
International Journal of Engineering, Mathematical and Physical Sciences

ISSN: 2517-9934

Vol:8, No:12, 2014

1475

 
Abstract—In this paper, an explicit homotopic function is 

constructed to compute the Hochschild homology of a finite 
dimensional free ݇-module V. Because the polynomial algebra is of 
course fundamental in the computation of the Hochschild homology 
HH and the cyclic homology CH of commutative algebras, we 
concentrate our work to compute HH of the polynomial algebra, by 
providing certain homotopic function. 

 
Keywords—Exterior algebra, free resolution, free and projective 
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I. INTRODUCTION 

N order to interpret index theorems for non-commutative 
Banach algebras, [2] developed cyclic homology as a non-

commutative variant of the de Rham cohomology which is 
illustrated very well in [1]. In different other sources, cyclic 
homology appeared as the primitive part of the Lie algebra 
homology of matrices by [4]. The cyclic homology of an 
algebra ܣ consists of a family of abelian groups ܥ௡ሺܣሻ, ݊ ൒ 0, 
which are in characteristic zero, the homology of the quotient 
of the Hochschild complex by the action of the finite cyclic 
groups. Thus cyclic homology is a variant of Hochschild 
homology in such a way. Loday [3] worked on cyclic 
homology and Hochschild homology and provided different 
aspects of uses of these kinds of homologies. The example of 
polynomial algebra is very important in ܪܪ in the sense of 
commutative algebras, because polynomial algebras can be 
underlying algebra of differential graded models that can be 
used to perform computations. Also, Hochschild homology 
computations of polynomial algebra can be generalized to 
smooth algebras and symmetric algebras because polynomial 
algebra is a symmetric algebra of a finite dimensional free ݇-
module. 

Loday [3] proved that the Hochschild homology of 
polynomial algebra is the module khäler differentials (the 
module of differential forms); He introduced a commutative 
differential graded algebra with a certain product there to get 
an isomorphism commutative differential graded algebras. 

Here we are trying to have different approach to get the 
same result by constructing an explicit homotopic function to 
get a free resolution that is necessary to find the Tor functor 
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there. This technique can be carried out to calculate 
Hochschild homology of different kind of algebras. 

II. PRELIMINARIES 

Definition 1 [5]. Let ࡷ be a commutative ring, and ࡹ be an ࡭-
bimodule of an associative (not necessarily commutative) ࡷ-
algebra ࡭. We define the Hochschild complex כࡴ࡯ሺࡹ,࡭ሻ as 
the sequence of maps 
 

…
࢈
՜ࡹ ۪  ࢔ٔ࡭

࢈
՜ࡹ ۪ ૚ି࢔ٔ࡭ ࢈

՜ …
࢈
՜ࡹ ۪  ࡭

࢈
՜ࡹ … 

 
where the module ࢔ٔ࡭۪ࡹ is in degree ࢔. The Hochschild 

boundary map ࢈:  ࢔ٔ࡭۪ࡹ
࢈
՜ࡹ ۪  ૚ is given byି࢔ٔ࡭

 
ܾሺ݉ٔ ଵܽ ٔ ܽଶ ٔ ܽଷ ٔ… ٔ ௡ܽሻ ൌ ݉  ଵܽ ٔ ܽଶ ٔ ܽଷ ٔ… ٔ

ܽ௡ ൅ ∑ ሺെ1ሻ௜݉ٔ ଵܽ ٔ ܽଶ ٔ ܽଷ ٔ… ٔ ௜ܽܽ௜ାଵٔ … ٔ ௡ܽ
௡ିଵ
௜ୀଵ ൅

ሺെ1ሻ௡ ܽ௡݉ٔ ଵܽ ٔ ܽଶ ٔ… ٔ ௡ܽିଵ  (1)  
 
for ݉ א and ܽ௜ ܯ א ݅ for all ܣ ൌ 1,2, … , ݊. The homology 
groups of the Hochschild complex ܪܥ௡ሺܯ,ܣሻ are called the 
Hochschild homology groups ܪܪ௡ሺܯ,ܣሻ. 
Definition 2 [3]. For ࡭ unital and commutative algebra, let 
ષࡷ/࡭
૚  be the ࡭-module of Kahler differentials. It is generated 

by the ࢑-linear symbols ࢇࢊ for ࢇ א ࢇࣅሺࢊ so) ࡭ ൅ ሻ࢈ࣆ ൌ ࣅ ࢊ ࢇ ൅
,ࣅ where ,࢈ࢊࣆ ࣆ א ,ࢇ and ࢑ ࢈ א ࢛ࢊ with the relation (࡭ ൌ ૙, for 
࢛ א  .࢑
Definition 3. Let ࡭ be a unital and commutative algebra. Then 
ࡷ/࡭forms ષ-࢔ module of differential-࡭

