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Treatment of Spin-1/2 Particle in Interaction with a
Time-Dependent Magnetic Field by the Fermionic
Coherent-State Path-Integral Formalism

Aouachria Mekki

Abstract—We consider a spin-1/2 particle interacting with a
time-dependent magnetic field using path integral formalism. The
propagator is first of all written in the standard form replacing the spin
by two fermionic oscillators via the Schwinger model. The propagator
is then exactly determined, thanks to a simple transformation, and the
transition probability is deduced.
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[. INTRODUCTION

HE applications of the path-integral formalism have
widely increased since a large class of potentials had been
resolved [1]. However it is known that the most relativistic
interactions are those where the spin, which is a very useful
and very important notion in physics, is taken into account.
In the framework of non-relativistic theory the phenomena
of spin is automatically introduced by the Pauli equation
which contains the Schrodinger Hamiltonian and a spin-field
interaction. This motivates the research into the solvable Pauli
equations which are inevitably useful in applied physics.
For instance a well-known example of its direct application
is the time-dependent field acting on an atom with two
levels whose time-evolution is controlled by the Pauli-type
equation. The solution for this equation has made clear the
associated transition amplitudes [2]. This and similar [3],
[4] types of interaction aside, there are little analytical and
exact computations which treat the time-dependent spin-field
interaction. Furthermore, if one replaces the time dependence
of the exterior field by a space-time dependence or by only
space dependence this becomes even more restrictive [5]-[10].
Moreover, the problem becomes nearly unsolvable if we try
to build these solutions by the path integral formalism because
the spin is a discrete quantity. The difficulty here is associated
to the fact that the path integral lacks some classical ideas
such as trajectories and up to now one does not know how to
deal with this kind of technique in this important case. Thus
some effort has been made to find a partial solution using the
Schwinger model of spin and some explicit computations are
then carried out [11]-[20].
In this paper we are devoted to this type of interaction
by considering a problem which is treated by usual quantum
mechanics [4], namely a spin-1/2 particle which interacts with
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a time-dependent magnetic field:

B gip—wt__
V14222 14w?t?

_ w22
Byt | (1)

2B
B(t) = 1A%
B wt
Vitaez O08 TremE
Its dynamics is described by the Hamiltonian:
H = —gaB, )

where ¢ is the gyromagnetic ratio. Then the Hamiltonian
becomes:
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where B = \/g and By = w/g. The Pauli matrices are given
by:
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Considering this problem by the path integral formalism, our
approach is the following. For interaction with the coupling of
spin-field type, the propagator is first, by construction, written
in the standard form 3° ., exp (iS (path) /h), where S is
the action that describes the system. The discrete variable
accounting for spin is inserted as a (continuous) path using
fermionic coherent states. The knowledge of the propagator is
essential in the determination of physical quantities such as
the transition probability which is the aim of this paper.

This paper is organized as follows. In Section II, we
introduce our notation and the necessary spin-coherent—state
path-integral for a spin—% system for our further computations.
In Section III, after setting up a path integral formalism
for the propagator, we perform the direct calculations. The
integration over the spin variables is easily carried out thanks
to simple transformations. The explicit result of the propagator
is directly computed and the transition probability is then
deduced. Finally, in Section IV, we present our conclusions.

3)

II. COHERENT-STATES FORMALISM

First of all we introduce some definitions, properties and
notations needed in this paper. As we are interested in the
spin-field interaction we use the approach known as the
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Schwinger fermionic model of spin, whose recipie includes
replacing the Pauli matrices o; by a pair of fermionic operators
(u,d):

a—)(uT,dT)c‘f(Z), )

where the pair (u,d) describes a two-dimensional fermionic
oscillators.

Incidentally, the spin eigenstates |1) and ||) are generated
from the fermionic vacuum state |0,0) by the action of the
fermionic oscillators u™ and d* through the following the
relations:

ut0,0)=[1), and  dT[0,0)=[l),  (6)

and the action of u and d on this vacuum state is given by the
vanishing results:

u]0,0) =0, and d)0,0) = 0. @)

The pair of fermionic oscillators (u, d) and its adjoint (u™t, d™)
satisfy the usual fermionic algebra defined by the following
anti-commutator relations:

[u7 u*] =1,

N [d.d*], =1, )

and all other anti-commutators vanish. The notation [A, B]+
stands for:

[A,B], = AB + BA.

