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Abstract—Model updating is an inverse eigenvalue problem which
concerns the modification of an existing but inaccurate model with
measured modal data. In this paper, an efficient gradient based
iterative method for updating the mass, damping and stiffness
matrices simultaneously using a few of complex measured modal
data is developed. Convergence analysis indicates that the iterative
solutions always converge to the unique minimum Frobenius norm
symmetric solution of the model updating problem by choosing a
special kind of initial matrices.
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I. INTRODUCTION

SING a finite element modeling, equation of motion of
a linear elastic time-invariant structure with n degree of
freedoms is given by

Moij(t) + Dqag(t) + Kaq(t) = 0. (1)

The vector ¢(t) represents the generalized coordinates of the
system. M,, D, and K, are, respectively, called the analytical
mass, damping and stiffness matrices. Equation (1) is usually
known as the finite element model (analytical model). If a
fundamental solution to (1) is represented by ¢(t) = e,
then the scalar A and the vector = must solve the quadratic

eigenvalue problem
(N2 M, + AD, + K,)z = 0. )

Complex numbers A and nonzero complex vectors x for
which this relation holds are, respectively, the eigenvalues
and eigenvectors of the system. Equation (2) has 2n finite
eigenvalues over the complex field, provided that the leading
matrix coefficient M, is nonsingular. It is known that the
dynamical behavior of the differential system (1) usually
can be interpreted via the eigenvalues and the corresponding
eigenvectors of (2). The analytical model (1) is often validated
by comparing their analytical modes of vibration with the
results measured by modal testing. However, most modal
data obtained by the finite element model don’t agree with
the experimental results. The lack of correlation between
the analytical predictions and the experimental results can
be traced to either experimental or modelling errors, or a
combination of both. In order to obtain the most accurate
and reliable model, the original analytical model (1) must be
updated using the measured eigendata such that the agreement
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between analytical predictions and test results is improved.
The updated model may then be considered a better dynamical
representation of the structure, and can be used with greater
confidence for the analysis of the structure under different
boundary conditions or with physical structural changes. The
process is known as model updating.

In the past 40 years, various techniques for updating mass
and stiffness matrices for undamped systems (i.e., D, =
0) using measured response data have been discussed by
[1]-[5]. For an account of the earlier methods, see [6], an
integral introduction of the basic theory of finite element
model updating is given. For damped structured systems, the
theory and computation have been considered by [7]-[10].
All these existing methods are direct updating coefficient
matrices, but the explicit solution is too difficult to be
obtained by applying matrix computation techniques. We
observe that the iterative methods for model updating have
received little attention in these years. This paper we will
offer a simple yet effective gradient based iterative algorithm
to solve the damped structural model updating problem which
can incorporate the measured eigendata into the finite element
model to produce an adjusted model on the mass, damping and
stiffness matrices that closely match the experimental modal
data.

Let A = diag{\,---,)\,} € CP*P and
X = [#1,---,2p] € C" P be the measured eigenvalue
and eigenvector matrices, where p < n and both A and
X are closed under complex conjugation in the sense that
)\2]' = 5\2]'_1 e C, Toj = f}gj_l e C" fOI'j =1,-- ~,l, and
A € R, 2 € R” for kK = 2l + 1,---,p. The problem of
updating mass, damping and stiffness matrices simultaneously
can be mathematically formulated as follows.

Problem P. Given real-valued symmetric matrices
Mgy, Do, K, € R™™, find (M, D, K) € Sg such that

IM = M|+ |D = Do + | K - Kq|* =
min s p gyesg (|M — M| + |D — Dol + | K — K,?),

where

Se = {(M,D,K) € SR"™" x SR™*" x SR™*" |
MXA?>+DXA+ KX =0}.