࢔  is, by definition, the 
exterior product ષࡷ/࡭

࢔ ൌ ٿ ષࡷ/࡭
૚࢔

࡭ . The exterior is spanned by 
the elements ࢇ૙ࢇࢊ૚ࢇࢊٿ૛ٿ… ࢏ࢇ for ࢔ࢇࢊٿ א  that can be ,࡭
written as ࢇ૙ࢇࢊ૚ࢇࢊ૛ ࢊ…  .࢔ࢇ
Example 1 [3]. Let ܸ be a free module over ݇ and let ܣ ൌ ሺܸܵሻ 
be the symmetric algebra of ܸ. If ܸ is finite dimensional with 
basis ݔଵ, …,ଶݔ ,  ௡, then one gets the polynomial algebraݔ
ܵሺܸሻ ൌ ݇ሾݔଵ, ,ଶݔ … ,  ௡ሿ. Then we get a great result thatݔ
ܵሺܸሻ۪ܸ ؆ ௌሺ௏ሻ/௄ߗ

ଵ , ܽ ݒ۪ ฽  To see the proof of the given) ݒ݀ܽ
isomorphism, then please look to [3], page 26). 
Definition 4. Let ࡭ be a ࢑-algebra. Then the opposite algebra 
of ࡭ is denoted by ࢖࢕࡭ and the product of ࢇ and ࢈ in ࢖࢕࡭ is 
given by ࢇ. ࢈ ൌ  In .(࡭ where the product is in the algebra) ࢈ࢇ
addition to, the algebra ࢋ࡭ is the enveloping algebra and 
defined as ࢋ࡭ ൌ ࡭ ۪  .࢖࢕࡭
Definition 5 [6]. Given a module ࡹ, a projective (free) 
resolution of ࡹ is an infinite exact sequence of modules  
 

࢔ࡹ ื ૚ି࢔ࡹ ื ืڮ ૚ࡹ ื ૙ࡹ ࡹื ื ૙ 
 
with all the projective (free) modules ࢏ࡹ, where ૙ ൑ ࢏ ൑  .࢔
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Definition 6. Let ࡾ be a ring. For ࡭ is a right ࡾ-module and ࡮ 
is a left ࡾ-module, we construct a projective resolution of ࡭ as 
࢔ࡹ ૚ି࢔ࡹื ื ૚ࡹืڮ ૙ࡹื ื ื࡭ ૙. Then, the 
homology of the complex ି࢔ࡹื࡮ࡾ۪࢔ࡹ૚۪࡮ࡾ ื ืڮ
࡮ࡾ૚۪ࡹ ื  is called the Tor functor and denoted by ࡮ࡾ૙۪ࡹ
 .ሻ࡮,࡭ሺࡾ࢔࢘࢕ࢀ

III. COMPUTING THE HOCHSCHILD HOMOLOGY OF THE 

POLYNOMIAL ALGEBRA 

Theorem 1 [3]. If the unital algebra ܣ is projective as a 
module over ݇, then for any ܣ-bimodule ܯ there is an 
isomorphism 
 

ሻܯ,ܣ௡ሺܪܪ ؆ ௡஺ݎ݋ܶ
೐
ሺܯ,  ሻܣ

 
Example 2. Let ܣ ൌ Թሾݔሿ be the polynomial algebra of one 
variable ݔ . We try to find its Hochschild homology groups. 
From the last theorem, we get 
 

,ܣଶሺܪܪ ሻܣ ൌ ଶݎ݋ܶ
஺۪஺೚೛ሺܣ, ሻܣ ൌ ଶݎ݋ܶ

஺۪஺ሺܣ,  .ሻܣ
 
Now, ۪ܣ ൏ ݔ ൐ module where ൏-ܣ۪ܣ is free ܣ۪ ݔ ൐ ൌ
ሼݔݎ: ݎ א Թሽ. Let us construct the following sequence 
 

