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Stability Analysis of a Human-Mosquito Model of
Malaria with Infective Immigrants
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Abstract—In this paper, we analyse the stability of the SEIR model
of malaria with infective immigrants which was recently formulated
by the authors. The model consists of an SEIR model for the human
population and SI Model for the mosquitoes. Susceptible humans
become infected after they are bitten by infectious mosquitoes and
move on to the Exposed, Infected and Recovered classes respectively.
The susceptible mosquito becomes infected after biting an infected
person and remains infected till death. We calculate the reproduction
number Ry using the next generation method and then discuss about
the stability of the equilibrium points. We use the Lyapunov function
to show the global stability of the equilibrium points.
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I. INTRODUCTION

NE of the diseases that have constantly had its presence

in human population is malaria. It is caused by the entry
of the malarial parasite, Plasmodium into the bloodstream, due
to the bite of an infected female Anopheles mosquito. Years
have been spent in finding ways to control and completely
eradicate malaria from the human population, but all efforts
have been in vain. The disease was once endemic and confined
to certain parts of the world, but has now even spread to
areas which were previously free of the disease. Even when
eradicated for a period of time, it recurs in certain areas
repeatedly. One major factor which has contributed to the wide
spread nature of malaria is human migration and travel. An
area with an uninfected population of mosquitoes can also get
infected when an infected individual enters the area and is
bitten by these mosquitoes. There are no dormant forms of
malaria. If the parasite enters the body, it will surely cause a
disease, unlike certain other conditions in which the diseased
state does not occur even for years after infection.

It is logical to assume that infected humans will be unable
to travel or migrate due to the symptoms brought on by the
disease. However, there is a period of around 10 days to 4
weeks from the moment of infection to the actual onset of
disease, and unaware people might travel during this time.
During this period, the disease cannot be diagnosed by blood
tests either as the parasite multiplies in the liver, thus allowing
the infection to be carried to a new place. Such people will
become infectious after a certain period of dormancy. As a
result of this, immigration of infected people has a huge impact
on the spread of malaria within, as well as, among populations.
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Even if the infected immigrants are not introducing the parasite
to a new population, their entry into an already infected
population will cause an increase in the infected mosquitoes
of the area as they will be biting more number of infected
people.

Several SEIR models for vector-borne diseases, with refer-
ence to malaria have been formulated [4], [8]-[10] and studied.
The global stability of SEIR and SEIS models have been
discussed in [1], [3], [5]-[7]. However, these models have
not considered the impact of infective immigrants. In [14],
an SIR model for malaria with infective immigrants has been
studied. So far there were no specific SEIR models for malaria
with infective immigrants until recently studied in [13]. In this
paper, we calculate the disease-free equilibrium point and the
endemic equilibrium point of the model formulated in [13]
and analyse the local and global stability of these points.

The paper is organized in the following way: In Section
II, we calculate the equilibrium points and the reproduction
number Ry. In Section III, we have study the local stability
of the equilibrium points and in Section IV, we have study the
global asymptotical stability of the disease-free and unique
endemic equilibrium points using the theory of Lyapunov
function [11], [12].

A. Formulation of SEIR Model

Let us denote the total population of human hosts as
Np(t) and the total population of the female mosquitoes
as N,,,(t). The human population Ny (t) is divided into the
following epidemiological subclasses: Susceptible, Exposed,
Infected and Recovered, denoted by Sy, (t), Ep(t), I5(t) and
Ry, (t) respectively. Thus,

Np(t) = Sp(t) + Ex(t) + In(t) + Ri(t)

The mosquito population NN, (t) is divided into two sub-
classes: Susceptible and Infected, and they are denoted by
Sm(t) and I, (t) respectively. We assume that the mosquito
remains infectious for its entire lifespan. Thus,

N (t) = S (t) + L (t)

We now consider a model in which the new members that
flow into the population are either infective or susceptible.
This flow is assumed to occur through birth or immigration at
constant rate A. We further assume that a fraction ¢ is infective
and a fraction « is exposed and the remaining fraction(1—¢—
«) is susceptible.

