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Abstract—The influence of material property variation on stress 

concentration factor (SCF) due to the presence of a circular hole in a 

functionally graded material (FGM) plate is studied in this paper. A 

numerical method based on complex variable theory of elasticity is 

used to investigate the problem. To achieve the material property, 

variation plate is decomposed into a number of rings. In this research 

work, Young’s modulus is assumed to be varying exponentially and 

it is found that stress concentration factor can be reduced by 

increasing Young’s modulus progressively away from the hole. 

 

Keywords—Stress Concentration, Circular Hole, FGM Plate, 

Bending.  

I. INTRODUCTION 

PPLICATION of pure materials in engineering processes 

is very restricted as they provide a small amount of 

desirable properties. This issue can be overcome with the use 

of composite materials. FGMs are one of the different types of 

composite materials where the properties vary as a function of 

spatial coordinates. The concept of FGM was first examined 

in Japan in 1984 during a space plane project. Since then a 

great attention has been paid to the study of the behavior FGM 

under various loading and application conditions. FGMs can 

be used for thermal barrier coating in gas turbine engines and 

rocket nozzles, sensors, wear resistant coating, Nano-

composites and aircraft construction.  

In recent years, researchers have investigated the problem 

to reduce SCF around the hole in FGM concept. Birman et al. 

[1] proposed a review of development and possible application 

of functionally graded materials. Dryden and Batra [2] 

obtained the optimum Young’s modulus of a homogeneous 

cylinder equivalent to FG cylinder. Effect of different 

geometries on stress concentration factor has also been paid 

attention by many authors as Hosseini – Hasemi [3], Batra [4]. 

Buskirk et al. [5] & Nagpal et al. [6] found that the radial 

increase in modulus of elasticity can cause SCF to be reduced 

in comparison to homogeneous plate. Kim et al. [7] presented 

an interaction integral method for the evaluation of the stress 

in an orthotropic FGM plate under thermal loading. Zhao et al. 

[8] studied the natural vibration analysis of FG plate using Kp-

Ritz method. Ying et al. [9] presented two-dimensional elastic 

solution of FG beam resting on elastic foundation. Allam et al. 

[10] studied the stress distribution in a fiber reinforced 
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composite plate under uniaxial tension. Dai et al. [11] 

investigated SCF in transversely isotropic piezoelectric solid 

due to circular hole. Kosmodamianskii et al. [12] studied the 

bending of anisotropic plate with arbitrary hole shape. To 

compute the complex potentials of Lekhnitskii, they used 

discrete method of least squares at the boundary. Bending of 

an elliptical anisotropic plate with two elliptical holes was 

investigated by Meglinskii [13]. Santhanam et al. [14] 

examined a finite plate weakened by a crack due to the 

presence of a hole under far-field uniform bending. Analytical 

and FEM methods were used to investigate the cases of on-

center and off-center hole. Yang et al. [15] have shown that 

Poisson’s ratio has a lesser influence on SCF than Young’s 

modulus. The distribution of stress, in an FGM plate having 

circular hole, was investigated under the application of tensile 

loading. The solution was obtained by the complex variable 

function using the piecewise homogeneous layer method. 

Kubair and Bhanuchandar [16] worked on the influence of 

material inhomogeneity on SCF due to the circular hole in 

FGM plate using power law of material property variation. 

They concluded that with the increase in Young’s Modulus 

away from the hole, the SCF decreases in FGM plate. 

Mohammadi et al. [17] assumed Young’s modulus to be a 

function of two adjustable parameters. A plate was modeled 

where the functionally graded response is bounded in a region 

around the hole. SCF in FGM plate was investigated 

considering elastic properties to be exponentially variable in 

radial direction. Sburlati [18] decomposed a homogeneous 

plate into functionally graded rings around the round hole. The 

solution was obtained in closed form for uniaxial tensile 

loading. Young’s modulus was considered to be varied with a 

monotonic power law. 

This work is related to stress concentration reduction in 

FGM plate by varying the material properties as a known 

function of the spatial position. 

II. PROBLEM DESCRIPTION  

In a fixed coordinate system (x, y, z) the state of stress of an 

isotropic solid can be formulated as [19], [20], 

 �� � �� � 4��	
��
��                                  (1) 
 �� � �� � 2���� � 2	
�
���
� � ���
��          (2) 

 

where 
 � � � �� and �� ,�� , ��� are the stress components. 