0 ՚ ܣ
௠
՚ ܣ۪ܣ

ௗబ
՚ ൏ ۪ܣ ݔ ൐ ܣ۪

ௗభ
՚ 

 
where ݉ሺ۪ܾܽሻ ൌ ܾܽ for ܽ, ܾ א ሻ۪݀ݔand ݀଴ሺ۪ܿ ܣ ൌ ۪݀ݔܿ െ
,ܿ for ݀ݔ۪ܿ ݀ א   .ܣ
Claim 1. The above sequence is exact. 
Proof:  
a) We try to prove that ݅݉ሺ݀଴ሻ ؿ ker ሺ݉ሻ. To do so, take 

۪݀ݔܿ െ ݀ݔ۪ܿ א ݅݉ሺ݀଴ሻ. Then  
 

݉ሺ۪ܿ݀ݔ െ ሻ݀ݔ۪ܿ ൌ ݀ݔܿ െ ݀ݔܿ ൌ 0. 
 
Thus, 

െ۪݀ݔܿ ݀ݔ۪ܿ א kerሺ݉ሻ. 
  
So, 

݅݉ሺ݀଴ሻ ؿ kerሺ݉ሻ. 
 

b) We will prove kerሺ݉ሻ ؿ ݅݉ሺ݀଴ሻ. 
Let ݄ିଵ ൌ 0, and we try to find ݄௜ for ݅ ൌ 0,1,2 in the 

following sequences: 
 

0
଴
՚ ܣ

௠
՚ܣ۪ܣ

ௗబ
՚۪ܣ ൏ ݔ ൐۪ܣ

ௗభ
՚  

  բ ݄ିଵ բ ݄଴      բ ݄ଵ                         բ ݄ଶ  

0
଴
՚ ܣ

௠
՚ܣ۪ܣ

ௗబ
՚۪ܣ ൏ ݔ ൐ ܣ۪

ௗభ
՚  

 
Since ݄௜ for ݅ ൌ 0,1,2 is homotopic, then for any ܽ א  we ,ܣ

have ݄ିଵ൫0ሺܽሻ൯ ൅ ݉൫݄଴ሺܽሻ൯ ൌ ܽ, so ݉൫݄଴ሺܽሻ൯ ൌ ܽ. That means, 
we can take ݄଴ሺܽሻ ൌ 1۪ܽ. Now, if ∑ ܽଵ,௜

௡
௜ୀଵ ۪ܾଵ,௜ א  such ܣ۪ܣ

that ∑ ܽଵ,௜
௡
௜ୀଵ ۪ܾଵ,௜ א ker ሺ݉ሻ. We have 

 

݄଴ ቌ݉൭෍ܽଵ,௜

௡

௜ୀଵ

۪ ଵܾ,௜൱ቍ ൅ ݀଴ ቌ݄ଵ ൭෍ܽଵ,௜

௡

௜ୀଵ

۪ܾଵ,௜൱ቍ ൌ෍ܽଵ,௜

௡

௜ୀଵ

۪ ଵܾ,௜ . 

 

So, 

 ݄଴ሺ0ሻ ൅ ݀଴ ቌ݄ଵ ൭෍ܽଵ,௜

௡

௜ୀଵ

۪ ଵܾ,௜൱ቍ ൌ෍ܽଵ,௜

௡

௜ୀଵ

۪ܾଵ,௜. 

 
Then 

݀଴ ቌ݄ଵ ൭෍ܽଵ,௜

௡

௜ୀଵ

۪ ଵܾ,௜൱ቍ ൌ෍ܽଵ,௜

௡

௜ୀଵ

۪ܾଵ,௜. 

 
That means  

෍ܽଵ,௜

௡

௜ୀଵ

۪ ଵܾ,௜ א ݅݉ሺ݀଴ሻ. 

 
This completes the proof of kerሺ݉ሻ ؿ ݅݉ሺ݀଴ሻ. 

Combining both parts (a) and (b), we get  
 

kerሺ݉ሻ ൌ ݅݉ሺ݀଴ሻ. 
 
This completes the proof of claim 1. 

Now, let us define ݄ଵ such that  
 

݄଴݉ ൅ ݀଴݄ଵ ൌ ঌ 
 
Let 1۪  1 א  :To find ݄ଵሺ1۪1ሻ, we have .ܣ۪ܣ
 

݄଴ሺ݉ሺ1۪1ሻሻ ൅ ݀଴ሺ݄ଵሺ1۪1ሻሻ ൌ 1۪1. 
 
