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Abstract—Accurate dynamic modeling and analysis of flexible 

link manipulator (FLM) with non linear dynamics is very difficult 

due to distributed link flexibility and few studies have been 

conducted based on assumed modes method (AMM) and finite 

element models. In this paper a nonlinear dynamic model with first 

two elastic modes is derived using combined Euler/Lagrange and 

AMM approaches. Significant dynamics associated with the system 

such as hub inertia, payload, structural damping, friction at joints, 

combined link and joint flexibility are incorporated to obtain the 

complete and accurate dynamic model. The response of the FLM to 

the applied bang-bang torque input is compared against the models 

derived from LS-DYNA finite element discretization approach and 

linear finite element models. Dynamic analysis is conducted using 

LS-DYNA finite element model which uses the explicit time 

integration scheme to simulate the system. Parametric study is 

conducted to show the impact payload mass. A numerical result 

shows that the LS-DYNA model gives the smooth hub-angle profile.  

 

Keywords—Flexible link manipulator, AMM, FEM, LS-DYNA, 

Bang-bang torque input. 

I. INTRODUCTION 

LEXIBLE link manipulators offer several advantages over 

rigid-link manipulators such as achieving high speed 

operation, lower energy consumption, and increase in payload 

carrying capacity. Robot manipulators have wide range of 

applications, from industrial automation and medical 

operations to hazardous environments like space, underwater, 

and nuclear power plants. However, the control of flexible link 

manipulator (FLM) is challenging, due to distributed link 

flexibility, which makes the system non-minimum phase, 

under-actuated and infinite dimensional. Due to the flexible 

nature of the system, the dynamics are significantly more 

complex and thus it is difficult to achieve accuracy in 

positioning of the end-effector, and above all it’s difficult to 

obtain an accurate model of the system. 

The goal in the modeling of any system is to achieve an 

accurate model representing the actual system behavior. 

Assumed modes method (AMM) and finite element methods 

(FEM) are commonly used to derive the dynamic models of 

complex dynamical systems. AMM looks at obtaining 

approximate models by solving the partial differential 

equation (PDE) characterizing the dynamic behavior of the 

system. Lagrangian Mechanics and the AMM have been used 

to derive the dynamic model of a single-link flexible 
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manipulator. Most of the work on modeling of FLM using 

AMM approach is contributed by W J. Book [1]. In Book’s 

method, the computational algorithms for dynamic modeling 

of flexible manipulators are derived by using the 4x4 

homogeneous transformation matrices. These transformation 

matrices are developed to describe kinematics information. It 

has been reported that the link deflections can be described by 

a truncated modal expansion [2] and all the dynamics 

computations are performed in the link coordinate systems 

using forward and return recursion, in which joint deflections 

are not addressed. A comparative study of AMM and finite 

element method (FEM) based model behavior reported in [3], 

states that AMM with quadratic displacement yields more 

accurate hub angle response while FEM yields hub velocity 

and end point acceleration response to be more accurate. Also 

the effect of centrifugal force on the natural frequencies is 

presented in this paper. The different approaches while 

modeling the FLM will be more apparent and the dynamic 

behavior of the system is affected by various factors. A 

literature review on dynamic analysis of FLM is presented in 

[4]. In [5], a linear state space model for a single-link flexible 

manipulator is presented, which does not account for the 

distributed link flexibility. The dynamic model of a two link 

flexible manipulator system, incorporating the hub inertia, 

structural damping, and payload is derived in [6], but the 

effect of joint flexibility and friction are not considered in this 

paper. In [7], the significance of joint flexibility on the 

modeling of FLM is presented. The inclusion of joint 

flexibility cuts down the total deflections but increases the 

oscillatory behavior. A generalized modeling frame work has 

been described in [8], to obtain the closed-form dynamic 

equations of motion for a multi-link manipulator using AMM 

by considering flexibility in the links and joint, it does not 

account for friction effects. An approach to include both the 

internal and external damping effects of the beam into energy 

equations has been by Baker et al. [9]. The effect of internal 

structural damping on the dynamic modeling of a planar multi-

link manipulator is presented in [10]. Design of accurate 

control for a flexible manipulator system requires the dynamic 

model, which describes the complete dynamic behavior of the 

system. The dynamic behavior of the system is affected by 

various factors such as flexibility in the links and joints, hub 

inertia, payload, structural damping and friction effects. So, to 

represent the actual system it is important to consider all 

significant effects while modeling. In this work the effect of 

link flexibility, joint flexibility, hub inertia, payload, friction 

and internal structural damping effects are considered 

simultaneously to derive the complete dynamic model of the 
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FLM using combined Euler/Lagrange and assumed modes 

approaches. 

