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Abstract—In this research numerical simulations are performed,
using the multi-relaxation-time lattice Boltzmann method, in the
range 3 < f = w[d] < 30 at Re = 100, 200 and 300, where f the
blockage ratio, w is the equispaced distance between centers of
cylinders, d is the diameter of the cylinder and Re is the Reynolds
number, respectively. Special attention is paid to the effect of the
equispaced distance between centers of cylinders. Visualization of
the vorticity contour visualization are presented for some simulation
showing the flow dynamics and patterns for blockage effect. Results
show that the drag and mean drag coefficients, and Strouhal number,
in general, decrease with the increase of f for fixed Re. It is found
that the decreasing rate of drag and mean drag coefficients and
Strouhal number is more distinct in the range 3 < £ < 15. We found
that when > 15, the blockage effect almost diminishes. Our results
further indicate that the drag and mean drag coefficients, peak value
of the lift coefficient, root-mean-square value of the lift and drag
coefficients and the ratio between lift and drag coefficients decrease
with the increase of Re. The results indicate that symmetry boundary
condition have more blockage effect as compared to periodic
boundary condition.

Keywords—Blockage ratio, Multi-relaxation-time lattice
Boltzmann method, Square cylinder, Vortex formation.

. INTRODUCTION

N infinite row of cylinders is the extreme of a single

cylinder case, and the results are expected to be of
fundamental values. Flow around cylinders is of practical
importance in many fields of engineering and science. The
flow past a row of cylinders is of significance in situations
such as flow around closely spaced electrical power poles,
multi-slotted airfoils, and turning vanes in duct elbows [1]. In
spite of single square cylinder studies, the investigations of
cross-flow around square cylinder with equispaced distances
need more attention because of the numerous parameters such
as physical quantities, Reynolds number (Re), and limitations
of the different numerical methods could affect the flow
patterns. The present study proposes to examine in detail
blockage effect (8) of rectangular cylinders is a fundamental
element in practical problems such as closely spaced electrical
power poles and multi-slotted airfoils.
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The flow around a single square cylinder was studied
experimentally and numerically by several researchers. There
is not enough experimental data at low Reynolds number in
open literature. The difference may be due to two reasons.
One is due to the existence of vibrations in real experiments;
the second is due to the difficulties related with experimental
measurement. Okajima [2] has conducted a wide-ranging
experimental study of rectangular bluff body over a wide
range of Reynolds numbers between 70 and 2 x 10°. He
found that the Strouhal number (S?) of a square cylinder varies
a little with a Reynolds number. Davis et al. [3] carried out a
numerical simulation study of the flow past rectangular
cylinders and compared the numerical results with Okajima
[2] experimental results over a Reynolds number range of 100-
2000. Their results show that an increase in blockage increases
the drag coefficient (Cd) and the St. Franke et al. [4] carried
out numerical simulations of the laminar vortex shedding past
a square cylinder of Re < 300. Sohankar et al. [5] carried out
numerical simulations for unsteady two-dimensional flow
around a square cylinder, for Re between 45 and 250 using
quite different numerical methods. They also investigated the
influence of the location of the inflow, outflow and side walls
(blockage), respectively at Re = 100 Sohankar et al. [6],
employed an implicit fractional step method finite-volume
code to simulate three-dimensional flow around a square
cylinder for Re from 150 to 500. Their results show the
transition from two-dimensional to three-dimensional between
Reynolds numbers 150 and 200. Saha et al. [7] carried out
numerical simulations for flow past a square cylinder at
various Re from 40 to 600. They examined the chaotic
behavior through the calculation of Lyapunov exponent and
fractal dimension. The motivation for the preset study has
been taken into account after studying the following available
literature.

Ingham et al. [8] examined the flow past a row of normal
flat plates using quite different numerical methods. Fornberg
[9] proposed quite different numerical methods to examine the
physical quantities such as Cd for the flow past a row of
circular cylinders at large Re. He examined the transition from
small blockage ratio f = w[R] (where R is the radius of the
circular cylinder) to high f and find the critical range f = 8.
Ingham and Yan [10] studied theoretically and numerically the
flow past a row of flat plates and square cylinders. In case of
square cylinders they employed the central-difference scheme
at a fairly low Re. Natarajan et al. [11] considered the same
problem of [8] for flow past a row of flat plates at large Re
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using Galerkin finite element discretization for the Navier-
Stokes (NS) equations in the form of vorticity formulation.
They covered the S within the range 5 < f < 25. They
examined that the typical practical situation is almost the same
to [9] for the flow past a row of circular cylinders. Kumar et
al. [12] studied flow around a row of square cylinder using the
lattice Boltzmann method. Their simulations were carried out
for two-dimensional flows at a fairly low Reynolds number
(Re = 80) and placed flow around a row of nine square
cylinders normal to the oncoming flow. Recently, we studied
flow past a row of circular cylinders using the lattice
Boltzmann method [13].

