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Abstract—This paper studies the problem of exponential stability
analysis for recurrent neural networks with time-varying delay.By
establishing a suitable augmented LyapunovCKrasovskii function and
a novel sufficient condition is obtained to guarantee the exponential
stability of the considered system.In order to get a less conservative
results of the condition,zero equalities and reciprocally convex
approach are employed. The several exponential stability criterion
proposed in this paper is simpler and effective. A numerical example
is provided to demonstrate the feasibility and effectiveness of our
results.
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1. INTRODUCTION

ECURRENT neural networks including Hopfield neural

networks (HNNSs) and cellular neural networks (CNNs)
have been studied extensively over the recent decades [1-14]
and have been widely applied within various engineering fields
such as neuro- biology, population dynamics,and computing
technology.Although neural networks can be implemented by
very large scale integrated circuits, there inevitably exist some
delays in neural networks due to the limitation of the speed
of transmission and switching of signals. It is well known that
time-delay is usually a cause of instability and oscillations of
recurrent neural networks. Therefore, the problem of stability
of recurrent neural networks with time delay is of importance
in both theory and practice.

The problem of global exponential stability analysis for
delay neural network has been studied by many investigators
in the past years. In [6],some sufficient conditions are obtained
for existence and global exponential stability of a unique
equilibrium point of competitive neural networks.In [11],the
authors discussed the exponential stabilization of recurrent
neural networks with time-varying and distributed delays. A
control law was obtained by means of linear matrix inequal-
ity.By constructing a new Lyapunov functional and using
a S-procedure, both delay-dependent and delay-independent
stability conditions were developed for static recurrent neural
networks with interval time-varying delays in [15].

Motivated by these observations, it is of great importance to
further investigate the stabilization problem of delayed neural
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networks by making use of the delay interval of neurons. In
this paper,our attention focuses on the exponential stabilization
problem of a class of recurrent neural networks with time
delay.By choosing a new Lyapunov functional which fractions
delay interval and employing different free-weighting matrices
in the upper bounds of integral terms to guarantee the stability
of the delayed neural networks. It is shown that this obtained
conditions have less conservatism. Finally, two numerical
examples are given to show the usefulness of the proposed
criteria.

notation:Throughout this paper, the superscripts ' — 1’
and 'T" stand for the inverse and transpose of a ma-
trix, respectively;;t” denotes an n-dimensional Euclidean
space; ¥ is the set of all m x n real matrices; P > 0 means
that the matrix P is symmetric positive definite,diag(-, -, ")
denotes a block diagonal matrix.In block symmetric matrix or
long matrix expression,we use (*) to represent a term that
is induced by symmetry,/ is an appropriately dimensional
identity matrix.

II. PROBLEM STATEMENT

Consider the following neural networks with time-varying
delays:

£(t) = —C=(t) + Ag(2(t)) + Bg(2(t — 7(1))) + p (1)

2(t) = ¢(t),t € [-7,0] )

where 2(t) = [21(t), 22(t), - - -, 2, (t)]T € R™ is neuron vector
9(2(1))) = [g1(21(1)), g2(22(8)), -+, g (2n (1))]" € R"denotes
the neuron activation function,C' = diag{cy,ca," -, ¢} >0
A € " B € R"*Mare the connection weight matrices
and the delayed connection weight matrices,respectively,
w =[p1, ft2, - - -, pin)Tis constant input vector,and 7(t)is a
continuous time-varying function which satisfies.

0<7(t) <7 7(t) < w 3)

where 7 and w are constants.

The following assumption is made in this paper.
Assumption 1.The neuron activation functions g;(¢) in (1) are
bounded and satisfy

- < gi(l‘) - gi(y)

Vi = r—y S’Y?,I,y6%,1}#:%7:2172,“',71
“)

Where v;,7; (i = 1,2, - - -,n) are positive constants.
Assumption 1 guarantees the existence of an equilibrium
point of system(1) [13].Denote thatz* = [z}, 23, ---, 2%]T is the
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equilibrium point. Using the transformationz(-) = z(-) — 2*
system (1) can be converted to the following error system:

i(t) = =Cax(t) + Af (x(t)) + Bf (x(t — 7(1))) )
where z(t) = [x1(t), 22(t), - -, 2, (t)]T € R™ is the neuron

vector, f (x(t)) = [fi(21(1)), fa2(z2(t)), -, fu(za(t))]" € R"

denotes the neuron activation function.
let fi(x(t)) = gi(=i(-)) — gi(2),i = 1,2, -, n.we can get