So,  

݄଴ሺ1ሻ ൅ ݀଴ሺ݄ଵሺ1۪1ሻሻ ൌ 1۪1. 
 
That means 

1۪1 ൅ ݀଴ሺ݄ଵሺ1۪1ሻሻ ൌ 1۪1. 
 
and so, 

݀଴ሺ݄ଵሺ1۪1ሻሻ ൌ 0. 
 
Thus, we define ݄ଵሺ1۪1ሻ ൌ0. Similarly, ݄ଵሺ1۪ݔ௡ሻ ൌ 0 in 
۪ܣ ൏ ݔ ൐ ݊ for ܣ۪ ൌ 0,1,2, … Now, we can find ݄ଵሺ1۪ݔሻ, 
such that 
 

݄଴ሺ݉ሺ1۪ݔሻሻ ൅ ݀଴ሺ݄ଵሺ1۪ݔሻሻ ൌ  .1۪ݔ
 
Thus,  

݄଴ሺݔሻ ൅ ݀଴ሺ݄ଵሺ1۪ݔሻሻ ൌ  .1۪ݔ
ݔ1۪ ൅ ݀଴ሺ݄ଵሺ1۪ݔሻሻ ൌ  .1۪ݔ

 
That means,  

݀଴ሺ݄ଵሺ1۪ݔሻሻ ൌ 1۪ݔ െ  .ݔ1۪
 
Thus, we define ݄ଵሺ1۪ݔሻ ൌ  Similarly, we can find .1۪ݔ1۪
 

݄ଵሺݔଶ۪1ሻ ൌ 1۪ݔ۪ݔ ൅  ,ݔ۪ݔ1۪
 
and  

݄ଵሺݔଷ۪1ሻ ൌ 1۪ݔଶ۪ݔ ൅ ଶݔ۪ݔ1۪ ൅  .ݔ۪ݔ۪ݔ
 
Claim 2. ݄ଵሺݔ௡۪1ሻ ൌ ∑ ௡ି௜ିଵ௡ିଵݔ۪ݔ௜۪ݔ

௜ୀ଴ . 
Proof. We know that 
 

݄଴ሺ݉ሺݔ௡۪1ሻሻ ൅ ݀଴ሺ݄ଵሺݔ௡۪1ሻሻ ൌ  .௡۪1ݔ
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If we replace ݄ଵሺݔ௡۪1ሻ by ∑ ௡ି௜ିଵ௡ିଵݔ۪ݔ௜۪ݔ

௜ୀ଴  in the above 
equation, we find  
 

݄଴ሺݔ௡ሻ ൅ ݀଴ሺ෍ݔ௜۪ݔ۪ݔ௡ି௜ିଵ
௡ିଵ

௜ୀ଴

ሻሻ ൌ  .௡۪1ݔ

 
Then 

௡ݔ1۪ ൅෍݀଴ሺݔ௜۪ݔ۪ݔ௡ି௜ିଵ
௡ିଵ

௜ୀ଴

ሻ ൌ  .௡۪1ݔ

 
But,  

෍݀଴ሺݔ௜۪ݔ۪ݔ௡ି௜ିଵ
௡ିଵ

௜ୀ଴

ሻ ൌ ௡ିଵݔ۪ݔ െ ௡ݔ1۪ ൅ ௡ିଶݔଶ۪ݔ െ ௡ିଵݔ۪ݔ ൅ ௡ିଷݔଷ۪ݔ

െ ௡ିଶݔଶ۪ݔ ൅ ൅ڮ ௡۪1ݔ െ ݔ௡ିଶ۪ݔ ൌ ௡۪1ݔ െ  .௡ݔ1۪
 
This completes the proof of claim 2. 
Claim 3. The map ݀ଵ is the zero map.  
Proof. Because we are looking to have the following sequence 
to be exact 
 

0 ՚ ܣ
௠
՚ ܣ۪ܣ

ௗబ
՚ ൏ ۪ܣ ݔ ൐ ܣ۪

ௗభ
՚, 

 
We have kerሺ݀଴ሻ ൌ ݅݉ሺ݀ଵሻ. Now,  

 
݄ଵ൫݀଴ሺ۪ܾ۪ܽݔሻ൯ ൌ ݄ଵሺܾ۪ܽݔ െ  ,ሻܾݔ۪ܽ

 
for ܽ, ܾ א ܽ If we put .ܣ ൌ 1 ܽ݊݀ ܾ ൌ 1, we get 

݄ଵ൫݀଴ሺ1۪1۪ݔሻ൯ ൌ ݄ଵሺ1۪ݔ െ ሻݔ1۪ ൌ  .1۪ݔ1۪
 

Now, put ܽ ൌ ܾ ݀݊ܽ ݔ ൌ 1, then we get 
 
݄ଵ൫݀଴ሺ1۪ݔ۪ݔሻ൯ ൌ ݄ଵሺݔଶ۪1 െ ሻݔ۪ݔ ൌ 1۪ݔ۪ݔ ൅ ݔ۪ݔ1۪ െ ݄ଵሺݔ۪ݔሻ. 

