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Fekete-Szegd Problem for Subclasses of Analytic
Functions Defined by New Integral Operator
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Abstract—The author introduced the integral operator , by using this
operator a new subclasses of analytic functions are introduced. For
these classes, several Fekete-Szeg” type coefficient inequalities are
obtained.
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[. INTRODUCTION AND DEFINITION

I ET A denote the class of functions of the form

FE) =2+ anz", (1)
n=2
which are analytic in the open unite disk U = {z : z €

Cand|z| < 1}.

Also let S denote the subclasses of A consisting of functions
which are univalent in U.

In [2] Fekete and Szeg™ proved a noticeable result that the
estimate

-2
lag — pa3] < 1+ 2eap(—)
1—pn

holds for f € S and for 0 < p < 1. This inequality is sharp
for each p. The coefficient functional

1

ou() = as — pa3 = ¢ (£0) = 2L (5(0)?)

on f € A represents various geometric quantities as well as
in the sense that this behaves well with respect to the rotation,
namely

Su(e™f(e?2) = u(f), (0 €R).

In fact, other than the simplest case when

do(f) = as,

we have several important ones. For example,

(bl(f) =as _a§7
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represent Sy(0)/6, where Sy denotes the Schwarzian
derivative

510 = (75) - 2(53)

Moreover, the first two non-trivial coefficients of the n-th root
transform

1

(f(z™)7 == 2+ cnp12™ T + a1 22T+ L

of f with the power series (1), are written by

ag
Cn+1 = —
n
and
a3 (n— 1)a2
Con41 = ; T
so that
2 2
az — pg = nfCan+1 — ACpp1),
where
n—1
A=pnt o

Thus, it is quite natural to ask about inequalities for ¢,
corresponding to subclasses of S. This is called Fekete-Szeg”
problem. Actually many authors have considered this problem
for typical classes of univalent functions.

Recently, in [1] the author introduced a certain integral
operator Z — % defined by :

05 1
(11%)) /OtC*l(logl/t)‘s*lf(tz)dt, (2)

Lf(z) =
where ¢ > 0,6 > 1 and z € U.

We also note that the operator Z° f(z) defined by (1) can be
expressed by the series expansion as following:
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) f(2) :z+fj (1+C>5akz’2 3)
= k+c

Obviously, we have, for (5, A > 0)

I f(2) = 2 (). )

and

T2(=f'(2) = 2(12f(2))" )

Moreover, from (3), it follows that

2T f(2)) = (c+ DI f(2) — I f(2) (6)

We note that :

e For ¢ = 0 and § = n(n is any integer), the multiplier
transformation Z[' f(z) = I"f(z) was studied by Flett
[3] and Salagean [4];

e Forc =0and § = —n(n € Ny = {0,1,2,3...}), the
differential operator Z, " f(z) = D" f(z) was studied by
Salagean [4];

e For ¢ = 1 and 0 = n(n is any integer), the operator

rf(z) = ZI"f(z) was studied by Uralegaddi and
Somanatha [5];

o For ¢ = 1, the multiplier transformation Z?f(z) =
% f(z) was studied by Jung et al. [6];

e Forc=a—1 (a > 0), the integral operator Z0_, f(z) =
7% | f(2) was studied by Komatu [7];

Using the operator If , we now introduce the following
classes:

Definition 1: we say that a function f € A is in the class
Sc.s(b) if

m{1+%(%—1)} >0,

(¢>0,0>0,beC\{0}, z€U). (7)

Definition 2: we say that a function f € A is in the class
Ces(b) if

%{ulw}m,

b Z2f(2)
(c>0,0>0,beC\{0}, z€ ). ®)
Note that
f€C.s(b) & zf € S.s5(b). 9)

In particular, we have starlike and convex function classes,
Se0(l) =8* and C. (1) = C, respectively.

We denote by P a class of the analytic functions in U
with

p(0) =1 and R{p(2)} > 0.
To prove our results, we need the following Lemmas
considered by Duren [8] Ravichandran et al. [9] .

Lemma 1: [8] Let p € P with p(2) = 1+ c12 + 22 + ... .
Then

len] <2, (n>1).

Lemma 2: [9] Let p € P with p(z) = 1+ c12 + 22?2 + ... .
Then for any complex number ~y

jea — 73] < 2max{1, |2y - 1]},

and the result is sharp for the functions given by

142z

T1-z

Lemma 3: [8] Let p € P with p(z) = 1 +c12 + c2? + ... .
Then

1

1
Cy — 5/\0%

II. MAIN RESULTS

Theorem 1: Let ¢, > 0;b € C\{0}. If f € S.5(b), then

c+2)5

<Qb(
ool < 200l (-

3\ 9
C+1) max{1, |1 + 2|},

Jas| < Jol(

C

and

1((c+1)(c+3))5a§

BT e+ 22

c+3>5
5 .

c+1

< Iol(

Proof. Denote

Ig =24 Ag2® + A3 + ... .
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Then by (3), we can write

T I ) F

by the definition of the class S, 5(b), there exists p € P such
that:

12T ()
(e 1) =ee

AL f(2)

i) e

so that

2(1+ 2452 + 34322 + ...)

=1-b+b(1 02 L
2+ Agz? + Azz3 + .. Hol+azteazt..),

which implies the equality

2+ 24522 + 3A452° + ...
=z+ (A2 + b01)22 + (A3 + bey Ay + bCQ)ZB —+ ...

