCI-algebras.

In this paper, we introduce the definitions of fuzzy
subalgebras, fuzzy ideals and fuzzy quotient algebras of BCI-
algebras with operators, Moreover, the basic properties were
discussed and many results have been obtained, which
enriches the theory of BCK/BCl-algebras.

II. PRELIMINARIES

We recall some definitions and propositions which will be
needed.

An algebra(X;*,O) of type (2,0) is called a BCl-algebra, if
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it satisfies the following conditions:

BC1 - (1) () *(x42))#(24y) =0,
BCI —(2)(x*(x*y))*y=0, BCl =(3)x*x =0,
BCl —(4)x*y=0and y*X=0imply X =y,

for all X,y,ze X.We can define X*Yy=0if and only if
X <Y, then the above conditions can be written as:

L (xxy)*(x*z)<z*y,

2. xx(xxy)<y,

3. x<X,

4., x<yandY=Ximply X=Y,

for all X,y,ze X.If a BCl-algebra satisfies the identity
0*x =0, then it is called a BCK-algebra.

Definition 1. If <X;*,0> is a BCl-algebra, Ais a non-empty
subset of X,and X*ye Afor all X,ye A then <A;*,0> is
called a subalgebra of <X ; *,0).

Definition 2. [10] A fuzzy set in a set S is a function A from
S into [0,1].

Definition 3. [4] If (X;*,0) is a BCl-algebra, a fuzzy set A
of X is called a fuzzy subalgebra of X if for all X,y e X, it
satisfies:

A(x*y) = A(X)AA(Y).

Definition 4. [5] <X;*,0> is a BClI-algebra, a fuzzy subset A
of X is called a fuzzy ideal of X if it satisfies:
1. A(0)=A(x),VxeX,

2. A(X)=A(x*y)AA(Y), VXY e X.
Definition 5. [6] (X;*,0) is a BCI-algebra, M is a non-empty
set, if there exists a mapping (m,Xx)— mx from M xX to X

which satisfies
m(x*y)=(mx)*(my),vx,y e X,me M.

then M is called a left operator of X, Xis called a BCI-
algebra with left operator M, or M —BCl-algebra for short.

Proposition 1. Let <X;*,O> be a M —BCl-algebra, if Ais a
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fuzzy ideal of it, and Xx*y <z, then A(X)> A(y)AA(z) for
all x,y,ze X.

Definition 6. Let A and B be fuzzy sets of set X, then the
direct product AxB of A and B is a fuzzy subset of X x X,
define AxB by

AxB(X,y)=A(Xx)AB(y),vxy e X.

Definition 7. [6] Let (X;*,0) and <)?;*,0> be two M —BCI-
algebras, if f is a homomorphism from(X;*,O) to <>?;*,0> s

and f(mx)=mf (x)forall xe X, meM,then f is called a

homomorphism with operators.
Definition 8. <X;*,0> is a M —BCl-algebra, let B be a fuzzy
set of X, and A be a fuzzy relation of B, if

Ay (X,y)=B(x)AB(y) forall x,yeX,

then A is called a strong fuzzy relation of B. In the following
parts, X always means an M — BCl-algebra unless otherwise
specified.

III. Fuzzy SUBALGEBRAS OF BCI-ALGEBRAS WITH
OPERATORS

Definition 9. If <X;*,0> is an M —BCl-algebra, A is a non-
empty subset of X,and mxe Afor allxe A,me M,then
<A; *,0> is called an M —subalgebra of <X;*,O>.

Definition 10. <X;*,0> is a M —BCl-algebra, A is a fuzzy
subalgebra of X | if A(mx) > A(X) for all xe X,me M, then

A is called an M — fuzzy subalgebra of X.
Example 1. If A is an M —fuzzy subalgebra of X, then X,

is an M —fuzzy subalgebra of X, define X, by

ILxe A

X, X —>[o,1],xA(x):{0 ‘A

Proof. (1) For all

therefore

X,ye X,if X,ye A, then x*yeA

Xa(xxy)=12 X, (x)AX,(Y),

if there exists at least one which does not belong to A
between x and Yy, for example X ¢ A, thus

Xa(xxy)=0=X,(x)AX,(Y),

therefore X, is a fuzzy subalgebra of X.
(2) Forall xe X, me M, if xe A, then mx e A, therefore

Xu(mx)=1= X, (x),
if x ¢ A, then

Xa(mx)=0=X,(x),

therefore X, is an M —fuzzy subalgebra of X.

Proposition 3. A is an M —fuzzy subalgebra of X if only if
A is an M —subalgebra of X, where A is a non-empty set,

define X, by
A ={x|xe X,A(x)2t},vte[0,1].

