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 
Abstract—This study presents a simple inverse heat transfer 

procedure for predicting the wall erosion and the time-varying 
thickness of the protective bank that covers the inside surface of the 
refractory brick wall of a melting furnace. The direct problem is 
solved by using the Finite-Volume model. The melting/solidification 
process is modeled using the enthalpy method. The inverse procedure 
rests on the Levenberg-Marquardt method combined with the 
Broyden method. The effect of the location of the temperature 
sensors and of the measurement noise on the inverse predictions is 
investigated. Recommendations are made concerning the location of 
the temperature sensor. 

 
Keywords—Melting furnace, inverse heat transfer, enthalpy 

method, Levenberg–Marquardt Method. 

I. INTRODUCTION 

ELTING furnaces, such as electric arc furnaces (Fig. 1), 
are used for material processing that requires high 

powers and elevated temperatures. Their main applications are 
the smelting of materials such as copper, steel and nickel 
calcine. An interesting solid/liquid phase change phenomenon 
that arises in these melting furnaces is the formation of solid 
layer, called a bank, that covers the inside surface of the 
refractory brick wall. This bank plays a crucial role in these 
furnaces. It protects the brick walls from the highly corrosive 
molten bath. Keeping a bank of optimal size is therefore 
crucial for the safe and profitable operation of the smelting 
furnace. It is very difficult to measure the bank thickness using 
probes submerged into the molten bath. The hostile conditions 
that prevail in the melt damage the probes and may even 
destroy them. This method is time consuming, risky and often 
inaccurate. Moreover, formation of the bank is the most 
complex process that depends on the boundary conditions.  

In recent years, the problem of bank formation inside high-
temperature melting furnaces has been tackled with various 
inverse heat transfer methods such as the Levenberg-
Marquardt method [1], the Kalman-filter method [2]-[6] and 
the conjugate gradient method with the adjoint equation [7]-
[10]. In all the aforementioned studies, the focus is on the 
inverse prediction of the time-varying heat load of the furnace 
i.e. the heat flux q"(t) at (x=LBrick + LPCM) (Fig. 2). Once the 
heat load is determined, the time-varying bank thickness E(t) 
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that covers the inside surface of the refractory brick wall can 
be calculated. 

 

 

Fig. 1 Cross view of a typical melting furnace 
 

 

Fig. 2 Schematic of the direct problem. E(t) is unknown. It is 
predicted numerically with the FVM 

 
Another problem that arises inside these furnaces is the 

erosion-corrosion of the inner surface of the refractory brick 
wall. This problem occurs when the bank is lost and the inside 
lining of the wall suddenly becomes exposed to the hostile 
molten material. Predicting the erosion-corrosion wear is a 
crucial factor for determining the active life of the furnace. 
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But, this task is very challenging due to the physical and 
chemical conditions that prevail inside the furnace [11], [12].  

In the present study, an inverse heat transfer procedure is 
proposed for predicting simultaneously the erosion-corrosion 
thickness LErosion with the unknown time-varying heat flux 
q"(t). Once these parameters are estimated, the time-varying 
protective PCM bank that coats the internal surface of the 
furnace wall can be predicted. The solid/liquid phase change 
problem is modeled with the enthalpy method. The inverse 
problem is handled with the Levenberg-Marquardt Method 
(LMM) combined to the Broyden method (BM).  

II. FINITE-VOLUME MODEL (FVM) OF THE MELTING 

FURNACES 

Fig. 2 shows a schematic of the 1-D non-isothermal phase 
change problem. Here, the PCM is composed of a solid layer, 
a mushy zone and liquid layer. The inner surface of the 
refractory brick wall is covered by a protective bank whose 
time-varying thickness is E(t). E(t) shows the position of the 
solidification front of the PCM. 

The mathematical model for the melting furnace rests on 
the following assumptions [2]-[7], [9]: 
 The temperature gradients in the x direction are much 

larger than those in the other directions. Consequently, a 
one-dimensional analysis can be applied (Fig. 2). 

 The thermal contact resistance between the refractory 
brick wall and the PCM is neglected. 

 The heat transfer inside the liquid phase of the PCM is 
conduction dominated [7], [13].  

 The thermal properties of the phase change material 
(PCM) are temperature independent.  

 The phase change problem is non-isothermal. The PCM is 
depicted by three zones: a solid phase, a mushy zone and 
a liquid phase (Fig. 2). 