 
Replacing ݄ଵሺݔ۪ݔሻ by 1۪ݔ۪ݔ will make sense in the above 

equation, so  
 

݄ଵሺݔ۪ݔሻ ൌ  .ݔ۪ݔ1۪
 
Thus 

݄ଵ൫݀଴ሺ1۪ݔ۪ݔሻ൯ ൌ  .1۪ݔ۪ݔ
 
That means the map ݄ଵ݀଴ is the identity map, so  
 

kerሺ݀଴ሻ ൌ 0. 
 
As we said in the beginning of the proof of claim 3 that 
 

kerሺ݀଴ሻ ൌ ݅݉ሺ݀ଵሻ. 
 
Thus, ݀ଵ ൌ 0, and so that we get this free exact sequence: 
 

0 ՚ ܣ
௠
՚ ܣ۪ܣ

ௗబ
՚ ൏ ۪ܣ ݔ ൐ ܣ

ௗభ
՚ 0. 

 
Tensoring with ܣ over ܣ۪ܣ and removing the first term ܣ, we 
get 
 

0ึ ሺܣ۪ܣሻ۪ܣ
ௗబൈঌ
ርۛ ሲ ሺ۪ܣ  ൏ ݔ ൐ ܣሻ۪ܣ۪ ึ 0 

                              ؆՝                                ߙ ؆՝  ߚ

         0    ึ              ܣ         
ట
՚           ൏ ݔ ൐           ܣ۪ ึ 0          

 
where the maps ݀଴ ൈ ঌ, ߙ, and ߚ are defined as 
 

݀଴ ൈ ঌ൫ሺ۪ܾ۪ܽݔሻ۪ܿ൯ ൌ ሺܾ۪ܽݔ െ  ,ሻ۪ܾܿݔ۪ܽ
൫ሺ۪ܾܽሻ۪ܿ൯ߙ ൌ ܾܽܿ, 

 
and 

ሻ۪ܿ൯ܾ۪ݔ൫ሺ۪ܽߚ ൌ  .ܾ۪ܿܽݔ
 
Computing  

ሺሺ݀଴ߙ ൈ ঌሻ൫ሺ۪ܾ۪ܽݔሻ۪ܿ൯, 
 
We get 

ሺሺ݀଴ߙ ൈ ঌሻ൫ሺ۪ܾ۪ܽݔሻ۪ܿ൯ ൌ ܾ۪ݔሺሺܽߙ െ  ሻ۪ܿሻܾݔ۪ܽ
ൌ ሻ۪ܿሻܾ۪ݔሺሺܽߙ  െ ሻ۪ܿሻܾݔሺ۪ܽߙ ൌ ሺܽݔሻܾܿ െ ܽܿሺܾݔሻ 

ൌ 0. 
 

Since ߙሺሺ݀଴ ൈ ঌሻ ൌ 0 and ߙሺሺ݀଴ ൈ ঌሻ ൌ ߰ሺߚሻ, we get the 
result 
 

߰ ൌ 0. 
 
Also, since the maps ߙ and ߚ are isomorphism maps, then we 
have that the sequence  
 

0ึ ሺܣ۪ܣሻ۪ܣ
ௗబൈঌ
ርۛ ሲ ሺ۪ܣ ൏ ݔ ൐ ܣሻ۪ܣ۪ ึ 0 

is the same as the sequence 
 

0    ึ              ܣ         
ట
՚           ൏ ݔ ൐           ܣ۪ ึ 0. 

 
Finding the homology groups of the sequence 
 

0 ึ ܣ
టୀ଴
ርۛ ሲ൏ ݔ ൐ ܣ۪ ึ 0. 