In Section II, an efficient gradient based iterative method is
presented to solve Problem P and the convergence properties
are discussed. By using the proposed iterative algorithm, the
unique minimum Frobenius norm symmetric solution can be
obtained by choosing a special kind of initial matrices. Some
concluding remarks are give in Section III.
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Throughout this paper, we shall adopt the following
notation: C™*™ and R™*" denote the set of all m x n
complex and real matrices, and the set of all symmetric
matrices in R™*™ by SR™*". AT tr(A) and R(A) stand
for the transpose, the trace and the column space of the
matrix A, respectively. Amax(M T M) denotes the maximum
eigenvalue of M T M, I, represents the identity matrix of
order n, & denotes the conjugation of the complex number o
and || - || represents the Frobenius norm. Given two matrices
A = [a;;]) € R™*"™ and B € RP*Y, the Kronecker product of
A and B is defined by A® B = [a;;B] € R™P*™4. Also, for
an m X n matrix A = [a1, a2, -, ay], where a;,i =1,---,n,
is the i-th column vector of A, the stretching function vec(A)
is defined as vec(A) = [a] ,aq ,---,a}]T.

rEn

II. THE SOLUTION OF PROBLEM P

Define a complex matrix 7}, as

T, =
T e
dlag{ﬁ[l i | vE

where ¢ = y/—1. Itis easy to verify that T}, is a unitary matrix,
that is, TJ T, = I,. Using this transformation matrix, we have

_Z.Z :| 7Ip—2l} € Cpxp:

AT o 1 m
A—TpATp—dlag{[ m G },

3)
Car—1 T121—-1
- A oo A p € RPXP
[ —n2—1 Car-1 At v
X:XTp: [\/iylvﬁzla"'7\/§y21—15\/§2321—17 (4)

T2l41y" " 7:[17] S Rnxpv

where (; and 7; are respectively the real part and the
imaginary part of the complex number A;, and y; and z;
are respectively the real part and the imaginary part of the
complex vector x; for j =1,3,---,2]—1. It follows from (3)
and (4) that the equation of M XA%? + DXA + KX =0 can
be equivalently written as

MXA2+ DXA+ KX =0,
s.t. M €SR™", DecSR"", KcSR"™".
For a given matrix triplet (M, D,, K,), we have
MXA?+DXA+KX =0
& (M —M)XA?+ (D - D,)XA + (K — K,)X
= -M,XA?> - D, XA - K,X.

Let R
M =DM - M,,
D=D-D,,
K=K-K,,

F=—-M,XA>- D, XA - K,X,
then solving Problem P is equivalent to finding the minimum
Frobenius norm solution of the matrix equation

MXA2+DXA+ KX =F,

. - _ 5
st MeSR™™ DeSR™™ Kesrvn. O

Once the minimum Frobenius norm solution (M*, D* K*)
of (5) is obtained, the solution of the matrix optimal
approximation Problem P can be computed. In this case, can
be expressed as

M = M, + M*,
D =D, + D, (6)
K=K,+K*

Lemma 1: [11],[12]. If the linear equation system Hz = b,
where H € R™*" b € R™, has a unique solution z*, then
the gradient based iterative algorithm

-
T = Tp—1 + puH (b ka_l), O<pu< /\maX(HTH),
yields limg oo x = ™.

Lemma 2: [13]. Suppose that the consistent linear equation
Ax = b, where A € R™*™ b € R™, has a solution
x € R(AT), then z is the unique minimum Frobenius norm
solution of the linear equation.

Lemma 3: Equation (5) has a symmetric solution triplet
(M, D, K) if and only if the matrix equations

MXA%2+ DXA+KX =F, ;
MXTMAA XD+ XTR=FT, 7
are consistent.

Proof. If (5) has a symmetric solution triplet (M*, D*, K*),
then M*XA?4+D*XA+K*X = F, and (M*XA?>+D* XA+
K*X)T =ANTXTM*+ ATX"D*4+ XTK* = F'. That
is to say, (M*, D*, K*) is a solution of (7). Conversely, if
(7) has a solution, say, M = U, D = V, K = W. Let
M*=3(U+UT), D*=4(V+VT), K*=L(W+WT),
then M*, D* and K* are symmetric matrices, and

M*XA?+D*XA+K*X

1 . - -
= 5(UXA2 + VXA +WX)
(UTXA2+VTXA+WTX)

1
= -F+ 5(FT)T =F.