�
�and ��
� are some potential functions which can be 

evaluated using following boundary conditions 
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φ�z� � z
��
�������� � ��
������� � �� � ��� � ��� !"
#      (3) 

 

$φ�z� � z
��
�������� � ��
������� � 2G�u � �v�           (4) 
 �� , ��, u and v in the above equations stand for stress and 
displacement components at the boundary of hole, 

respectively. $ and G are the elastic constants which have 
different values in different cases, i.e. plane stress or plane 

strain. 

 

 
Fig. 1 Infinite FGM plate having a circular hole subjected to bending 

moment 

 

Fig. 1 shows an FGM plate subjected to a far field uniform 

bending moment at the boundary. A round hole is considered 

at the center of the plate and assumed to be free from all the 

external forces and displacements. FGM plate is decomposed 

of N number of annular rings around the hole as in Fig. 2. 

Material properties are assumed to vary exponentially with 

radius. The outer boundary of the plate is considered to be 

(N+1)
 th
 ring. 

 

 

Fig. 2 FGM plate decomposed into rings 

 

Inside of any of the N rings the complex potential functions φ,�z� and �,�z� can be taken as 
  

φ,�z� � ∑ α/0,1/1 234
5 60

                              (5) 

 

�,�z� � ∑ β/0,1/1 234
5 60

                              (6) 

 

(b = 1, 2 ………… N) and R# is some arbitrary radius. α/0,  

and β/0,  are the constants to be determined. 

In the outermost ring, (N+1)
 th 

ring, potential functions can 

take the form 

 
9:;�
� � <
= � φ#�z�                           (7) 
 �9:;�
� � <�
= � �#�z�                           (8) 

where < and <� are constants. φ#�z� and �#�z� are the 
holomorphic complex functions of the state of stress in plate 

without hole and can be expressed as 

  

φ#�z� � ∑ α/0�>:;�10?# 234
5 60

                           (9) 

 

�#�z� � ∑ β/0�>:;�10?# 234
5 60

                         (10) 

 

where α/0�>:;�
 and β/0�>:;�

 are unknown constants. 

From (7)-(10) it can be formulated that 

 

φ�>:;��z� � ∑ α/0�>:;�1/1 234
5 60

                        (11) 

 

��>:;��z� � ∑ β/0�>:;�1/1 234
5 60

                        (12) 

 

For any of the rings the analytical functions can be written 

in following form by combining (5), (6), (11), and (12). 

 

φ,�z� � ∑ α/0,1/1 234
5 60

                             (13) 

 

�,�z� � ∑ β/0,1/1 234
5 60

                            (14) 

 

where b = 1, 2, 3………….. (N+1) 

Since the surface of the hole is considered free from forces, 

i.e. �� � 0 and �� � 0, then from (3) 

 

φ;�z� � 

;��
�������� � �;�
��������� � 0                          (15) 
 

where  
 � A#B and B � �CD 
Equating the coefficients of BE on the both sides of (15) 

after substituting φ;�z� and �;�z� from (13) and (14), we get 

 

234
F4 60 α/0; � �a � 2� 2F4

346�0:=� αG0:=�;� � 2 F4
3460 β�0�;� � 0  (16) 

 

2F4
3460 α0; � �a � 2� 234

F4 6�0/=� αG/�0/=��;� � 234
F4 60 β�/0�;� � 0 (17)    

 

where ro is the hole radius, a = 1, 2…… M 

For the study of stress distribution in the plate it is 

reasonable to assume that there are no residual stresses at the 

interface of rings. This condition can be expressed as 

 

��H � ����H:;�, ��H � ����H:;�                          (18) 
 IH � I�H:;�,   JH � J�H:;�                                 (19) 
 

On substituting (3) into (18) and (4) into (19), 

 

φH�z� � 

H� �
��������� � �H�
��������� � φ�H:;��z� � 

�H:;�� �
������������� � ��H:;��
�������������( 20) 
 ;

KL M$HφH�z� � 

H� �
��������� � �H�
���������N � ;
K�LOP� M$�H:;�φ�H:;��z� �



�H:;�� �
������������� � ��H:;��
�������������N        (21) 
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where
 � AH�CD � AHB,     b = 1, 2, 3 ……… N 

From (13), (14), (20), (21) and by following the same 

procedure as for (16) and (17), we obtain 

 

234
FL 60 α/0, � �a � 2� 2FL

346�0:=� αG0:=�,� � 2FL
3460 β�0�,� � 234

FL 60 α/0�,:;� �
�a � 2� 2FL

346�0:=� αG0:=�,:;� � 2FL
3460 β�0�,:;�

   (22) 

 