 
We find,  
 

ሻܣ଴ሺܪܪ ൌ ሻܣଵሺܪܪ,ܣ ൌ൏ ݔ ൐ ܣ۪ ൌ ΩଵሺAሻ 
 
and 

ሻܣ௡ሺܪܪ ൌ 0 for ݊ ൒ 2. 
 
Example 3. Let ܣ ൌ Թሾݔଵ, ,ଶݔ … ,  ௡ሿ. We are trying to find theݔ
Hochschild homology ܪܪ௡ሺܣሻ. Now, we show that the 
following sequence is exact with given an explicit chain 
homotopic ݄௜ for ݅ ൌ െ1,0,1,2,… , ݊ െ 1: 
 

0
଴
՚ ܣ

௠
՚ܣ۪ܣ

ௗబ
՚ܣ۪ܸ۪ܣ

ௗభ
՚…

ௗ೙షభ
ርۛ ሲۛ ܣ௡ܸ۪ٿ۪ܣ

଴
՚0  

  բ ݄ିଵ բ ݄଴     բ ݄ଵ                 …                            բ ݄௡ିଵ  

0
଴
՚ ܣ

௠
՚ܣ۪ܣ

ௗబ
՚ܣ۪ܸ۪ܣ

ௗభ
՚…

ௗ೙షభ
ርۛ ሲۛ ܣ௡ܸ۪ٿ۪ܣ

଴
՚0  

 
where  

ܸ ൌ ,ଵݔۃ ,ଶݔ … , ۄ௡ݔ ൌ ሼ݉ଵݔଵ ൅ ݉ଶݔଶ ൅ڮ൅݉௡ݔ௡,݉௜ א Թሽ 
 
and  
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݀௞൫۪ܽݔ௜భݔ ٿ௜మݔ ٿ…ٿ௜ೖశభ۪ܾ൯

ൌ෍ቄሺെ1ሻ௝ାଵܽݔ௜ೕ۪ ݔ௜భݔ ٿ…ٿ௜ೖశభ۪ܾ

௞ାଵ

௝ୀଵ

൅ ሺെ1ሻ௝۪ܽݔ௜భݔ ٿ…ٿො௜ೕݔ ٿ…ٿ௜ೖశభ۪ ݔ௜ೕܾൟ 

 
where the notation ݔො௜ೕ denotes that the element is deleted and 

 
݄௞ାଵ൫ݔ௟۪ ݔ௜భݔ ٿ…ٿ௜ೖ۪ܾ൯

ൌ ൜
݈               ௜ೖ۪ܾݔ ٿ…ٿ௜భݔ ௟۪ݔ1۪ ൐ maxሼ݅ଵ, … , ݅௞ሽ

0                                  ܱ.ܹ.
 

 
Claim 1. For ݒଵ,… , ௞ାଵݒ א ሼݔଵ, …,ଶݔ ,  ,௡ሽݔ
ሺ݀௞ିଵ ל ݀௞ሻ ሺ۪ܽݒଵݒٿ…ٿ௞ାଵ۪ܾሻ ൌ 0. 
Proof: (Conceptual proof) 
1. The term ݒ௜ݒ௝ is multiplied by ܽ: If ݅ is first and ݆ is 

second: ሺെ1ሻ௝ሺെ1ሻ௜ାଵܽݒ௜ݒ௝ ۪ ݒଵ ݒ ٿ…ٿො௜ ݒ ٿ…ٿ௞ାଵ۪ܾ 
and for ݅ is second and ݆ is first: 
ሺെ1ሻ௜ሺെ1ሻ௝ܽݒ௜ݒ௝ ۪ ݒଵ ݒ ٿ…ٿො௜ ݒ ٿ…ٿො௝ݒٿ…ٿ௞ାଵ۪ܾ. 

2. The term ݒ௜ݒ௝ is multiplied by ܾ: If ݅ is first and ݆ is 
second:
ሺെ1ሻ௝ିଵሺെ1ሻ௜ܽ ۪ ݒଵ ݒ ٿ…ٿො௜ ݒ ٿ…ٿො௝ݒ ٿ…ٿ௞ାଵ۪ ݒ௜ݒ௝ܾ 
and for ݅ is second and ݆ is first: 
ሺെ1ሻ௜ሺെ1ሻ௝ܽ ۪ ݒଵ ݒ ٿ…ٿො௜ ݒ ٿ…ٿො௝ݒ ٿ…ٿ௞ାଵ۪ ݒ௜ݒ௝ܾ. 