N — DN —

Hence, (M*, D*, K*) is a symmetric solution triplet of (5).
Using the Kronecker product and the stretching function,
we know that (7) is equivalent to

ATXT I, ATXT @ I, XT® I, vec(]\}[)
{ L oA2TXT I oATXT I, ®XT } vee(D)
" " " vec(K)

_ { vec(F) } |

vec(FT)
Let
I [\ﬂf(f ® I [WXT ® I, bl ® I,
L,oA2TXT LLoATXT I,oXT
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According to Lemma 1, we have the gradient based iterative
algorithm for (7) described as follows.

vec(My) vec(Ms_1)
vec(Dg) | = | vec(Ds—1)
vec(Ky) vec(Ks—1) ®)
vec(F) vec(M,—)
+uHT { vee(F7) } —H | vec(Ds-1)
vece(Ks—_1)
After some algebra manipulations this results in
M, = Nyi+p|[FATXT + XAFT
— M, XA*A?TXT - XA2A?TXTM,
— Dy XANTXT - XA’ATXTD,
- K XATRT - XRXTR, ], ©)
Dy = Dy p[FATXT + XAFT
— M, XA*ATXT - XAA*TXTM,
~ D, XAATXT - XAATXT D, ,
~ K XNTXT - XAXTE ] (10)
K, = K. 1+p|FXT+XFT

M, XA2XT - XRTXTI,,
— D, XAXT - XATXTDH, ,
K. XXT - XXTRS,I] . (11)

From (9), (10) and (11) we can easily see that if
the initial matrices My, Do, Ko € SR"™ ", then

M, € SR™™, D, € SR™" and K, € SR™" for
s=1,2,---.

Theorem I: Suppose that (5) has a unique symmetric
solution (M*, D* K*). If we choose the convergence factor
as

0 < < po, (12)
1
N (ABT X T XA 4 o (AT KT XE) e (XTX)
then the sequences {M;}, {D;} and {K;} generated by
(9), (10) and (11) satisfy

where pg =

lims%oo Ms = M*v

lim,_, 0o Dy = D*, (13)
limg oo Ky = K*

for any arbitrary initial matrix triplet (N[O,Do,f(o) with
Moy, Dy, Koy € SR™™". o .
Proof. Define the error matrices M}, D and K as

M* = M, — M*,
D = D, — D*,
K*=K,—K*.

Using (9)-(11) and (7), we have
M; = M:,
(N XRPATTRT 4 XA
+ D XAAPTXT 4 XR2ATXTD?
F R XATXT 4 X[\QXTK;,I) , (14)

D: = D:—l

(W, RRPATRT 4+ RARTR AL,

b RARTXT 4+ XAATR D,

+ K XATXT + XAXT ~;11) , (15)

f(: = f(:fl
(B RERRT 4 RRSTRTAL,
b XAXT 4+ XATXTDr
+ K XX+ XXTK:,l) . (16)
Let
Py, = M*  XA?,
Qs—1 =D | XA,
W,y =K, X.

By (14) we have

N[; = Ms*—l — pu(Ps—1 4+ Qs1 + I/I/vsx—l)fxﬂ—j(-r

s 17
_N‘XAZ(Psfl + stl + stl)T~ ( )

Using the relation of (17) and noting that the symmetry of
Mz, i=0,1,---, we obtain

112 = IV | = 4 (PLLGot) e
+2 |G A2TXT + XA2G |,

where Gs_1 = Ps_1 + Qs_1 + Ws_1. Observe that

G, A2TXT + XA2G], |

(16 RTX T+ KRG )