Equating the coefficients of both side, we have

b
Ay =bcy, Az = 5(02 + be?), (1D

so that, on account of (10)

e+ 2\ b3\ 9
(12—b(c+1) c1, a3_§(c+1) (c2 + beq). (12)

Taking into account (12) and Lemma 1, we obtain

c+2\¢
<2b( )
| < 200l (£
and Lemma 2
b e+ 3\¢
las| = ‘5(0—&-1) (co 4 bc?)
30
< |b|<211> max{1, |1 + 20]}.

Moreover, by Lemma 1

(et et )3 g

BT\ er22 )@
_ ‘g(ijf)“(cﬁbc%)—bzf(7(0?62(;;3))6(213)%
- |y
B 2 \c+1
< W)

as asserted.

Now, we consider functional |az — pa3| for complex p.

Theorem 2: Let ¢,6 > 0;b € C\{0}. If f € S;5(b), then for
€ C, we have

-+ 3
|as — na3| < \b|(£il)‘smax{1,
Moreover for each y, there is a function in S, 5(b) such that
equality holds.

1+2b74,ub( (e +2)*) ))5

(c+1)(c+3

Proof. Taking into account (12) we have

brc+2\9 c+2\2
_ 2 _ 0 2y 322
w-pad = 5(T57) e+ ) -t ()
brc+2\9 5
U e
where
(c+2)%) V9
= — 2 .
B=—b+ ’ub((c—l—l)(c—i—i’)))

Then, with the aid of Lemma 2, we obtain

\%—lmg} ()
< () e o () )

as asserted. An examination of the proof shows that equality
is attained for the first case when ¢; = 0 and ¢y = 2 and the
corresponding f € S. 5(b) is given by

2(Z3f(2)) 14 (20— 1)z? (15)
of(z) 1—22 7
and likewise for the second case when ¢; = ¢ = 2 the
corresponding f € S 5(b) is given by
AL2f(2)) 1420 1)z (16)

1—2 ’

Z2f(2)

respectively.
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Taking 6 = 0 and b = 1 in Theorem 2, we have :
Corollary 1: [10] If f € §*, then for ;1 € C we have

’CL3 - ,ua2| < max{1, [4u — 3|}.
Moreover for each p, there is a function in S* such that
equality holds.

We next consider the case when p and b are real. Then we
have

Theorem 3: Let ¢,0 >
u € R, we have

> 0;0 > 0. If f € S.;5(b), then for

c (c+2 2 g
(£’ {1 +2b— 4'Ub((c+1)(c)+3)) }
APy —

(c+2)?
8
b(ex2)
az — ML%! <

(c+2) (c+2)?

3 e+2? \°

b(E)’ 1—2b+4ﬂb(m) }
- 140 ( (e+1)(c+3)
lfuzg—ﬁ,( GO )

Moreover for each p, there is a function in S, 5(b) such that
equality holds.

Proof. By (14), we obtain

brc+3
- (2
2 & (c+2)? 5
{CQ—EJF : (1+2b—4 b(7(0+1)(c+3))) ]

5
First, let p < %(%) . in this case, by (17), Lemma

1 and Lemma 3 give

c+3

’a?, —M(12| g((,+1)6
[2, lal® |l (H%,W(%)ﬂ
< b(%i’)é {1+2b—4ub(%ﬂ ‘

5 5
1 ( (c+1)(c+3 14b [ (c+1)(c+3
Now let §<W> S 1 S %(W) . Then,

using the above calculations, we get

+3\9
|a3—ua§‘ §b<%) .

5
Finally, if p > 1+b (%) , then we obtain

5 5
if%(w) <u< m(w)

e Jeaf? (c+2)? o
2——+ = 1-204+4pb| ——————=
{ 2 2 ( N “((c+1)(c+3)))
brc+3.5
§(c+1)
[T (c+2)° g
24— 2-2b+4pb| ——————
+5-( +an ((c+1)(c+3)))
c+3.5 (c+2)? 5}
<b R e B
Py { P\ D(c+3)
Equality is attained for the second case on
choosing ¢4 = 0,cc = 2 in (15) and in (16)
g = ¢ = 2;¢1 = 2i,co = —2 for the firs and third

case, respectively. Thus the proof is complete.

Using the relation (9), we easily obtain bounds of coefficients
and a solution of the Fekete-Szegd problem in C 5.

Theorem 4: Let ¢,0 > 0;b € C\{0}. If f € C.5(b), then

c+2)5

<b(
ol < b1(53

\b\(c+3)5
< 7
las] < 5 lor1 max{1, |1+ 2b},

and

2((0—&-1)(6—1-3))‘5&%

B AR )E

; <3 ()"

Reasoning in the same line as in proof of Theorem 2 obtain

Theorem 5: Let ¢,6 > 0;b € C\{0}. If f € C.5(b), then for
u € C, we have

ay — ] <

=

max{L ‘1+2b—3ub( (c+2)?) ))5

e+ D)(c+3

Moreover for each p, there is a function in C. s(b) such that
equality holds.

By taking 6 = 0 and b = 1 in Theorem 5, we have
Corollary 2: [10] If f € C*, then for ;1 € C we have

1
lasz — ua%| < max{g, | — 1]}

Moreover for each p, there is a function in C* such that
equality holds.

b
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