3. The term ݒ௜ is multiplied by ܽ and ݒ௝ by ܾ: If ݅ is first and 
݆ is second: 
ሺെ1ሻ௝ିଵሺെ1ሻ௜ାଵܽݒ௜ ۪ ݒଵ ݒ ٿ…ٿො௜ ݒ ٿ…ٿ௞ାଵ۪ ݒ௝ܾ and for ݅ 
is second and ݆ is first: 
ሺെ1ሻ௝ሺെ1ሻ௜ାଵܽݒ௜ ۪ ݒଵ ݒ ٿ…ٿො௜ ݒ ٿ…ٿො௝ݒ ٿ…ٿ௞ାଵ۪ ݒ௝ܾ. 

4. The term ݒ௜ is multiplied by ܾ and ݒ௝ by ܽ: If ݅ is first and 
݆ is second: 
ሺെ1ሻ௝ሺെ1ሻ௜ܽݒ௝ ۪ ݒଵ ݒ ٿ…ٿො௜ ݒ ٿ…ٿො௝ݒ ٿ…ٿ௞ାଵ۪ ݒ௜ܾ and 
for ݅ is second and ݆ is first: 
ሺെ1ሻ௜ሺെ1ሻ௝ାଵܽݒ௝ ۪ ݒଵ ݒ ٿ…ٿො௜ ݒ ٿ…ٿො௝ݒ ٿ…ٿ௞ାଵ۪ ݒ௜ܾ. 

When we add all the terms in the above possibilities, it is 
clear that all of them are deleted together, so we get ݀௞ିଵ ל
݀௞ ൌ 0. 
Claim 2. ݄௞ାଵ൫݀௞ሺݒ௟۪ ݒଵݒ ٿଶݒ ٿ…ٿ௞ାଵ۪ܾሻ൯ ൅
݀௞ାଵ൫݄௞ାଶሺݒ௟۪ ݒଵݒ ٿଶݒ ٿ…ٿ௞ାଵ۪ܾሻ൯ ൌ
 .௞ାଵ۪ܾݒ ٿ…ٿଶݒ ٿଵݒ ௟۪ݒ
Proof: (Conceptual proof) 
1. If ݈ ൐ maxሼ1,2,… , ݇ ൅ 1ሽ, then 