The system of non-linear differential equations which
describe the dynamics of malaria are formulated as:
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% = (1= ¢ —a)A — nSh — BuSulm

dd% = al + BpShlm — pnEn — vh B

% = oA+ v By — I, — andy — punly,

dﬁh =1 — pn Ry,

% = A— Ny, — aply S
dij — 0= BonSonIn — fim S — o Som

di:l — BonSon I — fiom I — oI

dﬁ% =P = tmNm = am N

where [p=Interaction coefficient of susceptible human with
infectious mosquitoes, v, =Rate of progression of humans from
the exposed to the infectious state, pp=Natural death rate
of the human population, ap=Disease related death rate of
the human population, y=Recovery rate of human population,
Bm=Interaction coefficient of infected human with suscep-
tible mosquitoes, «,,=Death rate due to control measures,
m=Natural death rate, p=Recruitment rate of mosquitoes.

I1. EQUILIBRIUM POINTS AND BASIC REPRODUCTION
NUMBER Ry

A. Disease-Free Equilibrium

We get the disease-free equilibrium points when we assume
that the new recruits in the population are susceptible and do
not consist of exposed or infected persons. Hence we have
¢=a=0.

In the absence of the disease, the diseased classes for
the humans viz., Exposed, Infectious and Recovered and the
diseased class for the mosquitoes viz., infectious mosquitoes
do not exist. Hence we have E;, = I, = R, = I, = 0. To
find the steady state solution, we set the right hand side of
the non-linear system of differential equations given by (1) to
Zero.

Using the two conditions, the system of equations given
by (1) reduces to,

A —pupSp =0
pP— ,U/’rns'rn - O"msm =0.

This implies that S, = -* and S,, - ”

Thus, the disease-free equ111br1um pomt of malarla model (1)
is glven by;
= (Sh. Eh7Ih?Rh7Rh’S:n7[7*n)

0,0,0 ,0,0)

(Nh Ry +0m

We shall now calculate the basic reproduction number Rj.

B. Basic Reproduction Number Ry

The basic reproduction number Ry is defined as the number
of secondary infectious that one infectious individual would
generate on average over the course of its infectious period.
There are many methods to calculate Ry. We use the next
generation operation approach as given in [2]. When Ry < 1,
the disease will decline and eventually die out. When Ry > 1,
the disease will spread in the population. Hence this means that
the threshold quantity to be taken into account to eradicate the
disease is to reduce the value of R to be less than one.

According to [2], the matrix of F'V 1 is called the next gen-
eration matrix for the model. The basic reproduction number
Ry is given by

Ry=o(FV )

where o(A) denotes the spectral radius of matrix A and the
spectral radius is the biggest non-negative eigenvalue of the
next generation matrix.

From the system, f; and v; are defined as

ﬁh Sh-[m
fi= 0 2
Bms'm[h

and
(pn +vin)En
vi=| (y+an+pn)ln —viEy 3)
(,U/m + CV'm,)[m,

The partial derivative of (2) with respect to (I, I,,) and the
Jacobian matrix of f; at the disease free equilibrium point is:

0 0 ﬁh,Sh
F=10 0 0
0 BmSm 0

Similarly partial derivative of (3) with respect to
(Ep, In, I,) and the Jacobian matrix of v; is

WUp + vp 0 0
V= ~Vn Y tantpn 0
0 0 P +

The inverse of V' is given as:

1
KWhtVh 0 0
V_1 _ v 1 0
- (pntvn)(vtan+pn)  (Yrantpn)
1
0 0 Hom+Vm

Now we have to find FV 1.

BrSh
1 0 0 (Km+om)
FV— = 0 0 0
Bm Smvn BmSm 0
(ppt+vn)(ytap+pn) (y+an+urn)
4
Thus
0 0 r
Fv't=10 0 0
s t 0
_ BnSh _ BmVn _
where 7 = Gimtvm)? S = Tunton(rrantin) and ¢ =

Bm
(v+an+mpn)”
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Now we calculate the eigenvalues of F'V~! and then

consider the largest eigenvalue. Consider |FV~1 — \I| = 0.
Then, the corresponding matrix is
-A 0 r
0 =X 0
s t —=A
The characteristic equation is A(A\2 — rs) = 0 and the
eigenvalues are A = 0 or A = £+/rs.
The dominant eigenvalue of the matrix FV =1 is A = +,/7s.