Proof. Suppose A is an M —fuzzy subalgebra of X, A isa
non-empty set, t €[0,1], then we have

A(x*y)=A(X)AA(Y).
If xeA,yeA, then
A(x)=t,A(y)=t,

thus
A(xxy)=A(x)AA(y)=t,

thus we have

X*yeA.

For all xe X,me M,if Ais an M —fuzzy subalgebra of X,
hence

A(mx) > A(x)>t,

thus
mx e A,

therefore A is an M —subalgebra of X . Conversely, suppose
A is an M —subalgebra of X,then we have x*ye A.Let
A(X) =t, then

A(xxy)=t=A(x)= A(X)AA(Y).

For all xe X, me M, if A is an M —subalgebra of X, then
we have

A(mx)>t=A(x),

therefore A is an M —fuzzy subalgebra of X.
Proposition 4. Suppose X,Y are M —BCl-algebra, f is a

mapping from X to Y,if A is an M —fuzzy subalgebra of
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the Y, then f™'(A) isan M —fuzzy subalgebra of X.
Proof. Let yeY,suppose f is a epimorphism, then there
exists X in X,we have y=f(x). If A is an M —fuzzy

subalgebra of Y , then we have
A(xxy)= A(x)AA(Y), A(mx) = A(x).

Forall X,ye X,meM,

M (A)(xxy)=A(f ()= (y)) =

) A((x))A
= (A ) AT (AN (Y);

)

(

A(T(Y))

(2)f T(A)(mx) = A(f (mx))
(A (%)-

Therefore f~ ( A) is an M —fuzzy subalgebra of X

= A(mf (x)) 2 A(f(x))

IV. Fuzzy IDEALS OF BCI-ALGEBRAS WITH OPERATORS
Definition 11. <X;*,0> is an M —BCl-algebra, A is a fuzzy
ideal of X, if A(mX)Z A(X) for all xe X,me M,then A is

called an M —fuzzy ideal of X .
Example 2. If A isan M — fuzzy ideal of X, then X, isan

M — fuzzy ideal of X, define X, by

ILxeA

X, X —>[o,1],xA(x):{0’XgéA

Proof. (1) For all x,yeX,if X,yeAthen X*yeA,
therefore

Xa(0)=12X,(x), X, (x)=1=X,(x*xy)AX,(y),

if there exists at least one which does not belong to A
between x and Y, for example X ¢ A, thus

Xa(0) =12 X, (%), X,(%)2 X, (x*y) A X, (y)=0,

therefore X, is a fuzzy ideal of X.
(2)Forall Xxe X, meM, if xe A, then mx € A, therefore

Xa(mx)=1= X, (x).
If x ¢ A, then
X (mx)=0=X,(x),

therefore X, isan M —fuzzy ideal of X.
Proposition 5. A is an M —fuzzy ideal of X ifonly if A is
an M —ideal of X, where A is non-empty set, define A by

A ={x|xe X,A(x)2t},vte[0,1].

Proof. Suppose A is an M —fuzzy ideal of X, A is non-

empty set, t €[0,1], then we have
A(0)= A(x)=t,
thus 0 A.If x*ye A,ye A, then

A(xxy)=t,A(y)=t,

thus
A(x)= A(x*y)AA(Y)=t,

thus we have

xeA.

Forallxe X, me M, if A isan M —fuzzy ideal of X,
hence

A(mx) = A(x)=t,

thus
mxe A,

therefore A is an M —ideal of X. Conversely, suppose A is
an M —ideal of X, then we have OeA,A(0)>t Let
A(x)=t, thus x e A, we have

suppose there is no
A(x)= A(x*y)AA(Y),
then there exist X, ¥, € X, we have
A(Xo) < A% * Yo ) AA(Y,)s
let t, = A(X, *Y,) AA(Y,), then
A(Xy) <ty =A(X* Yo ) AA(Y,)s
if X, *y, €AY, €A, then we have

XoeAﬂv

then
A(x,) =t

0
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which is inconsistent with A(X,)<t, = A(X, *Y,) A A(Y,),

then we have
A(x)= A(x*y)AA(Y).

Forall xe X,meM, if A isan M —ideal of X, then we

have
A(mx)>t=A(x),

therefore A is an M —fuzzy ideal of X.
Proposition 6. Suppose X,Y are M —BCl-algebras, f is a

mapping from X to Y, A is an M —fuzzy ideal of Y, then
f’l(A) isan M — fuzzy ideal of X.

Proof. Let yeY, suppose f is an epimorphism, then there
exists X e X, we have y=f(x). If A isan M —fuzzy ideal

of Y, then we have
A(0)= A(y) or A(f(0))=A(y).
Forall X,ye X,meM,

M (A)(0)=A(f(0)

) =A(0) 2A(f(x)) = (A)(x);
<2>f'l(A)() A(f (%))
f

((X)*f DAA(T(Y)=A(f (xxy)) A AT (y))
F(A)(x*y) A T (A)(y):
(@) (A)(mx) = A(f () = A(mF ()= A(1 ()= £ (A)(x).

