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Consensus of Multi-Agent Systems under the
Special Consensus Protocols

Konghe Xie

Abstract—Two consensus problems are considered in this
paper. One is the consensus of linear multi-agent systems with
weakly connected directed communication topology. The other
is the consensus of nonlinear multi-agent systems with strongly
connected directed communication topology. For the first problem,
a simplified consensus protocol is designed: Each child agent can
only communicate with one of its neighbors. That is, the real
communication topology is a directed spanning tree of the original
communication topology and without any cycles. Then, the necessary
and sufficient condition is put forward to the multi-agent systems can
be reached consensus. It is worth noting that the given conditions do
not need any eigenvalue of the corresponding Laplacian matrix of the
original directed communication network. For the second problem,
the feedback gain is designed in the nonlinear consensus protocol.
Then, the sufficient condition is proposed such that the systems can
be achieved consensus. Besides, the consensus interval is introduced
and analyzed to solve the consensus problem. Finally, two numerical
simulations are included to verify the theoretical analysis.

Keywords—Consensus, multi-agent systems, directed spanning
tree, the Laplacian matrix.

I. INTRODUCTION

VER the last few decades, consensus has been an

important research topic in the field of cooperative
control of multi-agent systems. A consensus concept is that
multiple agents reach a common goal by using the information
of neighbors. The consensus problem plays an important role
in studying the behaviors of multi-agent systems. Consensus
research areas include: attitude control of satellites, sensor
networks and formation control etc.

Some basic consensus issues of multi-agent systems
are introduced and analyzed in [1] such as consensus in
discrete-time, f-consensus problems, consensus in switching
networks, iterative consensus and weighted average consensus.
In [2], the consensus problem of linear multi-agent systems is
considered. A new method based on observer-type protocol
is introduced. The protocol is distributed and based on
the relative output information of neighbors. In [3], the
consensuses of continuous-time and discrete-time linear
multi-agent systems are studied. The consensus protocols
are designed based on the observer and reduced order. In
[4], the edge- and node-based protocols are designed to
solve the consensus problem of multi-agent systems with
linear dynamics. In both protocols, the coupling weight is
variable over time. In [5] and [6], a r-consensus problem
of the high-order multi-agent systems is introduced. The
corresponding local control protocols are designed to solve
consensus problems. In [7], consensus of multi-agent systems
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with linear dynamics and high-order is studied by designing
a consensus protocol. In the protocol, the state of each agent
relies on other partial relevant states at the current time. In [8],
the second-order consensus of nonlinear multi-agent systems
is considered. The ability to achieve consensus is described
by a new generalized algebraic connectivity. In [9] and [10],
the pinning control of complex networks is studied by using
the properties of M-matrix. A pinning plan is proposed which
includes what class of nodes must be pinned and what class of
nodes should be preferentially pinned. In [11], the distributed
consensus algorithms are proposed to achieve the consensus of
multi-agent networks. A class of smooth functions is designed
in the consensus algorithms that can achieve consensus. In
[12], the consensus problem of high-order linear multi-agent
systems is studied by a linear transformation. The gain
matrices are designed in the consensus protocol.

In this paper, some consensus problems of the general
linear and nonlinear multi-agent systems are studied. The
case of linear system, the corresponding communication
topology has a directed spanning tree. A simplified consensus
protocol is designed. In the protocol, each child agent
can only obtain information from one of its neighbor
agents. Under the simplified consensus protocol, the real
communication topology is a minimum directed spanning
tree. The complicated exchange of information in the
communication topology can be reduced. By derivation, the
necessary and sufficient conditions are obtained such that
the multi-agent systems can be reached consensus. The case
of nonlinear system, the feedback gain is designed in the
consensus protocol. After some calculations, the sufficient
condition without needing any global information is obtained.