The rest of this paper is organized as follows: A more detail
description of the problem will first be given in Section II.
Next, in Section III we will briefly describe the initial and
boundary conditions. In Section IV we present extensive
numerical results for variety of different £ in the Re range
between 100 and 300 including comparison with open
literature data. In this section we present our numerical results
for physical quantities as functions of blockage ratios and
Reynolds numbers. Finally, in Section V we draw some
conclusions.

II. PROBLEM DESCRIPTION

We consider the flow past an infinite row of equispaced
square cylinders as illustrated in Fig. 1. The inflow and
outflow boundaries are situated to allow at least 12 diameters
between the inflow boundary and the cylinder and 48
diameters between the outflow boundary and the cylinder. In
this study, the uniform inflow velocity Ui is fixed to be
0.04385686 for all Reynolds numbers. The single-relaxation-

time 7 is defined by r=U,d /C}AtRe +0.5, where Cs is the

speed of sound equal tol/sqrt(3), d is the diameter of the
cylinder and At is the time step. The values of the single-
relaxation-time are 0.5263, 0.5131, and 0.5087 for Reynolds
numbers 100, 200, and 300, respectively. The computational
domain in the streamwise direction is fixed to be 60d and the
lateral direction varies from 3d t030d.
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Fig. 1 Schematic flow configuration

The detail about multi-relaxation-time lattice Boltzmann
method, important physical parameters, effect of
computational domain, grid independence and code validation

are given in [14], [15].

III. INITIAL AND BOUNDARY CONDITIONS

The following procedure is incorporated as an initial
condition:

u=v=0; (D

and
P =D @)

Uniform flow is incorporated using the equilibrium particle
distribution function at the inlet in the following way:

fi=1w,) )

where s and y© are the particle distribution function and

equilibrium distribution function, respectively.

Symmetric boundary condition is adopted to examine the
blockage effect. (Comparison between the periodic boundary
condition and the symmetry boundary condition is shown later
in Section IV) The boundary conditions at j = 1 for the particle
distribution function is given by the following way:

fo(i» 1 =f O LD S @D p D g (23
i1 i,3 i, 1 i,3 i, i3
f}(l ):f3(z VLD = 6D G )
1 . . . . 3
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Similar condition adopted for j = NY.

The surface of the cylinder was defined with a no slip wall
boundary condition and this is realized with a bounce-back
boundary treatment. No-slip condition ensures that the fluid
will have zero velocity relative to the boundary.

The momentum exchange method proposed by [16] was
used in the present work for simulating flow around square
cylinder.

IV. RESULTS AND DISCUSSIONS

Numerical calculations were carried out for flow past a row
of equispaced square cylinders to study blockage effect.
Firstly, we will discuss the effect of blockage in this section.
Vortex shedding is a key characteristic of interest here. The
effects of g in the form of vorticity contour lines behind the

cylinder are described in Figs. 2-4 at Re = 100, 200 and 300.
In these figures the negative vorticity (clockwise vortex) is
shown by dashed lines and the positive vorticity
(anticlockwise vortex) by solid lines. It may be important to
state here that during the process of numerical simulations for
blockage ratios effect flow evolution up to some extent,
however, for the sake of brevity only a few selected
representative cases will be discussed here.

In Fig. 2 (a), it can be seen that large value of the vortex-
shedding Strouhal number shows the very dense arrangement
of vortices. The results show that when there is not enough
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space in the lateral direction the vortices are cracked down and
seem to disappear in the far wake region. The negative vortex
is generated at the top corner of the cylinder and more behind
the cylinder as it grows and is rolling up on the upper side of
the cylinder (Fig. 2 (b)). The negative-signed vortices
generated at the front upper grow and then push down the
positive-signed vortices from the lower side as shown in Figs.