Finite element model is very useful for static and dynamic 

analysis, which uses the implicit and explicit solvers to 

simulate the dynamics. There are different types of tools are 

available to solve the finite element problems. ANSYS and 

CAD/CAE tools find large applications in analysis of complex 

real world problems. Dynamic characterization of a linear 

finite element model using finite difference/ finite element 

approach is presented in [11]. Dynamic analysis of a rotating 

cantilever beam using FEM for variations in the rotating speed 

is reported in [12]. This paper account for stretch deformation 

instead of axial deformation and linear partial differential 

equations are derived using Hamilton principle. In [13] 

dynamic analysis of very flexible beams with large overall 

deflections has been performed by using ANSYS. Solutions of 

nonlinear equations are obtained by a Newton-Rapshon 

method using both direct as well as iterative solvers. In 

particular if different non-linearities are active difficulties may 

appear since contact element changes their status which is not 

differential for Newton’s method. In such a cases lot of effort 

needed to achieve proper solution. In [14] integrated 

CAD/CAE procedures are utilized for dynamic analysis of 

two-link manipulator. I-DEAS procedure is used for solid 

modeling and vibration analysis; three programs are needed to 

create the samples of the nodal forces. Dynamic structural 

analysis of a fast shutter with pneumatic actuator and stress 

analysis of a rail joint with the use of LS-DYNA is presented 

in [15], [16]. Finite element limit load analysis of thin walled 

structures by using ANSY and LS-DYNA presented in [17]. 

Finite element analysis of a sheet metal air bending using 

hyper form LS-DYNA presented in [18]. Advanced robust and 

efficient contact algorithms are the heart of most LS-DYNA 

applications. The main advantage of LS-DYNA is the absence 

of convergence problems inherent to the solution algorithm. 

Literature survey shows that the LS-DYNA platform is useful 

for simulating highly nonlinear complex real world problems. 

The finite element system LS-DYNA is developed by 

Livermore software technology corporation (LSTC), 

Livermore, CA., USA. It’s find the applications in automobile, 

aerospace, construction, manufacturing and bioengineering 

industries. The code origins lie in highly nonlinear, transient 

dynamic finite element analysis using explicit time 

integration. In this work nonlinear finite element model of a 

FLM is developed in LS-DYNA platform and simulated using 

explicit solver. The results are compared against the derived 

AMM model and linear finite element models. 

Organization of the paper is as follows. The dynamic model 

of a FLM using AMM is presented in section II. Finite 

element formulation using LS-DYNA presented in section III. 

Section IV gives the simulation results with discussions. A 

parametric study is presented in section V followed by 

conclusion. 

II. THE DYNAMIC MODEL OF A FLM USING AMM 

The schematic diagram of a FLM is shown in Fig. 1. Let, 

OXY be the inertial coordinate frame and Oxy be the moving 

frame. The clamped end of the flexible arm (length l, uniform 

flexural rigidity EI, mass m and the mass moment of inertia Ib) 

is attached to the hub (inertia Ih) and connected to the rotor 

(inertia Ir and gear ratio G). An input torque (u) is applied to 

move the link and the end-effecter carries a payload mass 

(mp). 

 

 

Fig. 1 Schematic diagram of flexible link manipulator 

 

Theoretically the elastic deflection of beam consists of 

infinite number of separable modes. In AMM modeling, the 

link deflection is described by a truncated modal expansion 

i.e. only finite number of modes is considered. The deflection 

of the manipulator is expressed as a summation of modes. 

Each mode is assumed to be a product of two functions, one as 

a function of the distance along the length of the manipulator 

(mode function) and the other, as a generalized co-ordinate 

(modal variable) as a function of time. The Euler–Bernoulli 

beam theory and the assumed modes method can be used to 

express the deflection ),( txv
 
of a point located at a distance 

x along the arm as: 

 

∑
=
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where )(xiφ  is the mode shape function and )(tiδ is the time 

varying modal variable and n is the number of finite modes. 