The paper is roughly divided into several major parts
as follows. Some correlative notations and preliminaries are
reviewed in Section II. In Section III, the necessary and
sufficient conditions are obtained to solve the consensus
problem in linear systems. The concept of consensus interval
is also introduced. The consensus problem of nonlinear
systems with the consensus protocol having the feedback gain
is studied in Section IV. Simulation results are presented
in Section V to verify the theoretical analysis. Finally,
conclusions are stated in Section VI.

II. PRELIMINARIES AND NOTATIONS

Let R"*™ denote the set of real matrices with n X n
dimensional. M is a matrix, M7 denotes its transpose. Iy
represents an /N-dimensional identity matrix, 1 denotes the
column vector whose elements are all ones. If the real parts
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of all the eigenvalues of a matrix are negative, then the matrix
is Hurwitz. For the matrices X and Y, X ® Y denotes their
Kronecker product.

The communication topology of a multi-agent network can
be described by a directed graph G = (V, E') where V' denotes
anode set, E C V x V denotes an edge set. (j,7) € E means
the node j has a directed edge to the node ¢. The neighbors
of agent ¢ are denoted by NV; = {j € V : (j,i) € E}. For a
digraph, a directed spanning tree contains all the nodes of the
digraph and it is a directed tree. If a directed graph exists a
node that has a directed path to every other node, then we can
call the directed graph has a directed spanning tree.

Suppose that a digraph has n nodes. W = (w;;) € R"*"

denotes the adjacency matrix of the digraph, where w;; = 0,
w;; = 1if (j,4) € £ and w;; = 0 otherwise. L = (1;;) €
R"*™ denotes the corresponding Laplacian matrix, where
lii = ZJ#L wi]- and li]' = _wij7 j 7é 7.
Lemma 1. [2] The Laplacian matrix has a zero eigenvalue,
the corresponding right eigenvector is 1 and the other
eigenvalues have positive real parts. A digraph has a directed
spanning tree if and only if zero is a simple eigenvalue of the
corresponding Laplacian matrix.

Lemma 2. (Hurwitz criterion) Consider a polynomial
equation

A+ a A" a2 4 a1 A+ a, =0,

the necessary and sufficient condition of all roots having
negative real part is

ay 1 0 N 0
as as ai 0

Tk — as a4 as oo 0 > 07
a2kx—1 Qa2k—2 Qa2k—-3 ... QG

k=1,2,...,n,a; =0if j > n.

Lemma 3. /8] For the matrices E,F,G and H having
appropriate dimensions, they satisfy:

1) (E)® F = E® (yF), where 7y is a constant.
2) (F+F)G=FEG+F®G.

3) (E@F)G®H)=(EG)® (FH).

4) (FeRT=ET®FT.

Lemma 4. [8] For a network, the adjacency matrix is
irreducible if and only if the network is strongly connected.

Lemma 5. [8] If a matrix Ly« is irreducible, then there
exists a positive left eigenvector ¢ = (cy,ca, ..., cn)7 satisfies

'L =0.
Lemma 6. [10] For real vectors u = (u1, Uz, ..., up)%, v =
(v1,v2,...,0,)T and a nonnegative matrix M = (my;)nxn

with m;; > 0, having:

1 n n
uT Mo < 3 Z; z;(mq:juf + mjivy).
=1 j=

III. CONSENSUS UNDER THE SIMPLIFIED PROTOCOL

In this section, we consider a consensus problem of systems
with IV agents and linear dynamics. The dynamics of agent %
as in [2] can be described by

where x; € R"™ and u; € R"™ denote the state and control
input of agent 4, respectively. P and () are constant n X n
dimensional matrices. Assume that (P, Q) is stabilizable and
detectable.

The communication topology can be denoted by a directed
graph G. Suppose that the directed graph G has a directed
spanning tree. The information exchange between the agents
can be restricted to the directed spanning tree. The real
communication topology is the directed spanning tree. Each
child node of the simplified graph can only get information
from one of its neighbors except the root node. The exchange
of information in the original directed graph G is simplified.
Thus, every child node can obtain information from the root
node easily and the complex exchange of information can be
reduced. Let the root node number be 1 and the numbers of
other nodes be named according to their distance from the root
node.