2(c), (d).
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Fig. 2 Vorticity contour lines for different blockage ratios at Re = 100

The results show again that when there is not enough space
in the lateral direction the vortices are cracked down and seem
to disappear in the far wake region (see Fig. 3 (a)). The
alternating vortices almost with the same strength and size are
shed from the upper and lower sides of the cylinder for Re =
200. While at = 15 and Re = 200 (Fig. 3 (b)), from the upper
side of the wake the positive vortex draws the shear layer of
opposite sign and cuts the supply of vorticity to the positive
vortex at the wake centerline. The results show that the
distance between consecutive vortices remains almost constant
(Fig. 3 (c)). The negative-signed vortices generated at the front
upper grow and then push down the positive-signed vortices
from the lower side as shown in Fig. 3 (c¢). The vortices are
made stronger and smaller in size with the higher § (Fig. 3

(d)).

= N
P oy [ o ey

r A N7, N~y N
\v. Y N N N N

I TR R R R R
0 200 400 600 800 1000 1200
(d) Re=200; $=30.0

totete¥eYo

I I I I I R
0 200 400 600 800 1000 1200

Fig. 3 Vorticity contour lines for different blockage ratios at Re =200

In Fig. 4 (a) it can be seen again that the vortices are
cracked down and seem to disappear in the far wake region.
This is due to not enough space in the lateral direction. The
results show that the distance between consecutive vortices
remains almost constant (Figs. 4 (b), (c)). The vortices are
made stronger and smaller in size with the higher f (Fig. 4
(d)).

The results further show that the vortices develop in the
near wake undergo successive interactions among themselves
when £ > 3. It is further noticed, that the width and size of the
vortices becomes smaller and stronger when the Re increase
from 100 to 300 (Figs. 3 (d) and 4 (d)). These width and size
changes between the vortices are due to the fact that the
vortices are shed at a higher frequency in these cases.

Some of the important variables of engineering interest for
flow past cylinder with vortex shedding are the Cd, <Cd>, ClI,
root-mean-square value of the lift coefficient (Clrms), root-
mean-square value of the drag coefficient (Cdrms), ratio
between the value of lift and drag coefficients (Cl/Cd), and St.
Figs. 5-8 show the variation of all such physical quantities
with varying f for fixed Re.

The present results show that the Cd, and <Cd>, in general,
decrease with the increase of f (Figs. 5 (a), (b)). This
observation is consistent to the finding of Fornberg [9] for
flow past a row of circular cylinders. It is found that the
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decreasing rate of Cd and <Cd> is more distinct in the range 3
< f < 10. On the other hand, the reduction of these physical
quantities becomes slight and especially for the last two
blockage ratios f = 25 and 30 the reduction becomes
insignificant. It is noted that Cd, and <Cd> reach their
maximum values at the blockage ratio (f = 30) (see Figs. 5 (a),
(b)). For the blockage ratio f = 3 case, the maximum values
for Cd, and <Cd> given by 2.946 and 2.9161 for Reynolds
number 100, 3.046 and 2.9157 for Reynolds number 200, and
3.246 and 3.0404 for Reynolds number 300, respectively.
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Fig. 4 Vorticity contour lines for different blockage ratios at Re = 300

35 35
, —&- Re=100 @ —5— Re=100 8
25
™
]
2
15
1 s - - f s ‘ ‘
D 10 n e 0 10 0 e

Fig. 5 (a) Drag coefficient (b) mean drag coefficient as a function of
the blockage ratios for flow past the cylinder for fixed Reynolds
number

The present results further show that the St, in general,
decrease with the increase of § (Fig. 6 (a)). Fig. 6 (b), shows
that for the computed range of f, C/ initially increases and
then almost remains constant in some cases of £ while for
some cases it shows a slight decrease for Re = 100. In case of
Re = 200 peak value of lift coefficient initially increases and
then shows a slight decrease and then almost remains constant.
On the other hand, the CI initially increases and then it shows
a slight decrease and increase for some cases of f at Re = 300.
The increase in St as the £ is brought closer from a distance of
3d to 30d is about 39.6% at Re = 100, about 36.9% at Re =
200 and is about 34.3% at Re = 300, respectively. On the other
hand, CI appears to reach its minimum value at blockage ratio
S =3 for all Re and then show a slight increase and decrease
when the f increases (Fig. 6 (b)).
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Fig. 6 (a) Strouhal number (b) peak value of the lift coefficient as a
function of the blockage ratios for flow past the cylinder for fixed
Reynolds number

Fig. 7 (a), shows that the Cdrms decreases with the increase
of f and then almost remains constant for Re = 100 and 200.
On the other hand, the same trend is observed for Re = 300
except for blockage ratio (f = 20) shows an abrupt change. It
can be seen from Fig. 7 (b), that the Clrms initially increases
and then shows a slight decrease and then almost remains
constant for all Re.