Hence the reproduction number Ry = /7s. Thus,

o Bumpvi A
pon(tm + )2 (i +vn) (7 + an + )

C. Endemic Equilibrium Point

The set of non-linear differential equations given by (1)
can be reduced to the set of equations using conditions that
Sy + Ep + I + Ry, = Ny, and S,,, + I,,, = N,,,. The model
(1) reduces to

dE
dith = Oz)\ + ﬂh(Nh — Eh — Ih — Rh)Im — /LhEh — I/hEh
dl,
CT: = oA+ vnEn — I — andy — pnln
dRp
—— =~ —
pralael pnRp
dN,
Th = A — pupNp — aply )
t
dl,,
Y, = /Bm(Nm - Im)Ih - ,U/m]m - am[m
dt
dN,,
- =P /mNmf mNm
a PTH @

The endemic equilibrium point has been calculated in [13].

III. LOCAL STABILITY OF THE EQUILIBRIUM POINTS

In this section, we analyse the stability of the disease-free
equilibrium point and the endemic equilibrium point.

A. Disease-Free Equilibrium

The theorem tells us about the stability of the disease-free
equilibrium point.

Theorem 1: The disease-free equilibrium point

( ,0,0,0, —£-—.0,0) of the model (1) is locally
asymptotlcally stable 1f Ry < 1, otherwise it is unstable.

Proof Lmearizatlon of system (1) at disease-free equilib-

rium El( ,0,0,0, m 0,0), gives the Jacobian matrix
as,
—pun 0 0 0 0o -2
0 -B 0 o o &
J _ 0 Up 732 0 0 0
0 0 ol —lh 0 0
0 0 —P22— 0 -By 0
0 0 B2 0 0 -Bj

where B1 = pp +vp, B = v+ an+ pp and Bs = fi, + oy,
The characteristic equation corresponding to the matrix is

(un + X)*(Bs + A (N +p1X* + p2) + p3)

where

= By + By + Bj
p2 = B1Bs + B1B3 + B2Bs

= BBy By — 2l

The eigen values of characteristic equation are —puy, —Bs
and roots of the polynomial A3 + p; A2 4 po + ps.

By Routh-Hurwitz criterion, the polynomial A% + pi A2+
p2A + ps has roots with negative real part if p;ps — ps > 0.
Since p1ps—ps = B Bo+(Ba+ Bs)(B1 B+ B1 B3+ By B3 )+
Mghp >0,
the disease-free equilibrium point is locally asymptotically
stable. |

B. Endemic Equilibrium Point

It has been proved in Theorem 3 of [13], that this endemic
equilibrium point is locally asymptotically stable under certain
conditions.

IV. GLOBAL STABILTY OF THE EQUILIBRIUM POINTS
The feasible region for the equilibrium points is given by

A
Q= {(Sh7Eh7]h7Rh7Sm7]m) S Ri_ : 0 S Nh S ;7
h
0<Ny<—F—
P + Qi

A. Global Stability of Disease-Free Equilibrium

We now prove the global stability of the disease-free
equilibrium point.

Theorem 2: Let

Hm = BhSZ — Qum, Up = ﬁmS:n — Qp (6)
Then if Ry < 1 the disease-free equilibrium
By = (S§. B I Ry i T) = (2,0,0,0, —2—.0,0)

is globally asymptotically stable on 2.

Proof: Consider the Lyapunov’s function,
Ll (t) - (Sh —S;;lnSh) +Eh+Ih+Rh+ (Sm _S;kn,lnsm)'i'-[m

Since we are considering the disease-free equilibrium, we
have the condition that o« = ¢ = 0.
Differentiating with respect to time,

Li(t) = Su(l = 5) + By + I + Ry + Su(1 - 52) 4 I,
= (A — pnSh — BuSnln)(1 — %) + (BuSndm — pnEn—
vhER) + By — vIn — aply — pnlp) + (YIn — pnRe)+

(0 — BuSmln — fmSm — mSm)(1 — 52) + BuSin L
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.ufmlm - O“'mI'm

=A(1- %) — (1 Sh+ unSn+ BrSyIm — pnEn — anln—
,U/hIh - //Lth + P(l - 27::) - (/Mn + am)Sm, + 5m5:nlh+
(tm + ) Sy = (o + Q) I
On Q, we have S} = A and S o=—2

h Homtoon
Substituting for S} and S, in the equation, we have

Ll(t) = A(2 - %’Z - %) + Im(ﬁhs}t — Hm — am) — punRp—

wnEn — In(an + pn — B SE) + p(2 — g—: - gvg)
Using condition (6), the equation reduces to

: S,—5;)? Sm—55)>
L= fA%*,uh(EthRh)*p(sﬂ#f‘)* (fom + )