The simplified consensus protocol is given by

2 = Pxy + Qu;

0 1=1
uii{U(.’M*%‘j) i=2,...,N (2)

where the real number o > 0 denotes the coupling strength,

agent j € N;, agent ¢ can obtain information from agent j

and j < . Under the simplified consensus protocol, each child

agent can only obtain information from one of its neighbors.
By (2), (1) can be written as

t=(InNn®P+0oL®Q)x 3)
where z = (z¥',... 2%)7 and L € RV*V is the Laplacian

matrix of the simplified directed graph. L has a simple

zero-eigenvalue, and the other eigenvalues are all ones.
If the states of (3) satisfy

zi(t) = zj(t) Vi,j=1,...,N, as t— oo, %)

one can say (2) solves the consensus problem.

Let ¢ = (ci1,...,en)T denote a left eigenvector of L that
satisfies ¢'L = 0 and ¢’1xy = 1. Then, the error variables can
be given by:

ot) = ((In — Inc") @ In)a(t) )

where £ = (¢1,...,¢%)7 that satisfies (¢’ ® I,,)¢ = 0. One can
obtain the following error dynamical systems:

i=(IN®P+0L® Q). (6)

The following theorem presents a necessary and sufficient condition
that solves the consensus problem.

Theorem 1. Suppose that the multi-agent network (3) whose
communication topology G has a directed spanning tree. Consensus
in the dynamic protocol (2) can be reached if and only if the matrix
P + oQ is Hurwitz.

Proof: Obviously, Iy —1xc” has a simple zero-eigenvalue, the
corresponding right eigenvector is 1, and 1 is the other eigenvalue,
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the multiplicity is N — 1. Hence, the consensus in (3) can be reached
if and only if 4(t) — 0 as t — oo.

Due to G has a directed spanning tree, by Lemma 1 and the
simplified consensus protocol, zero is a simple eigenvalue of L
and the other eigenvalues are all ones. Let A € R¥N*N-D B ¢
RW=DXN "t ¢ RN*N “and lower triangular D € R~ DX(N-1)
satisfy C = (1 A), 07" = (). 0700 =J=( 0 D
where the diagonal entries of D are all ones. Let 6 = (C 1 I,)¢,
where £ is defined in (6) and § = (67,...,0%)7. Then, (6) can be

written as:

b=(InN®P+0J®Q). @)
Due to 81 = (¢ ® I,)¢ = 0, then the N — 1 subsystems along the
diagonal

bi=(P4+0Q)6i,i=2,...,N ®)
are asymptotically stable if and only if (7) are asymptotically stable.
By P + 0@ is Hurwitz, the proof is completed. |

Remark 1. Theorem 1 implies that the consensus problem of
multi-agent systems can be seen as the consensus problem of
multiple subsystems. If each subsystem of multi-agent systems can
be reached consensus, then multi-agent systems can be reached too.
If the communication graph has a disconnected node, obviously, the
consensus cannot be reached. The given communication graph has a
directed spanning tree, the condition is general and weak.

It is worth mentioning that the necessary and sufficient condition of
consensus in [2] need global information. The consensus is affected
by eigenvalues of the relevant Laplacian matrix. In this paper, the
given the necessary and sufficient condition of consensus does not
need any global information, thus the condition is better.

Remark 2. In Theorem 1, a simplified consensus protocol is used,
which is based on child node can only obtain information from one
of neighbor nodes. From the conditions of Theorem 1, we know
that how to choose the coupling strength o, matrices P and Q
are the key points. The coupling strength is similar to the coupling
strength in [2], [3] and [4]. For the stabilizable and detectable
matrices (P, Q), the only additional task is appropriately adjusting
the coupling strength o. In the following section A, the concept of
consensus interval is introduced and analyzed for solving the problem
and the Hurwitz criterion is used for solving consensus interval
problems.