02 2
02} |~ Re=10y (@ & Re=100 (bl
06 —ERe=200 1 —E—Re=200
: —&—Re=300 05 —E—Rs=300

0.12 m 0 /Xﬁ‘e"é“é———é{_é—é
. xﬂﬂ%ﬂ .
0.04 02

GoBe—o—5—5—0
phleas & )

D ! L !
0 (VN R | 0 noa N H
A &

Cdrms
Clrms

Fig. 7 (a) Root-mean-square value of the drag coefficient (b) root-
mean-square value of the lift coefficient as a function of the blockage
ratios for flow past the cylinder for fixed Reynolds number

The dependence of the CI/Cd on p is clearly seen in Fig. 8.
A slight increase of CI/Cd has been observed for some f
initially and then shows the constant, slight decrease and
increase behavior as the f increases.
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Fig. 8 The ratio between lift and drag coefficients as a function of the
blockage ratios for flow past the cylinder for fixed Reynolds number

The present computational results show that when p
increases from 3 to 20, Cd, <Cd> and St can be reduced by
about 53.2%, 53.1%, and 39.3% at Re = 100, 48.9%, 48.5%,
and 36.6% at Re = 200 and about 44.7%, 45.6%, and 34% at
Re = 300, respectively. It is worth noticing that a remarkable
reduction of such physical quantities occurs in the range 3 < S
<20. When, > 20, the reduction becomes insignificant.

A series of computations were carried out, by increasing the
Reynolds number from 100 to 300 to determine the influence
of Re for fixed blockage ratios. The Cd, <Cd>, CI, Cdrms,
Clrms, Cl/Cd, and St were computed and plotted for Reynolds
number 100, 200, and 300 with fixed f.

The physical quantities such as Cd and <Cd> tend to
increases as Re increases (Figs. 9 (a), (b)). This increase is
consistent to the finding of other investigators such [7] for
flow past a square cylinder. The increase in Cd being about
3.4% at f when Reynolds number increase from 100 to 200
and about 6.6% from Reynolds number 200 to 300 (Fig. 9 (a)).
On the other hand, the increase in Cd at f = 30 is about 14.3%
from Reynolds number 100 to 200 and about 14.6% from
Reynolds number 200 to 300 (Fig. 9 (a)). These observations
indicate that the side and width of the vortices becomes
smaller at high blockage ratios and Reynolds number (see
Figs. 2-4).
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Fig. 9 Variation of physical quantities with Reynolds numbers: (a)
drag coefficient; and (b) mean drag coefficient.

It can be seen from Fig. 10 (a) that the shedding frequency
parameter Strouhal number increase for Reynolds number 200

and then shows a slight decrease for Reynolds number 300.
This observation is consistent to the finding of [7] for flow
past a square cylinder. The results show that unlike circular
blockage, for square blockage, the St first increases and then
decreases with an increase in Re. Fig. 10 (b) shows the
variation of CI versus Re for fixed blockage ratio. As shown in
Fig. 10 (b), the CI increases linearly with the Re.
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Fig. 10 Variation of physical quantities with Reynolds numbers: (a)
Strouhal number; and (b) peak value of lift coefficient

A fairly stable value with slight increases of Cdrms, Clrms,
and CI/Cd has been observed for each f as the Re increases
(Figs. 11 (a)-(c)). The above observations indicate that the
strength of the vortex shedding depends on the Re. The higher
the Reynolds numbers the stronger the vortex shedding. The
blockage ratio effect on the vortex shedding is obviously
stronger in high Reynolds number flows.
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Fig. 11 Variation of physical quantities with Reynolds numbers: (a)
root-mean-square value of the drag coefficient; (b) root-mean-square
value of the lift coefficient; and (c) ratio between the lift and drag
coefficients
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It may be important to state here again that during the
process of numerical simulations for S the lift and drag
coefficients exhibit a regular periodic behavior; however, for
the sake of brevity only two selected representative = 3 and
30 cases will be discussed here. Figs. 12 (a)-(f) shows that Cd
and CI history developments for different . It is noticed that
the vortex shedding becomes periodic, and the frequency of
the lift coefficient is twice that of the drag coefficient, which
are consistent with those of [3] for all Re. The results show
that Cd and CI exhibit a regular periodic behavior for all
chosen f and Re, as shown in Figs. 12 (a)-(f). These results
show a periodic alternating vortex shedding corresponding to
Figs. 2 and 4 because of regular periodic behavior of Cd and
Cl.
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Fig. 12 Temporal evolution of lift and drag coefficients for flow past
a square cylinder for Reynolds numbers 100, 200, 300 and two
different values of blockage ratios =3 and 30