2FL
3460 α0, � �a � 2� 234

FL 6�0/=� αG/�0/=��,� � 234
FL 60 β�/0�,� � 2FL

3460 α0�,:;� �
�a � 2� 234

FL 6�0/=� αG/�0/=��,:;� � 234
FL 60 β�/0�,:;�

    (23) 

 

1
RH

S$H TR#AH
U0 α/0, � �a � 2� T AHR#

U�0:=� αG0:=�,� � T AHR#
U0 β�0�,�V �  

;
K�LOP� W$�H:;� 234

FL60 α/0�,:;� � �a � 2� 2FL
346�0:=� αG0:=�,:;� � 2FL

3460 β�0�,:;�X(24) 
 

1
RH

S$H T AHR#
U0 α0, � �a � 2� TR#AH

U�0/=� αG/�0/=��,� � TR#AH
U0 β�/0�,�V � 

;
K�LOP� W$�H:;� 2FL

3460 α0�,:;� � �a � 2� 234
FL6�0/=� αG/�0/=��,:;� � 234

FL60 β�/0�,:;�X (25)                        
 

Equations (16), (17) and (21)–(25) constitute a set of linear 

equations which can be solved for the unknown variables. 

Complex analytical functions can be evaluated by using these 

variables and by the use of these functions the value of stress 

can easily be calculated. 

III. RESULTS AND DISCUSSIONS 

The results of the comprehensive two dimensional finite 

analysis that has carried out to determine the stress distribution 

around circular hole in FGM plate for various values of 

Young’s modulus is presented in this section.  

A. Influence of the Variation of Young’s Modulus on SCF 

To illustrate the effect of variation of Young’s modulus on 

distribution, three different models are used while the 

Poisson’s ratio is assumed to be constant. 

 

YZ[\ �A� �  Y] ��;.#_`P� 
 Y#�A� �  Y] 
 

YC�\ �A� �  Y] ��/;.#_`P� 
 

The stress variation around the hole is shown in Fig. 3 

 

 

Fig. 3 Variations of stress on the circumference of the hole under 

bending 
 

From Fig. 3 it is clear that SCF tends to decrease when 

Young’s modulus increases radially away from the hole. On 

the other hand, decrease in Young’s modulus in radial 

direction results in the increase of SCF around the hole. 

B. Effect of Different Young’s Modulus Variation on SCF 

In this section SCF is determined by using different 

exponential functions for the increase of Young’s modulus. 

Fig. 4 depicts the stress distribution for the case where the 

plate has three different increase functions of the Young’s 

modulus. 

 

Y; �A� �  Y] ��/;.#_`P� 
 

Y= �A� �  Y] ��/=.#_`P� 
 

Ya �A� �  Y] ��/a.#_`P� 
 

Again three different functions for the decrement of 

Young’s modulus are taken here and SCF is calculated as 

shown in Fig. 5. 

 

Y; �A� �  Y] ��;.#_`P� 
 

Y= �A� �  Y] ��=.#_`P� 
 

Ya �A� �  Y] ��a.#_`P�
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Fig. 4 Variation of stress around hole for different ways of E increase 

 

 

Fig. 5 Variation of stress around hole for different ways of E decrease 

 

Above study of effect of different ways of increasing and 

decreasing Young’s modulus, was conducted for hole radius, 

ro = 4 

It is clear form from Figs. 4 & 5 that stress concentration 

around hole is greatly affected by the way material properties 

vary. So for the reduction of stress concentration, selection of 

this variation should be done carefully. 

C. Influence of Hole Size on Stress Concentration 

In this section two different FGM plate having different 

variation of Young’s modulus are considered. 

 

YZ[\ �A� �  Y] ��;.#_`P� 
 

YC�\ �A� �  Y] ��/;.#_`P� 
 

Figs. 6 and 7 shows the stress distribution around the hole 

for different hole sizes. The stress concentration factor always 

increases with the increase in hole size for an FGM plate 

under bending. 

 

 

Fig. 6 Variation of stress around hole for different hole size when E 

decreases 

 

 

Fig. 7 Variation of stress around hole for different hole size when E 

increases 

IV. CONCLUSION 

Here we have considered an infinite functionally graded 

plate with circular hole subjected to bending moment. For the 

study of stress distribution around hole, the plate is 

decomposed into number of rings concentric with the hole. 

Complex variable theory of elasticity, proposed by 

Muskhelishvili [19], is used. The results obtained here are in 

coordination with those given by Savin [20] for homogeneous 

plate. From the graphs, shown above, it can be concluded that 

stress concentration factor can be reduced if Young’s modulus 

increases radially away from the hole. 

Additionally, it is found that bending stress concentration 

factor increases on increasing the hole size for FGM plate. 
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