< fi(zi (1))

xi(t)
Definition 1.The equilibrium point of system (5) is said to be
globally exponentially stable,if there exist scalars £ > 0 and
£ > 0 such that

< f:(0)=0,i=1,2,--n (©6)

() < Be™ sup_[l6(s) — =*], ¥ > 0. @
—7<s<0

Lemma 1 [14].For any constant matrixZ € R"*",Z = ZT > 0,

scalars ho > hy > 0 such that the following integrations are

well defined, then

(hy — hl)/hhl 27 (s)Zx(s)ds 2/

2 ha

hi hi

x(s)ds
(®)

Lemma2 [17]. For all real vectors a,b and all matrix @ > 0
with appropriate dimensions,if follows that:

2aTb < aTQa +bTQ b ©)
Lemma 3.By (6) the following inequalities hold

i (t)
osA [F(5) — 7 slds < [fi(a(t)) — 47 2a(®)za(t)

2T (s)dsZ /

ha

(10)
zi(t)
0< /0 [i"s = fi(9)lds < [y @i() + filwi(t)]wi(t)
(11
Proof: Let F;(s) = fi(s) — ; s,we have
() S0
s s
Therefore,
xi(t)
| e —arslas >0
By Assumption 1
DYF(s) = Tm Fi(s +1) — Fi(s)
P—0+ P
_ o fils )~y s+ ¢) — fils) i
Y0t (4
_ 7/)@+(in(5 + 1/2 - fils) 4) 20

then function F;(s) is a monotone nondecreasing.we have the
following inequality

;i (t)
OSA [F(5) — 7 slds < [fi(a(8)) — 7 2a(®)a(t)

(11) is similar to proof (10) and is omitted here. |
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III. MAIN RESULTS

In this section, we propose a new exponential criterion for
the neural networks with time-varying delays system. Now,
we have the following main results.

Theorem 1.For given scalars I'y = diag(vy 75+ * Vn)
Ly = diag(yyF, 74, -5 )u < 1the system(5) is globally
exponentially stable with the exponential convergence rate
index k if there exist symmetric positive definite matrices
S S12 Sis
P,QZ(’L = 1,2, s ,4),RZ(Z = 1,2,3),3 = * 522 523
* * 533
positive diagonal matrices A = diag(A1, A2, - -, Ap),A =

diag(0y, 02, - +,0p), My,Ms,such that the following LMIs
hold:
eln ez ez ey e Sz 0
* €29 €23 0 0 0 0
* * €33 €34 0 0 0
E = % * ¥ eqq eg45 O 0<0 (12)
* * * * €s5 €56 €57
* * * * % €66 €T
* * * * * * ey
enn ez ez 0 fis Sz 0
* €29 €23 0 0 0 0
* * €33 €34 0 0 0
F=1x% s x fuu fais fass 0| <0 (13)
* * * *  fss fse est
% % ¥ fes  eer
* * * * * x e
e;n ez ez 0 fis Sz 0
* €929 €93 0 0 0 0
* * €33 €34 0 0 0
G=|* * x gu 0 g gar| <0 (14)
* * * * €55 €56 €57
* * * * * €66 ger
* * * * * x  err
where

€11 = 2kP — PC — CP — 4kP1A - C(FQA — F1A)
+ (%)20(31 + Ry + Ry)C — 2T, MiTsy — (TsA — T A)C

4
+ Z Qi + S11 — e iFTRy 4 4k A,
=1
e12 = PA+ 2kA — 2kA — (A — A)C + (TyA —T1A)A
- (g)QC(Rl + Ry + R3)A + My (T +T'2),

(3)°C(Ry + Ro + Ra)B,

e13 = PB+ (T3A —T1A)B —

ey = 3/26_%kTR37€15 = Si2,

32 =(A—AN)A+AT(A—A) + (%)QAT(Rl + Ry + Ry)A
— oM,

€23 = (A — A)B + (g)QAT(R1 + Ry + R3)B,

e33 = (%)2BT(R1 4 Ro+ R3)B — 2Moy,

e3q = My(Ty +T3), €45 = 2¢7 5" Ry,
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€44 = —6_2kT(1 - U)Ql - 3€_§kTR3 — 2F1M2P27