It can also be seen from Figs. 2 and 4 (a) that the vortices
are cracked down and disappear in the far wake. This
observation indicates the strong blockage effect. It can be seen
from Figs. 12 (a)-(f) that the amplitudes of the fluctuating lift
and drag coefficients grow as Re increase for fixed .

Fourier analysis of the lift coefficients on the cylinders are
carried out for all blockage ratios and Reynolds number. The
Strouhal numbers obtained in the present work are shown in
Figs. 13 (a)-(f) for two selected blockage ratios = 3 and 30.
The results show that there is only one wake behind the
cylinder; the power spectra have only one peak frequency.

This confirms the single-wake shedding mode at all blockage

ratios.
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Fig. 13 Fourier spectra of lift force coefficient for Reynolds numbers
100, 200, 300 and four different values of blockage ratios f# =3 and
30

In Figs. 14 (a)-(c), it can be seen that the computational
time is not significantly affected when £ increases from 3d to
30d. 1t is interesting to observe that the growth rate and the
frequency of the perturbations are not affected significantly.
Only a phase shift is observed as the blockage ratio is brought
closer.

cr

time M mﬁ time M mﬁ

Fig. 14 Variation of the lift coefficient at = 100, 200 and 300 for two
different blockage ratios (f = 3, 30)

In this section a comparison between flow past a row of
circular and square cylinders with equispaced distance is
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shown in Fig. 15. The variation of drag coefficient shows
opposite trend for the flow past a square cylinder to that of a
circular cylinder. In case of square cylinder the Cd increases
continuously for Re at fixed blockage ratio. On the other hand,
the Cd for the circular cylinder shows a decrease for Re at
fixed blockage ratio.

25
93 _ch-rnberg (raw of circaiar eylinders) i 8=20.0)
1B Aresent (row of square cylinders) (8=20.0)
a1
"B +
= 1.7
1.4+
11¢
DB ......... I S T S R S R A AR
50 150 250 350
He
Fig. 15 Comparison between flow past a row of circular and square
cylinders

The drag force is always lower for a circular cylinder than a
square cylinder and this difference is due to higher bluffness
related with square cylinder. This means that the flow separate
much past in case of square cylinder because of the leading
sharp edges.

V. CONCLUSIONS

Results are reported for a two-dimensional numerical
investigation of the effect of equispaced distances between
rows of square cylinders, for Reynolds number between 100
and 300, and blockage ratios ranging from 3 to 30 using the
multi-relaxation-time lattice Boltzmann method. Symmetry
boundary conditions have more blockage effect as compared
to periodic boundary condition. The physical quantities such
as drag and mean drag coefficients, and Strouhal numbers in
general, decrease with increasing blockage ratios. All physical
quantities such as drag and mean drag coefficients, peak value
of the lift coefficient, and standard deviation value of the lift
and drag coefficients linearly increase for each blockage ratio
as the Reynolds number increases except Strouhal number.
The results show that the drag and mean drag coefficients and
the Strouhal number reach their maximum values at the
blockage ratio (f = 3). We also found that the peak value of
lift coefficient appears to reach its minimum value at blockage
ratio f = 3 for all Reynolds number and then show a slight
increase and decrease when the blockage ratios increases. We
found that for unconfined flow the drag coefficient, mean drag
coefficient and Strouhal number shows better results with the
numerical data from open literature. We observed that
increasing the blockage ratio from £ = 20 to 30 have little
effect on the physical quantities almost negligible. The
computational cost is not significantly increase when the
blockage ratios increased. We also found that the typical

practical scenario is almost the same to [9] for the flow past a
row of circular cylinders. On the basis of our analysis and
conclusion the proposed MRT-LBM can be an effective guide
to determine the flow visualization past a square cylinder in
various computational cases.
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