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Abstract—In this paper, a new method for solution of second
order linear Fredholm integral equation in power series form was
studied. The result is obtained by using Banach fixed point theorem.
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|. INTRODUCTION

NE of the outstanding practical problems met in the

solution of Fredholm integral equation is the form of
power series. Fredholm integral equation has wide application
in physics and other science. For updating work, the electro
elastic analysis of a piezoelectric strip with an anti-plane shear
crack whose surfaces are parallel to the strip boundaries is
made via solving a resulting Fredholm integral equation using
the iterative method of power series [1]. Borzabadi and Fard
used approximate solutions for nonlinear Fredholm integral
equations of the first kind by converting it to moment problem
[2]. The torsion problem of a finite elastic cylinder with a
circumferential edge crack is studied in a Fredholm integral
equation of the second kind [3]. Parandin and Araghi solved
fuzzy Fredholm integral equation of the second kind
numerically based on iterative interpolation [4]. In [5], the
problem of the displacement of the surface of the plate outside
the punch reduces to a Fredholm integral equation of the first
kind in a function describing. These functions are sought in
the form of a sum of a Schl-milch series and a power function
with a root singularity. Maleknejad et al. solved first kind
Fredholm integral equation numerically based on sinc function
[6]. Fredholm integral equations of the second kind without
explicit characteristic values and characteristic functions in the
Neumann power series is studied [7]. Aruchunan and
Sulaiman used the Half-sweep approximation equation based
on central difference and repeated trapezoidal formulas to
solve linear fredholm integro-differential equations of first
order [8]. Hou et al. solved nonlinear Fredholm integral
equation of the second kind numerically based on Chebyshev
polynomials and hybrid blok-pulse functions [9].

The main purpose of this paper is to introduce and study the
relation between Banach fixed point theorem and the solution
of second order linear Fredholm integral equation in power
series form.
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Il. NEW RESULT FOR SOLVING FREDHOLM INTEGRAL
EQUATIONS

A. Definition of Fredholm Integral Equation

A linear Fredholm integral equation of second order has the
form

ult) = f(t) + ﬂ?k(t, y)u(y)dy 1)

Here, the functions k :[a,b]x[a,b] > R and f:[a,b] >R
are given, 1<Rr is an arbitrary parameter, and y:[a,b] — R iS the

unknown function [10]. The function Kk is called the kernel of
the equation. The equation is said to be homogeneous if f =0

and non - homogeneous otherwise.
A metric space (X,d) is called complete if every Cauchy

sequence in X converges to a point in X . A complete
normed metric space (X, d) is called Banach [11].

Theorem 1 (Banach Fixed Point Theorem): Let T be a
contraction on a complete metric space (X,d) then T hasa

unique fixed point X € X .

Proof [10]:

Now we can suppose that K is continuous on the square
[01]x[0] and that f is continuous on [0g]. Then, the

function T (U) defined by

1
T(u() = (1) + [k(t y)u(y)dy @
0
is continuous on [0,1] for each continuous function U on [gg.

In other words, the mapping u— T (u) is a transformation
on (C[ovl]v DZ)’

D (u,v) = [Ju(t) —v()[dt -

Then the Fredholm equation (2) becomes

u=T(u) )
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and thus, solving (1) is equivalent to find the fixed points of
the transformation T on Banach space (C[0,1],D,).

In order to apply the Banach fixed point theorem, all we
need to suppose that T is a contraction (where (C[0,1],D,) is
complete).

B. Second Order Power Series Fredholm Integral Equations
From above, one can study the following proposition.
Proposition 1: Suppose that f and k are continuous in

Banach space (C[0,1],D,). Then there is a unique power
series solution

u(t) :ZN:cit‘
For Fredholm integral equation
1
u(t) = £ () + [kt y)u(y)dy-
0

Proof:
One can suppose that U is represented in a power series
form:

u(t) = gciti 4
Then
A=D;(u,T(u)
A= j|u(t)—T(u(t))|2dt
0
Az.l[ 'No ct' - f(t)—jk(t,y)i:ciy‘dyzdt )
By letting
9i =jyik(t, y)dy,i=01,..., N Q)
Then
A:j(_NOci(ti—gi)—f(t))zdt ™

By using least square approximation, the values c's are
calculated from the following linear system

[<C-g)l-g)> <t-0)-¢)> .. <t"-g)0-)>
<@-g)t-9)>  <t-9)t-9)> .. <t"-g)t-g)>
: : : : (8)
[<@-g)¢" —g0)> <t-g)t" -gy)> ... <" -g)t" -9.)>
6] [<f.a-g)>
G| <ft-o>
G [<ft'-g)>
where

<z >:jz(t)dt

0

In matrix notation, the linear system (8) can be presented as

GC=b 9)

C.Examples
For explaining the introduced propositions we can use the
following examples in Tables I, I, and 111 for N=2 where f

3 _
and K are known to solve u@t)=>Y ct' such that u(t) is
i=0
approximated to U and e represents the error.

TABLE |
POWER SERIES SOLUTION
NO 1 2 3
f©) t t t2
k ty t2y?+ty ty
[7 2 17 (7 2 17
- - - 72 e - - -
L 9 8 = m oo 29 8
G 241 2 &\ ™ 241
9 9 160 21600 14400 9 7 9
11 ® a4 ® = 11 2
- - 1200 14400 6000 I —
Ls 9 20 Ls 9 2]
[1/37] 1/4 5/24
B 2/9 23/144 1/s
1/6 7/60 11/80
o 0
0 0
192
u(t 3/2 — 3/8
0 |d /
0 1
- ®
L113]
uc) ut) ut) u(t)
e 0 0 0
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TABLEII point theorem has been used. For test the efficiency of
POWER SERIES SOLUTION introduced result, many programmed examples were

NO 4 > 6 presented. The calculations in Table | showed that the error is

f([) 2+t t*+1 e' very small and tends to zero speedy.
ty ty
09 04 b

o x
—
<
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I11. CONCLUSION

A new method for solution of Fredholm integral equation
was studied in condition that it presented as in power series
form. In the proof of the main result, well known Banach fixed
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