We now introduce the coherent states related to this
fermionic-oscillator algebra. These states are generally defined
as eigenvectors of the fermionic oscillators « and d:

u|a,[3):a|a,ﬁ>, d‘avﬁ> :ﬁ|a76>7 (&)

where («, ) is a pair of Grasmann variables which are
anti-commuting with the fermionic oscillators and also with
themselves, namely:

{ [ u]+ = [Oz,uﬂ+ = [avdLL =
[B,ULL = [B,u+]+ =[5, dLL =
and which are commuting with vacuum states |0, 0) , (0, 0] :

{ «0,0) = |0,0) a, (0,0l = {0, 0]
5|OO> = ‘070>6a <0a0|5:5<070‘

The above definitions are in fact equivalent to the fact that
these states are generated from the vacuum state according to
the following relation:

|aaﬁ> = €xp <_

The states exhibit the following properties:

[a,dt], =0,

[B7d+]+ :()7 (10)

(1)

— Bd*)10,0). (12)

« Completeness relation:

/ dadadBdBe P8 |a, B) (a,Bl=1.  (13)
« Non-orthogonality:

(o, B o, By = 3 +P0", (14)

III. PATH INTEGRAL FORMULATION

At this stage we shall provide a path-integral expression for
the propagator for the Hamiltonian given in the expression (3).
This can readily be achieved by exploiting the above model
for spin which consequently converts the Hamiltonian into the
following fermionic form:

A . wt

- 8 T i
H = 1+)\2t25m1+ 22‘2(ud—|—du)
+ (HW +5 (11+;t2)2> (—iutd + idtu)
A wt
_ 5 Toy — df
T COS T (u'u—d'd). (15)

Moreover, it is convenient to choose the quantum state as
|a, B), where («, ) describes the spin variables.

According to the habitual construction procedure of the path
integral, we define the propagator as the matrix element of the
evolution operator between the initial state |c,/3;) and the
final state |ay, By):

K(as By i BisT) = {ay, Br | U(T) | au, Bi), (16)

where

. .T
U(T) = Tpexp (713/0 H(t)dt) , a7

with Tp the Dyson chronological operator.

In order to move to the path-integral representation, we first
subdivide the time interval [0,77] into N + 1 intermediate
moments of length . Using the Trotter’s formula we then
introduce in eq. (16) the projectors according to these N
intermediate instants, which are regularly distributed between
0 and 7. We obtain the discrete path-integral form of the
propagator:

(af 5f7a17BT - hm H/dandandﬁndfgn

) Nt1
Xefanawfﬂnﬂn exp Z [@nan—l + BnBn_1
n=1
. A winp — 2
i OO TRt (nom—1 = BnBn-1) +
; A : 2 ~ 2
+7/62\/1H2t2 sin 235 (QnBo-1 + Broin-1)
W o 1-w tz
<1+)\2t2 +35 2 (1+w2t2) )
X (7740471/671—1 + Zﬁnan—l)} . (18)

The formal continuous expression for the transition amplitude
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(18) is found by taking the limit N — oo:

K(ay, B 04 0iT) = /DdDaDBDB

6%<&fuf+5fﬁf+&iai+5¢ﬁi)
[e8} 1 _ . . =
Xexp/ dt {75 (aa+657da75ﬁ)+
0
e (@B + fa) 5t

(= 3 A t
+z(aozf[3’6) SUT o €08 T

- A e R

! (1+A2t‘2 ) (1+w2t2)2>

x (—iapf +ifa)], (19
with (a0, B0) = (as, i), and (an+1,Bn+1) = (@y,By).
This last formula represents the path integral of the propagator
which has been the subject of many previous papers, and

which has the advantage that it permits us to explicitly perform
some concrete calculations.

sin

wt
1+w?t?

IV. CALCULATION OF THE PROPAGATOR

To begin, we first introduce new Grassmann variables via a
unitary transformation in spin-coherent space which eliminates
the angle wt/(1 + w?t?) present in the expression of the
magnetic field:

(a'm /Bn) = t(ﬁm gn) 5
Qp _ engngt%(’y Tn (20)
Bn é-n
Then, it is easy to show that the measure and the infinitesimal
action become respectively:

N
H (da"dandgndﬁne_anan_Bnﬁn) -
n=1 N 7
= H (dﬁndnndf_ﬂdéne*ﬁ"7lnd*§n§n) , (21)
n=1
and

QpOn—1 + Bnﬁn—l = MnMn—1 + Engn—l

lfwzti

H%EW (=ifn&n—1 + inin—1) + O(¢”)
+ie [sin H“’Ttgt% (@nBr-1+ Bnan-1) +

cos % (c’unanq - Bnﬁnfl)}

= i (Tt — Enus). 22)

The propagator as a function of the new Grassmann variables
1 and & becomes:

N
K(fi:T) = lim ] diindn,déudgemm s
n=1

N+1

H exXp [ﬁn'ﬂnfl + €7n§n71

n=1
+17 52\/#7%% (ﬁnnnfl - gnfnfl)
—ie i (~iinén 1 + i€un1) | 23)

Now using the following transformation:

1+ 222
= —%Tv with T = S8n — Sn—1, (24)
where 1
Sp, = 2arcsin ———— 25
1+ X222
and

the propagator becomes:

N
. _ . s ,ann
K(f,i;T) = ngnmﬁl/dzndzne
N+1
H €xXp I:ZTLanl + iTZnQ(n)anl} )
n=1
27
where . ;
Qn) = < e ) : (28)
2 4sin 2+

Then we introduce new Grassmann variables ¥ via a unitary
transformation in spin-coherent state-space defined by:

with .
U(n) = exp (—% In tan %az) , (30)

which modify the expression (27) into the following form:

N
K(ay B i B T) = ngnoo H /d\pndq;ne—\lfmn

n=1

N+1
< ] exp [Ty +i79,Q1(n)¥,1], (31)
n=1
where
0 _ie+%lrltarl ST”JZ
= . i s 2 .
Ql(n) ( %87% Intan o, 0 ) (32)

The next step consists of taking the diagonal form for the
action in order to be able to perform the integration. Thus, we
set a unit transformation over the Grassmann variables:

v — P,
_ _ [ A(s) —B*(s) (33)
U ="U(s)® = ( B(s) A*(s) )‘1),
and
Ur(s)Uf (s) = U (s)U(s) = 1,
{ det Uy (s) =1, (34)

with the initial conditions A(t =0) =1 and B(t = 0) = 0.
By means of a simple calculation including the following
expansion:

Ui(sn_1) = Ul(sn)—Td[il;F") +0(2),(35)
dU
UlT(Sn)Ul(Snfl) = I_TU{r(‘Sn)ditl(Sn)v (36)
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we obtain:

K(ay B0, 85 T) = hm H/d@ d®,,e=2n®n

N+l
X H exp [@,Pp1 + 7P, Q2(n)®r—1], (37)
n=1
where
_ iUt 4 i
Q2(n) = iUy (sn)g(sn) +U{ (sn)Q1(n)Us(sn).  (38)

Now we determine the unit transformation by fixing the
diagonal form for the action, which leads us to the following
condition:

Q2(n) = 0. (39)

In order to perform the integration we have to write the
expression for the propagator in the following appropriate
form:

K(ay BB T) = / detde exp [~€7€ + Ve + €W,

(40)
where
D, i)
VT:(Ov"'a$N+1>7 €: ) W = :
o3} 0
41)
We absorb the linear terms in ¢ and & thanks to the shift:
§ = (+W,
&= v (42)

and we integrate over the Grassmann variables. Our result
for the propagator for the spin-1/2 particle subject to a
time-dependent magnetic field is finally written as follows:

K(as Br; i 85 T) = 1% 43)

In terms of the variables («, 3) this is written as:

where

i wt
R(t) = ¢ 2 THw2 7V x

—intan 28 ( ((t)t)

xXe 2

B(s(t))
“BU(s(t) A*(s(t)) ) - @)

V. THE TRANSITION PROBABILITY

Let us calculate the matrix representation for the propagator
(45) in the spin states. In what follow we only show how
to evaluate the matrix element K (1,1;7") while other matrix
elements can easily be deduced following the same method.
In fact, the propagator in the spin eigenstates is given by:

K 4T) =@ [U) 1). (46)

With the help of the completeness relations, this amplitude
becomes:

K0T / dadadB ;dBydasdoqdB,dp;
e Groy=ByBso—@iai—p,fi
x (M ay, Be)lai, Bi 1)K (ay, B, i, Bis T).
47)
Then:

K(T T T) = /d@fda.fd/;fdﬁfdo?idaidﬁidﬁi
x em S Pibigmasas=BiBs (4| ay, By) (e, Bil 1)
_ bl Ru(t) R12 (t) (67}
X exp{(af,ﬁf) < Roi (1) Roo (1) > < 3 >} (48)
Thanks to the features from Ref. [21]:
<T‘ O/f7ﬂf> = afv <al7ﬂ’t |T> = O_Z'h andaf@i = eidiaf - 17

49)
eq. (48) takes the following form:

K(t,1T) = / dvdv [expv'M'v —exprviMv],  (50)

where the matrices M and M’ are, respectively:

—1 0 0 0
Ri -1 Ryp O

M = o o0 -1 o0 |’ D
Ry 0 Ry -1
and
-1 -1 0 0
S I

Ror 0 Ry —1
with R,,,,, the matrix elements of R, and
Qg
Y S =@aBE). Y
By

are vectors gathering the Grassmann variables.
The integration over the Grassmann variables is thus simple:

K(t,1T)

Now since det M’ = 1+ Ry; and det M = 1, the propagator
matrix element for the up-up states is finally written:

Kt hT) =

Repeating the calculations and considering all initial and
final states of the spin, the propagator takes the following
matrix form:

Kot = (520 B2 ). 60

V=

=det M’ — det M. (54)

Ry (¢). (55)
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This result coincides with that of Refs [12] and [4].

VI. CONCLUSIONS

By using the formalism of path integrals and the fermionic
coherent-states approach, we have been able to calculate the
explicit expression of the propagator for a spin-1/2 particle
interacting with a time-dependent magnetic field. To treat the
spin dynamics, we used the Schwinger recipe in which one
replaces the Pauli matrices by a pair of fermionic oscillators.
The introduction of particular rotations in coherent-state space
eliminates the rotation angle of the magnetic field which then
somewhat simplifies the Hamiltonian of the considered system.
As a consequence, we have been able to integrate over the spin
variables described by fermionic oscillators. The exactness
of the result is manifested in the evaluation of the transition
probability formula.
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