The governing heat diffusion equation for the refractory 
brick wall and the PCM is expressed as 

 

p

T T f
C k H

t x x t
           

 (1) 

 
Where δH and f are the enthalpy and the liquid fraction, 
respectively. The enthalpy δH is defined as  
 

, ,( )p liquid p solidH C C T       (2) 

 

The liquid fraction f is given by 
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The liquid fraction f is updated iteratively at each time-step 
in the following manner [16] 
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F-1 is the inverse function of F. The boundary conditions at 

the left and at the right (Fig. 2) are: 
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 (5) 

 
Equations (1)-(5) are solved numerically by using a time-

implicit finite-volume method. The resulting set of algebraic 
equations is then solved by using the Tri-Diagonal-Matrix-
Algorithm (TDMA). 

The accuracy of the FVM was first validated by using the 
one-dimensional solidification of the binary Al–4,5% Cu alloy 
with properties reported in [15], [16]. A Dirichlet boundary 
condition of T=573 K is assumed at the boundary x=LBrick 
(Fig. 2). The width of the PCM layer is set equal to LPCM=0,5 
m and the initial temperature is set equal to Tin= 969 K. 

The predicted liquidus and solidus fronts are presented in 
Fig. 3. It is seen that the predictions of the present model 
(FVM) are in excellent agreement with the semianalytical heat 
balance integral method [15] and the source-based numerical 
method [16]. 

III. THE DIRECT MODEL  

For the direct problem, all the physical and the geometrical 
properties are known. The objective of the direct model is to 
determine the temperature field T(x,t) and the time-varying 
thickness of the protective bank E(t) using the FVM presented 
above.  
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Fig. 3 Solidification of a binary Al–4,5%-Cu alloy: Comparison with 

the results reported in [15], [16] 
 

The direct model was implemented for the entire melting 
furnace i.e. the refractory brickwall and the PCM. The 
operating thermal conditions of the furnace are similar to those 
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reported in [2], [3]. The refractory brick wall is set equal to 
LBrick=0,1 m and the PCM layer (solid, mushy, and liquid) is 
set equal to LPCM=0,1 m (Fig. 2). The external temperature is 
set equal to T∞=300 K and the outside average heat transfer 
coefficient is fixed at h∞=15 W/m2. K. At x=LBrick + LPCM, the 
time-varying heat flux q"(t) is given by  

 

2
1 2

max

2 .
( ) * sin

t
q t P P

t

 
    

 
 (6) 

 

When the protective bank is lost, the inside surface of the 
refractory brick wall suddenly comes into direct contact with 
the molten material. Consequently, the exposed brick wall is 
attacked and becomes vulnerable to erosion-corrosion. 

Indeed, erosion of refractory brick walls is a slow process 
[17], [18]. Therefore, the eroded portion of the wall may be 
considered time-independent within the time-intervals 
simulated here, [0,  400000]t  s. The eroded portion of the 

refractory wall LErosion is set to 
 

  3L 0, 01 P        Erosion m   (7) 

 

The coefficients are given by 
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The thermophysical properties of the melting furnace (brick 
wall and PCM) are summarized in Table I [2], [3]. 

All numerical simulations were conducted with a grid size 
of 200 uniformly distributed control volumes inside the PCM 
layer and the refractory brick wall. The time step was set equal 
to 100 s. 

 
TABLE I 

THERMO PHYSICAL PROPERTIES OF THE REFRACTORY BRICK WALL AND OF 

THE PCM [2], [3] 
Parameter Value Unit 

BRICKk  16,8 (W/m K) 

,p BRICKC  875 (J/kg K) 

BRICK  2600 (kg/m3) 

,PCM solidk  1 (W/m K) 

,PCM liquidk  100 (W/m K) 

, ,p PCM solidC  1800 (J/kg K) 

, ,p PCM liquidC  1800 (J/kg K) 

PCM  2100 (kg/m3) 

PCM  5,1 x 105 (J/kg) 

solT  1213 K 

liqT  1233 K 

IV. THE INVERSE MODEL  

For the inverse problem, it is assumed that the time-varying 
heat flux (at x=LBrick + LPCM) and the thickness of the eroded 
wall (LErosion) are unknown; i.e., P1, P2, and P3 are unknown. 
The objective of the inverse analysis is to determine the 
unknown thermal parameters by using temperature 
measurements taken from a sensor located inside brick wall 
(Fig. 4). Once the time-varying heat flux q"(t) and the 
thickness of the eroded wall LErosion are determined, the time-
varying thickness E(t) of the protective bank may be estimated 
from the direct model (FVM) presented above. 