Theorem 2. For the systems (3), if conditions in Theorem 1 are
satisfied, then

331(0)
zi(t) = o(t) = (" @ ™) : )
zn(0)
i=1,2,...,N, as t— o0 )

where ¢ € RY satisfies ¢'L =0 and ¢*'1 = 1.
Proof: The solution of (3) can be obtained as
a(t) = eINEFTILER) (o)
= (C® I,)e VO8N 01 @ 1,)2(0)
= (L) [ unrofionoar] (€T @ 1)2(0)  (10)

0
where matrices C, J and D are defined in the proof of Theorem 1, and
from the conditions of Theorem 1, one knows that Iy 1@ P+0DRQ
is Hurwitz. Thus, one can obtain the following from (10):

Pt
e(IN®P+o'L®Q)t N (C® In) |:€

0 -1
o e

=1 L)' (T el,)
=1 @e™, as t— o0 (11)

implying that
i — (T @eh : , as b — oo,

where : = 1,2,..., N. n

Remark 3. In Theorem 2, the consensus value problem of multi-agent
systems has been solved. If P is Hurwitz, then the consensus value is
zero. If one of the eigenvalues of matrix P have positive real parts,
the agents can reach consensus at a nonzero value under the protocol

(2).

A. Consensus Interval

Clearly, the stability of systems (8) depends on the coupling
strength o. For an interval S, when the coupling strength o € S,
(8) is asymptotically stable, then the interval S can be called the
consensus interval. Consensus in (3) can be reached if and only if
o € S. S can be an interval or several intervals. The stability of the
matrix P 4 0@ can be determined by the consensus interval S. The
consensus interval problem can be solved by using Hurwitz criterion.

IV. CONSENSUS OF NONLINEAR MULTI-AGENT SYSTEMS

In this section, the consensus problem of nonlinear multi-agent
systems is considered and the corresponding communication graph is
strongly connected. The multi-agent systems with nonlinear dynamics
can be described by

:i:i(t):f(t,a:i(t))—l—ui(t),i:1,2,...,N, (12)

where z; = (w1, Ti2,.. zm)T is the state of the ith agent,
Ft, @) =(f1(t, ), fa2(2, xl) ooy fulty Il))T € R" is a continuous
vector-valued function, the function describes inherent dynamics of
the ith agent, and u; is the control input of the ith agent which needs
to be designed.
Consider the following control algorithm to reach consensus of
multi-agent systems (12):

&i(t) =f (L, wa(t)) +wi(t)
wi(t) = = ywi(t) + > wi (5 (t) — (1)),

j=1

i=1,2,...,N. (13)
where ~ is the state feedback gain of the ¢th agent, w;; is a entry
of adjacency matrix W. The consensus protocol is similar to the

protocol of [12]. If (4) is satisfied, we can say that the multi-agent
systems (12) achieve consensus.

Lemma 7. For the function f in (12), there is a nonnegative matrix
H = (hij)nxn satisfies

156 2) = Fi6 o)l <D hgn |2k — wel
k=1
j=1,2,....n, (14)

where x = (1,22, .. .,:cn)T and y = (y1,y2, . . .,yn)T.

By Lemma 7 and the nonnegative adjacency matrix W, let

= - max Z Wik + Wy ), (15)

2 1<,<n

where p is nonnegative. The systems (13) can be written as:

&= f(t,z) — (L +~vIn)® I)x (16)
where f(t,x) ;fT (t,x1), fT(t, x2),..., fT(t,xn))T and 2 =
(xl 7"”%‘7 e T
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Let a positive vector ¢/ = (c1,...,cn)? satisfy ¢’ L = 0 and
¢"15 = 1. Then, one can obtain the following error variable:

) = (Un = 1ve") ® Ln)z(t) a7
where  £(t) ( Tt ) ( ), . ( NT and ¢4 =
(Zil,&g, e “L) N 2 N Le (INC )CE From (16)

and (17), one can get

=((x -1 @
=(Ux-1") @

(L +7In) ® In)x)
(L +~In) @ In) (18)

@ In)(f(t, @) —
I")f(tv I) -

Theorem 3. For the systems (12), the communication graph is
strongly connected and (14) satisfies. Then, the consensus problem
of system (13) can be solved if p < ~y. where p, v are defined in (15)
and (13), respectively.