Therefore f’l( A) isan M —fuzzy ideal of X.

V. Fuzzy QUOTIENT BCI-ALGEBRAS WITH OPERATORS
Definition 12. Let A be an M —fuzzy ideal of X, for all
ae X, fuzzy set A, on X defined as:

A : X >[0,1]
A (x)=A(a*x)AA(x=*a),Vxe X.

Denote X/A={A :aeX}.

Proposition 7. Let A,A e X/A,then A =A if only if

A(a*b)=A(b*a)=A(0).

Proof. Let A =A,, then we have A (b)= A, (b), thus
A(axb)A A(bxa)=A(b=b) A A(b*b)=A(0).

That is A(a*b)z
A(a*b) = A(b*a) = A(O)‘ For all x e X, since

A(b*a)=A(0). Conversely, suppose that

(axx)*(b*x)<axh,(x*a)*(x*b)<b=a.
It follows from Proposition 1 that
A(axx)=A(b=x)AA(ax*b),

A(x=a)>A(x*b)A A(b=a).

Hence
A (x)=A(axx)AA(x*a)> A(b*x) A A(x*b) = A (x).
Thatis A, > A. Similarly, for all x € X, since

(bxx)*A(a*x)<b=*a,(x*b)*A(x*a)<axh.

It follows from Proposition 1 that

A(b*x)> A(axx)AA(b*a), A(x*b)> A(x*a)A A(axb).
Hence
A (x)=A(b*x) A A(xxb)> A(axx) A A(x*a)= A, (x).

Thatis A > A . Therefore, A, = A . we complete the proof.

Proposition 8. Let A, = A, A = A, then A=A,

Proof. Since
((a*b)*(a'*b"))*(axa’)=((a*b)*(ax*a’))*(a'*b’)
sz
((a'*b")*(a*b))*(b*b")=((a"*b")*(b*b"))*(a*b)
<(a'*b)*(axb)<a’*a
Hence
A((axb)*(a'+b’))= A(a*a’) A A(b"*b) = A(0),
A((a'*b")*(axb))> A(bxb') A A(a'*a) = A(0).

Therefore

A((axb)*(a'*b"))= A((a'*b")*(axh)) = A(0),

it follows from Proposition 7 that A, = A, . we completed

the proof.
Let A be an M —fuzzy ideal of X  The operation "+" of

R/A is defined as:

VALA ERIAA A = A

By Proposition 7, the above operation is reasonable.
Proposition 9. Let A be an M —fuzzy ideal of X, then
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R/A={R/A;x A} isan M —BCl-algebra.
Proof. Forall A,A A eR/A,

(A=A ) (A A) (A A )= Ay = A
(A (A=A #A = Ay = A AFA=AL=A;
if A*A =A,A *A =A, then
Ax*y = A\)’ Ay*x = A(]’

it follows from Proposition 7 that

A(x*y)=A(0),

A(y=*x)=A(0),

hence

A=A,

R/A={R/A;x Aj}is a BCl-algebra. For all
A eR/A,me M, we define mA, = A,,. Firstly, we verify that
mA, = A, isreasonable. If A = A, then we verify

Therefore

:mAy,

that is to verify

A= Any
We have
A(mxxmy)=A(m(x*y))= A(x*y)=A(0)
and
A(my=mx)=A(m(y=*x))=A(y*x)=A(0),
so we have
A(mx*xmy) = A(my*mx) = A(0),

thatis, A, = A, .In addition, forall me M,A,A eR/A,

m(A*A)=mA_ =A . =AL.

Therefore R/A={R/A;* A }is an M —BCl-algebra.
Definition 13. Let x# be an M —fuzzy subalgebra of X, and
A be an M —fuzzy ideal of X  we define a fuzzy set of
X/A as:

ufA:X/A=>[0,1], u/A(A)= il}pAy(X),VA e X/A.

Proposition 10. /A is an M —fuzzy subalgebea of X/A.

)+(my) _AHX*ATW :m&*mA/'

Proof. Forall A,A e X/A,

u/A(A*A)=u/A(A.,)

=sup u(z)> sup p(sxt)> sup p(s)Au(t)
A=Ay A=ACA=A, A=ACA=A

= sup u(s)A sup p(t)=pu/A(A )/\,u/A(A/).
A=A, A=A,
Forall me M, A eR/A,

I A(A)= sup () sup ()= s/ A(A)

s
A=
Therefore, 1/A is an M —fuzzy subalgebra of X/A.