 

 

Fig. 4 The inverse problem. q"(t) and LErosion are unknown. They are 
determined from sensor#1 or sensor#1 

 
The solution for the inverse problem consists of minimizing 

the least square norm  P


:  
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where P= (P1, P2, P3) is the set of the unknown parameters. 
Here Y(ti) are the temperatures measured i.e. temperatures 
generated from the solution of the direct problem wherein the 

parameters vector P= (P1, P2, P3) are known.  ˆ ,iT t P


are the 

estimated temperatures from the inverse model. I is the total 
number of measurements.   

The inverse problem is solved with the Levenberg–
Marquardt Method (LMM). The incremental value of the 
unknown parameters ΔP, is given by: 

 

      
1T T

k k k k k kJ J J PP Y T


      

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 (10) 

 

Here k is a positive damping parameter. The choice and the 

update of this parameter is discussed in [19]. 

 T
k k kdiag J J     
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is a diagonal matrix. The superscript  
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" T " denotes the transpose of the matrix. kJ


 is the Jacobian 
matrix and it is defined as 
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The Jacobian kJ


is approximated with a finite difference 
approximation [14]. For example, the sensitivity coefficient is 
given by: 
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The parameter perturbation  jP  is set to  1 jP  , 

where  is a small number. The subscripts i and j represent the 

time and the parameter respectively. 
In order to reduce the computational effort, the Jacobian 

matrix is updated using BM [20].  
For the first iteration, for every 2*N iterations and for 

iterations where    P P P     , the sensitivity 

coefficients of the Jacobian matrix are estimated with (12). 
For every other iteration, the Jacobian matrix is updated with 
the expression proposed by Broyden [20]:  
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1kP  is the incremental value of the unknown parameters 

given by (10). 
Convergence of the LMM is declared when 
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 1 2 3;   ;     are a small number. 

The overall computational procedure using LMM and BM 
is as follows:  

 

 

Fig. 5 Overall algorithm for the inverse method 

V. RESULTS AND DISCUSSION  

The inverse procedure proposed in Fig. 5 was employed for 
predicting simultaneously the unknown time-varying heat flux 
q"(t) and the unknown thickness of the eroded wall LErosion 
(Fig. 4). 

Once the heat flux q"(t) and the thickness of the eroded 
refractory wall LErosion are estimated, the bank E(t) is easily 
determined from the FVM presented in Section II above. 

The temperatures measurements Yi were taken with a sensor 
located inside the brick wall at two different locations: The 
first position, called ‘Sensor#1’, is near the outside surface of 
the brick wall. The second position, ‘Sensor#2’, is in the 
middle of the brick wall (Fig. 4). 
The data-capture-frequency (the total number of temperature 
recordings during an experiment, t=0 to 400000 s) is I=800. 

In order to assess the accuracy and the uniqueness of the 
inverse analysis, the inverse procedure has been thoroughly 
tested with noisy measurements and for different positions of 
the embedded sensor. 

In order to mimic measurement errors, a random error noise 

i  is added to the exact temperature
exactT


 generated by the 

direct model:  
 

(t ) (t )i exact i iT T  
    (15) 

 

 is the standard deviation of the measurement errors, which 
may take the value of 2% Tmax and 4% Tmax. Tmax is the 
maximum temperature measured by the sensor. 
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To demonstrate the accuracy of the present inverse method 
for predicting the bank thickness, two cases (different heat 
flux q"(t)) were examined: 
  

 heat flux at x=LBrick + LPCM 

Case#1 2
1 2
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2 .
( ) * sin
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q t P P

t

 
    

 

 

Case#2 1 2
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The exact values for the direct model, are  

 2 2
1 2= 9000 w/m  ; 8000 w/mexactP P P          

For the sake of comparing the inverse solution (inverse 
model) to the exact solution (direct model), two estimation 
errors are defined:  
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Table II illustrates the effect of the sensor location on the 

estimation of the unknown parameters. It is seen that the 
relative errors vary from 0 to 10,5%. The largest discrepancy, 

i.e., 10,5%, occurs in the prediction of P3 (the erosion 
thickness).  P3 is the smallest and therefore the most sensitive 
parameter [21]. It is observed that sensor#2 provides the best 
parameter estimation. 

Figs. 6 and 7 compare the measured noisy temperatures 
(generated with the 1-D direct model with noise of 2% Tmax) to 
the estimated temperatures predicted by the inverse model 
using sensor#1. 