 
݄௞ାଵ൫݀௞ሺݒ௟۪ ݒଵݒ ٿଶݒ ٿ…ٿ௞ାଵ۪ܾሻ൯

ൌ ݄௞ାଵ ቎෍൛ሺെ1ሻ௝ାଵݒ௟ݒ௝۪ ݒଵ ݒ ٿ…ٿො௝ݒ ٿ…ٿ௞ାଵ۪ܾ

௞ାଵ

௝ୀଵ

൅ ሺെ1ሻ௝ݒ௟۪ݒଵݒ ٿ…ٿො௝ݒ ٿ…ٿ௞ାଵ۪ ݒ௝ܾൟ൩ 

ൌ෍൛ሺെ1ሻ௝ାଵݒ௝۪ ݒ௟ ݒٿଵݒ ٿ…ٿො௝ݒ ٿ…ٿ௞ାଵ

௞ାଵ

௝ୀଵ

൅ ሺെ1ሻ௝ାଵ1۪ ݒ௞ାଵݒٿଵݒ ٿ…ٿො௝ݒ ٿ…ٿ௞۪ ݒ௟ܾ
൅ ሺെ1ሻ௝1۪ ݒ௟ ݒٿଵݒ ٿ…ٿො௝ݒ ٿ…ٿ௞ାଵ۪ ݒ௝ܾൟ 

 
in the other hand, 
 

݀௞ାଵ൫݄௞ାଶሺݒ௟۪ ݒଵݒ ٿଶݒ ٿ…ٿ௞ାଵ۪ܾሻ൯
ൌ ௞ାଵݒ ٿ…ٿො௝ݒ ٿ…ٿଵݒٿ ௟ݒ

൅෍൛ሺെ1ሻ௝ݒ௝۪ ݒ௟ ݒٿଵݒ ٿ…ٿො௝ݒ ٿ…ٿ௞ାଵ۪ܾ

௞ାଵ

௝ୀଵ

൅ ሺെ1ሻ௝ାଵ1۪ ݒ௟ ݒٿଵݒ ٿ…ٿො௝ݒ ٿ…ٿ௞ାଵ۪ ݒ௝ܾൟ 
 
It is clear that 
 

݄௞ାଵ൫݀௞ሺݒ௟۪ ݒଵݒ ٿଶݒ ٿ…ٿ௞ାଵ۪ܾሻ൯ ൅

݀௞ାଵ൫݄௞ାଶሺݒ௟۪ ݒଵݒ ٿଶݒ ٿ…ٿ௞ାଵ۪ܾሻ൯ ൌ  .௞ାଵ۪ܾݒ ٿ…ٿଶݒ ٿଵݒ ௟۪ݒ
 
2. If ݈ ൑ maxሼ1,2, … , ݇ ൅ 1ሽ, then 

 
݀௞ାଵ൫݄௞ାଶሺݒ௟۪ ݒଵݒ ٿଶݒ ٿ…ٿ௞ାଵ۪ܾሻ൯ ൌ ݀௞ାଵሺ0ሻ ൌ 0. 

 
Now, 

݄௞ାଵ൫݀௞ሺݒ௟۪ ݒଵݒ ٿଶݒ ٿ…ٿ௞ାଵ۪ܾሻ൯ ൌ 
݄௞ାଵൣ∑ ൛ሺെ1ሻ௝ାଵݒ௟ݒ௝۪ ݒଵ ݒ ٿ…ٿො௝ݒ ٿ…ٿ௞ାଵ۪ܾ ൅

௞ାଵ
௝ୀଵ

ሺെ1ሻ௝ݒ௟۪ݒଵݒ ٿ…ٿො௝ݒ ٿ…ٿ௞ାଵ۪ ݒ௝ܾൟ൧ ൌ
ሺെ1ሻ௞ାଶݒ௟۪ݒ௞ାଵݒ ٿଵ ݒ ٿ…ٿ௞۪ ܾ ൌ

ሺെ1ሻ௞ሺെ1ሻ௞ݒ௟۪ ݒଵ ݒ ٿ…ٿ௞ ݒ ٿ௞ାଵ۪ ܾ ൌ
 .௞ାଵ۪ܾݒ ٿ…ٿଶݒ ٿଵݒ ௟۪ݒ

 
Thus,  

݄௞ାଵ൫݀௞ሺݒ௟۪ ݒଵݒ ٿଶݒ ٿ…ٿ௞ାଵ۪ܾሻ൯ ൅
݀௞ାଵ൫݄௞ାଶሺݒ௟۪ ݒଵݒ ٿଶݒ ٿ…ٿ௞ାଵ۪ܾሻ൯ ൌ

 .௞ାଵ۪ܾݒ ٿ…ٿଶݒ ٿଵݒ ௟۪ݒ
 
From the above claims, we guarantee the following sequence 
is free resolution of ܣ 
 

0
଴
՚ ܣ

௠
՚ܣ۪ܣ

ௗబ
՚…

ௗ೙షభ
ርۛ ሲٿ۪ܣ௡ܸ۪ܣ

଴
՚0 

 
Tensoring with ܣ over ܣ۪ܣ and removing the first term ܣ, we 

get ሺܣ۪ܣሻ۪ܣ
ௗబൈ௜ௗಲ
ርۛۛ ሲۛ…

ௗ೙షభൈ௜ௗಲ
ርۛۛ ۛۛ ሲۛ ሺٿ۪ܣ௡ܸ۪ܣሻ۪ܣ where the terms 

are isomorphic to the sequence 
 

ሻܣ௡ሺܪܪ ൌ ٿ ܸ௡ ܣ۪ ؆ ٿ۪ܣ ܸ௡ . 

ܣ
଴
՚ ܣ۪ܸ

଴
՚…

଴
՚ٿ௡ܸ۪ܣ 

 
Thus, ܪܪ଴ሺܣሻ ൌ ሻܣଵሺܪܪ,ܣ ൌ ܣ۪ܸ ؆ -and the ݊th ܸ۪ܣ
Hochschild homology group is 
 

ሻܣ௡ሺܪܪ ൌ ܣ௡ܸ۪ٿ ؆  ௡ܸٿ۪ܣ
 
where the higher Hochschild homology groups for ݉ ൒ ݊ ൅ 1, 
by definition 3 and example 1, we get 
 

ሻܣଵሺܪܪ ൌ ஺ߗ
ଵ,ܪܪଶሺܣሻ ൌ ஺ߗ

ଶ, … ሻܣ௡ሺܪܪ, ൌ ஺ߗ
௡. 
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