VI. DIRECT PRODUCTS OF FUZZY IDEALS IN BCI-ALGEBRAS
WITH OPERATORS

Proposition 11. Suppose A and B are M —fuzzy ideals of
X, then AxBisan M —fuzzy ideal of X x X.

Proof. (1)Let (X, y) € X x X, then
AxB(0,0)=A(0)AB(0)> A(x)AB(y)=AxB(x,y),

thus for all (x,y)e X xX,AxB(0,0)> AxB(x,y);

(2) Forall (X,,X%,),(Y,,Y,)€ X x X, we have

AxB((%:%)*(Y;.Y,)) A AxB(Y,.Y,)

=AxB(X *y, % *Y,) AAxB(Y,Y,)

( (X *yl)/\B(xz*yz))/\A(y])/\B(yz)
( () AAM))A(B(x*¥:) AB(Y,))
<A(x)AB(x)

_ AxB(x.x,),
thus for all (X, X, ),(Y,,Y,) € Xx X, we have

AxB(X.%,)= AxB((X.%,)*(¥,.¥,)) AAxB(Y,.Y,);
(3) For all(x, y) e X x X, we have

AxB(m(x,y))=AxB(mx,my) = A(mx)AB(my)
> A(X)AB(Yy)=AxB(x,Y),

thus for all V(X, y) e X x X, we have

AxB(m(x,y))= AxB(x,y).

Therefore AxBisan M —fuzzy ideal of X x X
Proposition 12. Suppose A and B are fuzzy sets of X, if
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AxB is an M —fuzzy ideal of X x X, then A or B is an
M —fuzzy ideal of X.

Proof. Suppose A and B are M —fuzzy ideals of X, then
forall (X,,X,),(Y,,¥,)€ X x X, we have

AxB (X%, )= AxB((X.%,)*(Y,.,))AAxB(Y,,Y,)
= AXB((XI *yl)’(XZ*yZ))/\AX B(ylayz):

if X, =Yy, =0, then
AxB(0,x,) > AxB(0,x,*y,) A AxB(0,y,),

we have AxB(0,x)=A(0)AB(x)=B(x),so
B(X,)2B(x,*y,)AB(Y,). If AxB is an M —fuzzy ideal
of X, then

AxB(m(x,y))= AxB(X,y),¥(x,y)e X x X,
let x=0, then

AxB(m(x,y))=AxB(mx,my)= A(mx) A B(my)=B(my)

> A(X)AB(y)=A(0)AB(y)=B(Y),

thus we have B(my)>B(y)for all ye X,meM. Therefore

B is an M —fuzzy ideal of X.

Proposition 13. IfBis a fuzzy set, A is a strong fuzzy
relation A; of B, then Bis aM — fuzzy ideal of X if only if
A, is an M —fuzzy ideal of X x X.

Proof. IfBis an M —fuzzy ideals of X,
(x,y)e X xX, we have

then for all

A;(0.0)=B(0)AB(0)2B(x)AB(y)=A; (x.);

forall (X,,X,),(Y;,Y,)€ X xX, we have

A (X, %,)=B(x)AB(X,)
(B(X *y,)AB( yl)) ( (%, *yz)/\B(yz))
(B(x*y)AB(x,*y,))A(B(,) AB(Y,))
As (x l*ypx *¥,) A A (V1 Y2)
A (%% ) #(1¥2)) A Ay (V112 )5

II I \%

forall (x,y)e X xX,meM,

Ay (m(x,y)): A (mx,my) =
>B(x)AB(Yy)= A (x.).

B(mx) A B(my)

Therefore, if Bis an M —fuzzy ideal of X,then A; is an
M —fuzzy ideal of X xX. Conversely, suppose A; is an

M —fuzzy ideal of X x X, then V(X,,X, )€ X x X, we have

B(0)AB(0)=A;(0,0)> Ay (x,x)=B(x)AB(x);

forall (X,,%,),(Y,,Y,)€ X x X, we have
B( DAB(X)=As (X,%,)
>

As (%0 %,) % (1, 92)) A A (Y10 Y1)
As (X %Y1 % %Y, ) A A (Y30 Y)
(B(
(B(

X #Y,) AB(X, #Y,)) A(B(Y,) AB(Y,))
(yz));

X *Y, ) AB(Y,))A(B(X,*y,)AB
let X, =y, =0, then

B(x,)AB(0)=(B(x*Y,)AB(Y,))AB(0),
if Ay isan M —fuzzy ideal of X x X, then

AB(m(x,y))zAB(x,y),VX,yeX xX,meM,

B(mx) A B(my) = A (mx,my) > A, (x,y)=B(x)AB(Y),
if x =0, then
B(0)AB(my)=Ag (0,my)> A, (0,y)=B(0)AB(y),

namely, B(my)> B(y). Therefore Bis an M —fuzzy ideal

of X.
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