 
TABLE II 

EFFECT OF THE SENSOR LOCATION 

 
 Sensor#1 Sensor#2 

PExact PInverse ErrorP PInverse ErrorP

Case 1
P1 (W/m2) 9000 9065,7 0,7 9065,4 0,7 
P2  (W/m2) 8000 7896,7 1,3 7898,2 1,3 
P3 (mm) 10 9,27 7,3 9,31 6,9 

Case 2
P1  (W/m2) 9000 8999,5 0,0 8983,1 0,2 
P2  (W/m2) 8000 8035,5 0,4 8018,6 0,2 
P3 (mm) 10 8,95 10,5 9,14 8,6 

 
Figs. 8 and 9 show the effect of the noise level on the 

predicted time-varying thickness of the protective bank E(t) 
for both cases. The erosion of the refractory brick wall is 
depicted by the negative bank thickness. As expected, a slight 
discrepancy appears when the noise level increase from 2% 
Tmax to 4% Tmax. Nevertheless, it is seen that the predictions 
remain stable and accurate even for noisy signals.  
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Fig. 6 Measurements and inverse predictions (Case#1) 
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Fig. 7 Measurements and inverse predictions (Case#2) 
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Fig. 8 Predicted bank thickness with erosion (Case#1) 
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Fig. 9 Predicted bank thickness with erosion (Case#2) 
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Figs. 10 and 11 show the effect of the temperature sensor 
position (sensor#1 and sensor#2) on the accuracy of the 
predicted bank thickness E(t). It is seen that the effect of the 
sensor position is insignificant [7]. Therefore, sensor#1 is 
recommended over sensor#2. This result is of interest to the 
process industry. Indeed, it is much safer and easier to embed 
a sensor near the external surface of the refractory brick wall. 
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Fig. 10 Effect of the sensor position on the predicted bank thickness 
E(t), case 1 
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Fig. 11 Effect of the sensor position on the predicted bank thickness 
E(t), case 2 

 
It is noted that the approximation of the sensitivity 

coefficients of the Jacobian matrix, (12), requires the solution 
of the direct problem six times per iteration (2 times for each 
unknown parameter). As a result, the finite difference 
approximation is computationally expensive.  

In order to reduce the computation time, the sensitivity 
matrix was updated using BM [20]. This strategy has been 
applied successfully in the field of inverse heat transfer 
problems (IHTP) [22]-[24].  

LMM combined with BM (LMM/BM) calls the direct 
model 20 times while LMM requires 35 calls. Consequently, 
the CPU time for the LMM/BM is only 715,5 s while that for 
the LMM is 1311,9 s. 

The simulations were executed with the MATLAB software 
running on an Intel ® Core(TM) i5-2520M CPU @ 2,50GHz.  

VI. CONCLUSION 

An inverse heat transfer analysis was presented for 
predicting the wall erosion and the time-varying thickness of 
the protective bank inside a melting furnace. It was shown that 
the inverse analysis may also predict simultaneously the time-
varying heat flux and the eroded portion of the refractory brick 
wall. The proposed inverse method rests on the LMM/BM. 
Using this combination of methods, the computation time was 
halved. The effect of the measurement noise and of the 
location of the temperature sensors on the inverse predictions 
was investigated. Recommendations were made concerning 
the location of the sensor embedded in the brick wall. Finally, 
this study illustrates how the inverse heat transfer can be used 
successfully for preventive maintenance of an industrial 
facility. 
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NOMENCLATURE 

pC    specific heat [J/kg K] 

dt    time step [s] 

f    liquid fraction 

h     heat transfer coefficient [W/m2K] 
I     total number of measurements 
J     Jacobian matrix 
k     thermal conductivity [W/m K] 

BrickL   width of the brick wall [m] 

ErosionL   width of the erosion [m] 

PCML   width of the PCM layer [m] 

N    number of unknown parameters  

 ''q t   heat flux [W/m2] 

P    vector of unknown parameter   
PCM   phase change material 
Error   estimation errors [%] 

 E t   bank thickness [m] 

t     time [s]  

T̂     estimated temperature [K] 
x     Cartesian spatial coordinate [m] 
Y     measured temperature [K] 
     small number 

    damping parameter 

    density [kg/m3] 

             standard deviation of the measurement error 

    sum of squares norm  

     small number 
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H    enthalpy [J/m3] 
     difference 

k    diagonal matrix 
     heat of fusion [J/kg] 
    random number  

A. Subscripts 

0     initial value  
    ambiant 
Brick   brick wall 
Exact   exact solution  

 E t   bank thickness  

liq    liquidus 

liquid   liquid (PCM) 

max   maximum 
PCM   phase change material 

 ''q t   heat flux 

sol    solidus  
solid   solid (PCM) 

B. Superscripts 

k     time iteration number 
T     transposed matrix 
     estimated parameter 

    vector  
    matrix 
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