Hence L, (t) <0
By using LaSalle’s extension to Lyapunov’s method, the
limit set of each solution is contained in the largest invariant
set for which Sj, = S} and S,,, = S}, which is the singleton
Ey = (S, B}, I, Ry, Sy, I7,). This means that the disease-
free equilibrium F; is globally asymptotically stable on ).
This prooves the theorem. |

B. Global Stability of Endemic Equilibrium

We now prove global stability of the endemic equilibrium
Ey = (Sp*, Ep* 11+, Sy, 1) which satisfies the steady state
equations:

(L= ¢ =)A= pnS" = B8y =0
aX+ RSy — By — v ERT =10
N+ By — I — o Ip — =0
" = Ry =0
p = BmSy Iy = ki Sy

k% Tokok * %
Bmsm Ih _/‘l’mIWL -

— Sy =0

ap Iyt =0

Theorem 3: The unique endemic equilibrium F is globally
asymptotically stable in 2 whenever Ry > 1.
Proof: We construct a Lyapunov function of the form,

Lg(t) = al(Sh—S,’;*lnSh)—Fag(Eh—E,’;*lnEh,)—&—ag(Ih—I,’;*
Inly) + as(Rp — R InRy) + a5(Spm — SpiinS,y, )+

ag(Ly — I¥In,,)

where a1, as, a3, a4, as and ag will be chosen later.
Differentiating Lo with respect to time t along the solutions
of (1), we have,

Lo(t) = a1Sp(1 — =L Ep(l — =4 I,(1— =L
2(t) = a15h( Sh)+a2 n( Eh)+a3 n( Ih)
. R** . S** 3 T**
+as Ry (1 - R’;)+a5sm(1— 5o) Taclu(1— %)

Substituting the expressions from system (1) at the endemic
steady state, we have

La(t) = oS5 (2= = )80 1 (1= G 7
—SS}*”‘;” )+ asfa(2 — 5}” - Jg}h )+ BrSi (1 — %+
S G oy A2 T ) B (1=
e = | b (14 7l = gl ) o
G o) S35 2= 52 = )+ B Sy (1= G+ 7
_Smdn g 4 sty = Ty Smdn Sl

*ok - PP ok )]
Sy Iy Syt SulyInm

We choose the coefficients, a1, as, as, aq, a5 and ag as:

4 = ay = BmSikr* 0y — B SixI* =0
5hSZ*I;';l* ’ l/hE;;* ’ ’

and
a5 = 1= ag

Then EQ becomes,

Lo(t) ="M h (9 — ST (5 —

2( ) 5]7/1:;1* ( S;* Sh )+5 m th ( Sh
757*,;‘ - By B Sl Er* 7 SmInl:r ) aXBy Sy Ir*
Sm Eyl, S;:*[:;:Eh S:n*lz*lm ﬁhS;*I;‘n*
(27 h — Ehn ¢Bs7nh(27 hih)+
E;* Eh VhE;;* ];_:* Ih

S S**
m m S** 2_ LA -
(it + )37 (2 = 22— )
Since
(2- o -5 <o,
S8,
(5 — % _ % _ By Iy _ SnImER* _ Smdndy) ) <0,
Sp Sm Enly  SPTLFER  SHI
E E**
(2 - :‘* - . S 07
Eh, Eh
I, I
2— - — <0, )
( Ih Ih )
Sm G
2 — - -—"1)<0
( S Sm) -

We have Lg.(t) < 0. Hence, by Lyapunov’s first theorem
the endemic equilibrium

Ey = (S5*, Ep* I, Ry*, Six 1) is globally asymptoti-

mTm

cally stable. u
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V. CONCLUSION AND FUTURE WORK

In this paper, we found the disease free equilibrium point
by assuming that the new immigrants in the population are
susceptible and do not contain any exposed or infected indi-
viduals. The reproduction number Ry, was calculated using
the Next Generation Method in order to find the number
of secondary infections that one infectious individual would
generate. The endemic equilibrium point has already been cal-
culated in [13]. The disease free equilibrium and the endemic
equilibrium were found to be stable and the global stability
was found for these equilibrium points using the Lyapunov
function.

In this paper, we have not carried out the numerical sim-
ulation and sensitivity analysis of the given system, which is
necessary to understand the full extent of the effect of infective
immigrants on the spread of malaria in a population. For future
work, it would be interesting to note the change in parameters
which would affect the epidemiology of this highly infectious
disease, thus providing a way to combat the spread of the
disease among new populations.
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