Proof: Consider the Lyapunov function:
Lor =
V(t) = 56 ()(E® L)L) 19)

where = = diag(c1,c2,...,cn) > 0. Obviously, V(¢) > 0, and
V(t) = 0 if and only if £ = 0. The time derivative of V' (¢) is:

Vi) =" (E® fn)(((zN ~1c)
— (L +~In) ®1n)z)
=("E® L)((In —1") @ 1) f(t, )

— (T (E(L +vIn) @ 1)t

=" E@ L)(f(t,2) —1© f(t,7))

—TEL)((1") © In) f(t, )

+"E® L)1 f(t,7))

— " (E(L+~In) @ I,)¢ (20)

In)f(t,m)

[l] [1]

[l]

Since £(t) = ((In — Inc") ® I,)x(t) and ¢"1y = 1, one has

FER L)) L) f(tx
=) (") @) (E
=1 (t2) () @ L)(

((IN —1nc )®In) (t)
= fT(t,2)((cc") ® L) ((In — Inc") ® L)) x(t)
= fT(t,2)((cc")In — Inc") @ L) a(t) = 0 @)

FEL)(® (LT
=" ®f (7)) (E® I,)¢

( (e, (t,7))( I,)
(IN—IN(,)(X) )act)
(r"(In — Inc") @ f7(t,2))z(t) = 0 (22)

)

=

m

®
®

X

Note that (1/2)(EL 4+ L"E)1x = 0 and (1/2)(EL + LYE) is a
matrix whose off-diagonal elements are all nonpositive and diagonal
elements are all positive, so the matrix is a Laplacian matrix and all
the eigenvalues of the matrix are nonnegative i.e.

Ai((1/2)(EL+LTE)) > 0,i=1,2,...,N. (23)

By Lemma 7, one can obtain

G (ftm) — f(t,3:)

fit,@i) — falt, z:)

= (b1, .., lin) :
Jn(t, i) — fu(t, %)

=Ll (fi(t,z:) — f1(t,2i)+

c lin (fu(t, xs) — fu(t,24))

< bl fa(t, @) — f1(t 23)| +

A | [ fa (8 2i) = fu(t, )]

n
< | me |Tie — Tk | +
k=1

n
s |l Zmnk |Tik — Ti|

k=1

= |4i1] me [ik] + -+ + |lin] Zmnk [€ik]

k=1 k=1

= Z |51 ijk ik
Jj=1
= fi Mfi 24

where 21 = (‘&1‘ gerey |€1n‘)T
By (15), (20)—(24) and Lemma 6, one has
V(t) =" (E@ L) (f(t,2) —1® f(t,7))

— 0" (E(L +vIn) @ 1,)¢
N

Z flt,z) — f(t, 7))

T(E (L+~In) @ In)¢

N
i=1
1 N
S§Zcz(ZZ(mﬂc+mk1 w)
i=1 j=1k=1
— " (B(L+~In) @ 1)L

3

Faz

Zzﬂ — LT (E(L+yIn) @ 1)t

.q
I
=

!
M=
°
=1
&

“
I
-
<.
Il
—

N n
<lp-nD iy b (25)

By the conditions of Theorem 3, one knows that V(t) < 0 and
V(t) = 0 holds if and only if ¢(¢) = 0. Hence, by LaSalle’s
invariance principle [13], the consensus problem of systems (13) is
solved. n

Remark 4. From Theorem 3, one knows that if the feedback gain ~y
is bigger than the positive scale p, the nonlinear multi-agent systems
(13) can reach consensus. A favorable feature of the consensus
protocol (13) is that its feedback gain ~ can be independently
designed. It is worth mentioning that the sufficient conditions do not
need any global information.
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Fig. 1 The communication topology of linear multi-agent
systems

=1,....6

X

0 5 10 15 20 25 30 35 40

Fig. 2 The consensus errors x; — x1 of six-agent network (3)
when ¢ = 0.5

V. SIMULATION

In this section, two examples are given to illustrate the
effectiveness of the above theoretical analyses.