The overall motion of the flexible link manipulator consists of 

the rigid body motion, which is defined by the hub angle 

(θ(t)), and the elastic motion, which is defined by the first two 

modal coordinates )(1 tδ  and )(2 tδ .To derive the dynamic 

equations of the motion of the FLM, the total energy 

associated with the system need to be computed. The mode 

functions and mode frequencies are obtained by solving the 

boundary value problem (or Eigen value problem) for a beam 

in flexure. 

A. Kinetic Energy 

The total kinetic energy of the system is due to the motion 

of the link, hub and rotor and due to the kinetic energy 

associated with the payload. Kinetic energy due to the motion 

of the hub can be written as: 
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Kinetic energy of the rotor is given by: 
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Kinetic energy due to the motion of the link can be 

expressed as: 
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Similarly, the kinetic energy associated with the payload 

can be written as 
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B. Potential Energy  

The total potential energy P of the system is due to the 

elastic deformation (
elP ) of the link and due to the joint 

deflection ( jP ). The potential energy due to the elastic 

deflection of the link is given by:            

                                                                 

dx
x

txv
EIPel 
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Let sK be the spring constant of the joint. Then potential 

energy of the joint can be written as: 
 

               2)(
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C.  Internal Structural Damping of Arm 

With the assumption that the internal structural damping of 

the arms is viscoelastic, its dissipation function can be defined 

as [15] 
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where ε and l  are the damping ratio and length of the arm 

respectively 

D.  Friction at joint 

By assuming dry friction between the rotor and joint, the 

friction torque Tf can be defined by following equation: 
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where Ts is the static friction torque at the joint 

E.  Equations of Motion 

In order to obtain the differential equations of motion to 

adequately describe the dynamics of flexible link manipulator, 

the Lagrange’s approach can be used.   
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               u - Torque applied at the hub 

By substituting the kinetic energy, potential energy and its 

dissipation energy in (10), the dynamic equations of the 

motion of the system for first two modes can be derived in the 

form: 
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where D is the inertia matrix, g1(·) and g2(·) are the vectors 

containing terms due to coriolis, centrifugal forces, and due to 

the interactions of the link angles and their rates with the 

modal displacements and their rates. h(.) is the vectors 

containing joint flexibility and damping. Equation (11) gives 

the complete dynamic model of a flexible link robot 

manipulator with all significant dynamics. 

III. LS-DYNA FINITE ELEMENT MODEL 

In general LS-DYNA is designed for dynamic analysis of 

highly nonlinear problems. It has the capabilities to simulate a 

wide range of different physical phenomena using analysis 

techniques such as: explicit and implicit time integration 

schemes, nonlinear dynamics, large deformations and Eigen 

value analysis. The solution of nonlinear system of equations 

using this time integration scheme only requires the inversion 

of mass matrix within each step. The computational effort is 

mainly influenced by the formation of the internal forces via 

the elements and contact surfaces. Many LS-DYNA FE 

discretizations of real industrial problems are dominated by 

thin shell elements including some beam and solid elements. 

Various types of element formulations are offering the choice 

between the computational efficiency and improved accuracy. 

More than 100 different models are available to represent 

many types of highly nonlinear material properties.  

The flexible link is represented by shell elements with a 

uniform thickness of 3.2mm. The length and width of the 
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beam are 900mm and 32mm respectively. Element size of 5 

mm is chosen to represent the flexible link as shown in Fig. 2 

Belytschko-Tsay formulation with 5 through thickness 

integration points is chosen for the shell elements The 

Material properties for Flexible-Link corresponding to 

Aluminum is defined in *MAT_ELASTIC. One end of the 

beam is rigidly attached to a revolute joint, which 

represents the hub motor shaft. A bang-bang type of torque 

input is applied at this revolute joint using 

*LOAD_RIGID_BODY.  
 

 

Fig. 2 Flexible-link manipulator model (LS-DYNA) 

IV. SIMULATION RESULTS  

The dynamic equations characterizing the behavior of the 

Flexible-Link manipulator is simulated using the fourth-order 

Runge-Kutta integration method. The physical parameters of 

the manipulator are given in Table I. A bang-bang type torque 

input with amplitude of 0.3Nm as shown in Fig. 3, is applied 

at revolute joint.  