= 4G ATTX TP < Ahax (AT X TXA?) Gy |2

IN

Thus, it follows from (18) that

IMZ)* < |[M_y )| — (P, Gon)

A A (A2TX T XA |G |2, (19

Similarly, by (15) and (16) we can obtain

1D < ID;|I° — 4pte(Q) 1 Gs1)

+ 4P Anax(ATXTXA) |G 2 (20)
IK:1? < IKZ 1P — 4pr(W, Gor)

A Anax (X T X) |G |12 @1
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Therefore, from (19), (20) and (21) we have
M52 + |1 D3 )1 + 1K1

< MR+ 1D P + 1K

- 4UHG571”2 +4/12/\nlaX(A2TXTXA2)HG871H2
+ 4u2AmaX(ATXTXA)||GS,1H2

+ 4N2>\nlaX(XTX)HG571H2

I+ WD IR

4upr(&MAAﬂXTXA%+AmMMTXTXM

+ )‘maX(XTX))} HG871H2

= NI+ DRI + RSP -
4uP—M<AMAAHXTXA%+AmMMTXTXM

T dea(XTX)) | S5 G2

(22)

If the convergence factor p is chosen to satisfy 0 < pu < o,
then the inequality of (22) implies that

g [1 — (/\mx(]\ﬂf(Tf([\?) F Amax(ATXTXA)
s (XTX)) | S5 G2
< MG 12+ IDg 11 + K51 < oo,
which implies that 3527 [|G||* < co. Thus, we can conclude
that G; — 0, as s — oo, or equivalently,

M XA+ D!  XA+K X =0, as s5— oc.
Under the condition that the solution to (5) is unique, we can
deduce that M — 0, D — 0 and K — 0 as s — oo. This
proves Theorem 1.

Now, assume that J € R™*? is an arbitrary matrix, then
we have

Vec(J[i\ETf(T +:X-1~X2JT)
vec(JATX T + XAJT)
vec(JXT +XJT)

XN @I, I,® XA?

XL, ILeX
_ T | vee(J) T
- { vec(J ) } € R(H").

It is obvious that if we choose
My =JA2TXT + XA2JT,
Do=JATXT + XAJT, (23)
Ky=JXT +XJT,

then all ]\ZS7 D, and K, generated by (9), (10) and (11) satisfy

M)

vec

AMTXTel, NMXTwl, X oI, T
L,oA2TXT LLoATXT I,oXT

= R(H T).

It follows from Lemma 2 that if we choose the initial
symmetric matrix triplet by (23), then the iterative solution

€ R

triplet (]\~457 D, K s) obtained by the gradient iterative
algorithm (9), (10) and (11) converges to the unique minimum
Frobenius norm symmetric solution triplet (M™*, D*, K*).

In summary of above discussion, we have proved the
following result.

Theorem 2: Suppose that the condition (12) is satisfied. If
we choose the initial symmetric matrices by (23), where J €
R™*P is an arbitrary matrix, or especially, My =0,Dy =0
and K = 0, then the iterative solution triplet (]ffs, Dy, KS)
obtained by the gradient iterative algorithm (9), (10) and (11)
converges to the unique minimum Frobenius norm symmetric
solution triplet (M*, D*, K*) of (5), and the unique solution
of Problem P is achieved and given by (6).

III. CONCLUDING REMARKS

A gradient based iterative algorithm has been developed
to incorporate measured experimental modal data into an
analytical finite element model with nonproportional damping,
such that the adjusted finite element model more closely
matches the experimental results. However, we should point
out that in all physical systems the matrices M, D and K
are often structured or parameterized, that is, the parameters
in the stiffness, damping and mass matrices are correlated,
and updating one parameter requires that others be updated
in a specific fashion to maintain the proper connectivities
in the structure. However, the method proposed can’t retain
the physical configuration of the analytical model. Can the
physical feasibility of the updated M, D and K be maintained?
This is a question that might be worthy of further study.
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