Example 1. Consider linear multi-agent systems with six agents as
following:

s = Pri + Qus,i=1,...,6
and consensus protocol is given by
; = Pxi + Quy
_J 0 1=1
YT ol@i—x) i=2,...,6

T
where x; = (i1, Ti2, Tiz, Tia) ",

1700 0O 0 0 0
00 2 0 0O 0 0 0
P=1o9003]'9=|0 0o 0o o
00 0 0 1 -2 -3 —4

The characteristic equation of P + oQ is

det(\] — (P +0Q)) = A* + 40X% + 90)0% + 120\ + 60.

4000 T T T T

3000 - q

2000 - J

1000 q

t

Fig. 3 The consensus errors x; — x1 of six-agent network (3)
when ¢ = 0.4

Fig. 4 The communication topology of nonlinear multi-agent
systems

By Hurwitz criterion, P + oQ is stable if and only if

%, 1
T1:4U>0,T2=( 190 9o > 0,
4o 1 0
T; = 120 90 4o > 0,7y = 6013 > 0. By
0 60 120

computing, we have o > 0.4286. So the consensus interval is
o > 0.4286. Let the corresponding communication graph be G (See
Figl). The adjacency matrix is

(NN NN N

_ o oo
O OO O
OO O

0
0
1
0
0
0

OO = FH=O

0

By using the protocol (2), the consensus errors x; —x1 of the six-agent
network are depicted with different o (See Fig 2 and Fig 3). The
consensus interval issue is similar to the cousensus region issue in
[2]. The consensus interval can be easily obtained by using Hurwitz
criterion even if the systems are high dimensional.

Example 2. Consider the nonlinear multi-agent systems composed
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0.4

0.6 T T T

0.2 |
G of ]

-06( i

Fig. 5 The states of six agents with nonlinear dynamics

of six agents as (13):

i(t) = ft, (1)) + ui(t)

N

ui(t) = —ywi(t) + wa‘ (z;(t) — (1))
i=1,2,...,N .

T . .
where x; = (i1, Ti2, Ti3)" and the nonlinear function

ft i) = (fi(t, @), fa(t, @), fa(t, @:)7, (26)

in which
fl(t,Ii) = |0.5.7,’1'1 -+ 1‘ — ‘245131'1 — 1‘ + Sin(xiQ)
fg(t,m) = |1.2xi2 + 1‘ =+ \0.81;,-2 — 1‘ =+ sin(1.5zi3)
f3(t, i) = L1721 + 1] — [2.3z51 — 1] + sin(5z:3)

After some calculations, one can obtain the following matrix satisfies Lemma
7 with the nonlinear function (26):

3 1 0
M = 0 2 15
4 0 5

By (15), one can get p = 7.75. The communication topology of nonlinear
multi-agent systems (13) is shown in Fig 4. One can choose v = 7.76 > p =
7.75. With the consensus protocol, the states of six agents can be reached
consensus that is shown in Fig 5.

VI. CONCLUSION

In this paper, the linear multi-agent systems and the nonlinear
multi-agent  systems are studied, and their corresponding
communication topologies are directed. For the linear systems,
under a special consensus protocol, each child agent can only
obtain information from one of its neighbor agents. Therefore, the
information transmission paths of the communication graph are
optimized. The concept of consensus interval is introduced, and the
consensus interval is analyzed by using the Hurwitz criterion. For
nonlinear systems, the feedback gain is designed in the consensus
protocol. The conditions we obtained from both systems do not
require any global information. The cases of time delay, switching
topologies, and high order multi-agent systems are interesting topics
in future work.
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