 

 

Fig. 3 Bang-bang torque input 
 

TABLE I 
PARAMETERS OF FLEXIBLE-LINK MANIPULATOR SYSTEM 

parameter meaning value 

L Beam length 0.9 m 

W Beam width 0.0032 m 

H Beam height 0.019 m 

E Beam young’s modulus 71×109 Pa 

I Cross-section moment of inertia 5.253×10-11 m4 

Ih Hub inertia 5.8598× 10-4 kg m2 

Ρ Mass density 2710 kg/ m3 

Ks Stiffness constant 100 Nm/rad 

G Gear ratio 1 

The LS-DYNA finite element model of a FLM is simulated 

using explicit time integration for a time period of one second. 

The hub angle response of the LS-DYNA model is compared 

with that of AMM and linear FEM [12] models as shown in 

Fig. 4. The maximum hub angle is 0.68 radians in the 

AMM and FEM methods while it is 0.42 radians in LS-

DYNA model. It seems that the elastic behavior of the 

beam is significantly overestimated in the AMM method.  

 

 

Fig. 4 Comparison between AMM, FEM and LS-DYNA 

 

Fig. 5 shows the kinetic and internal energy change in 

the system as a function of time. Initially the kinetic 

energy is zero and the kinetic energy starts to increase at 

0.2 sec (at the time when the torque input is applied). The 

kinetic energy steadily increases up to 0.5 sec during the 

positive phase of the torque input. A reverse torque is 

applied from 0.5 sec to 0.8 sec to limit any further motion 

of the flexible link and during this phase the kinetic energy 

of the system drops down and approaches to zero. 

However, the elastic deflection induced in the flexible link 

continues for some period, the kinetic and internal energy 

oscillations can be observed thereafter. 

 

 

Fig. 5 Kinetic energy and internal energy change in the system 

V. PARAMETRIC STUDY  

A parametric study is conducted with a beam length of 

0.9m and by varying the payload. Three conditions are 

simulated, one with no-payload, one with 0.05 kg payload 

and the other with 0.2 kg payload. Fig. 6 shows the hub 

angle response for the three different payloads. 
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Fig. 6 Hub angle responses for 0.9m length beam with different 

payloads 

 

As the payload increases, the angular position start 

reduces. This is similar to the observation in the previous 

parametric study based on length of the beam. The heavier 

the beam, the harder it rotates around the motor shaft and 

oscillations is reduced while moving. Figs. 7 and 8 show 

the variations in energy levels for 0.05kg and 0.2kg 

payloads.  

 

 

Fig. 7 Kinetic energy and internal energy change the system 

(0.05kg payload) 

 

 

Fig. 8 Kinetic energy and internal energy in change in the system 

(0.2kg payload) 

 

Another parametric study also conducted to estimate the 

hub angle response for various lengths of the flexible link 

manipulator. Three lengths are considered in this study. 

The hub-angle response for the applied bang-bang torque 

input is shown in Fig. 9.  

 

 

Fig. 9 Hub angle responses for different lengths of the beam 

 

As expected, the hub angle response is more for the 

shorter length (0.5m) beam. The 1.5m length beam barely 

moved with the applied torque. As the longer beam is 

heavier and hence energy required is also more. So, 

choosing the beam length also plays an important role 

while design. 

VI. CONCLUSION 

By incorporating all the significant dynamics associated 

with the system, the nonlinear dynamic model of a flexible 

link robot manipulator is derived based on Euler-Lagrange 

and assumed modes approaches. Also a nonlinear finite 

element model is established in LS-DYNA platform to 

compare the results against derived AMM model. A 

simulation result shows the LS-DYNA model gives the 

smooth hub-angle response for the applied bang-bang 

torque input, which is sluggish in AMM and linear FEM 

models. Small changes in the elastic behavior of the link is 

due to the over estimation of stiffness matrix. Impact of 

payload mass on the dynamics of a FLM is addressed by 

plotting the changes in kinetic and internal energy levels. 

LS-DYNA analysis has the advantages over standard 

ANSYS and CAD/CAE procedures. It is more economical 

and easier to use the commercial finite element codes in 

the case of systems containing highly nonlinear effects. 
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