ess = —e EFTQo + S — e ETSy — e ERTRy,
— ¢ 3K Ry o5y = —e 8RSy,

es6 = So3 — €ISy + e IR Ry,

eos = —€ 3KTQs + S35 — e 5T Ry,
_ 672k7'R1 _ 67%k7'522,

egr = *G%k‘rs&g + 672k7—Rl7

- 767%7@4 _ 67§1¢TS33 _ e’QkTRh

fis = S12 + € 3 Ry, fus = e 3K x nga

f44 _ 72k‘r( )Ql . 367%kT2R2

— 9D MaT's, fa6 = e~ 557 x 2Ry,
Js5 = —¢ TERTQy 4 oy — ¢3Sy — e BET Ry,
— e TRy, fs6 = S23 — e 5T S,
foo = —€ 75 Qs + Szz — eTIKTRy,
_e"2%TR — e—%k-rsm’
ga6 =€ 2N x 2317947 =2e MRy,
gan = —e~ 2 (1 - 0)Qy — 3¢ 2R,
—2I'1 My
967 = —6%1”523

Proof: Construct a Lyapunov-Krasovskii function as
follows:

Vi) =Y Vi(w)

where
Vi(zy) = 22T (t) Pa(t)

n

xi(t)
Ve =265 30 [ A (lo) =7 o)

i=1

zz(t)
+/ 5.7 s — £i(s))ds]

0

¢
Vg(art):/t " e 2T (5)Qr(s)ds

ISSN: 2517-9934
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Vi(ze) = g/ / () Rui(s)dsdd
+

+I/ 3/ ()T Ry (s)dsdf
3 27 Jt+6

o /+0 20 5(s)T Ry (s)dsdd

The time derivative of V' (x;) along the trajectory of system
(5)1is given by

5
V(th) = Z Vz‘(ﬂft)
=1
where
Vi(xy) = 2ke®* T (t) Pa(t) 4 22T (1) Pi(t) (15)

. n ;i (t)
Vi) = 4k Y[ A9 =27 9

x; (t) =
T / 505 — i(3))ds] + 26 (T (a (1))
2T (OTD)AG(E) + (T (O — 7 (2(1)) Ai(t)]
<4ke2’”[(f(x(t)) sT (T ) Az(t) + (7 ()T
e ()))Ax(t)]+2€2“[fT( (H)(A—A)

+ 27 (t)(T2A — T1A)]i(t)
(16)

Vg(l’t th T ZQ

_ T u) Tt = () Qua(t — 7(t))

— DT~ D) Qaalt - 1)

= (- T Quae - )
— T (- 1) Qua(t — 7)

a7

(18)

)?e**aT (t)(Ry + Ra + Rs)i(t)

¢
/ e ;T (s)Ryi:(s)ds
¢

=% (19)
_g/ 2ks T( )RQCL‘(S)dS
3

t7
%/ e 3T (s)Ryi(s)ds
t7

162



International Journal of Engineering, Mathematical and Physical Sciences
ISSN: 2517-9934
Vol:8, No:1, 2014

(I)When 0 < 7(t) <
have

%.Based on the bounds lemma of[16],we

o) 17"
20337 () Raic(s)ds < e2F=3) | w(t — 7(t))

_Z/t (
3 )iz w(t— 1)
*Rg 2R3 0 l’(t)
X R3 —3R3 2R3 CL’(t — T(t))
0 2R3 —R3 x(t — g)

(20)

o

t—=T1
- Z/ ¢33 T (s)Ryir(s)ds < —ek(t=T)
3 Ji—r 1)

« [t - §T) ot — ) Ryt — 27) —a(t— 1]

t—Z
_ %/ 3 62]€S.7‘,'T(3)R2j}(8)d8 S *62k(t7%)7
t—2r
T 9 7- )
x [zt = 3) —a(t - gT)}TRz[z(t - D)~ - 2n)]
22)
(2 When 5 = 7(t) < %T.we have
T
t—ZI I(t ) %)
_g/ 3 e2k337T ($)Roir(s)ds < =37 | x(t — (1))
tng x(t - %T)
—Ry 2R, 0 2(t— g)
X | Ry —3Rs 2R, z(t —7(t))
0 2Ry, —Ry a(t — %T)
(23)

2

t—37
- I/ ’ 2531 (s)Ryir(s)ds < —ek(=T)
3 Jer (24)

2 . 2
X [z(t — gT) —x(t—7)]" Ry[x(t — 57’) —z(t—71)]

— g/f 2P iT (s Rgir(s)ds < —e?F(=3)
- (25)
x [o(t) — x(t - 5)]TR3[x(t) ~a(t- 1))

(3) When %7’ < 7(t) < 7.Based on the bounds lemma

of[16],we have

L vt - 27"
_7/ e237 (5) Ryi(s)ds < 07 |t — (1))
3 Je—r oot
-Ry 2R 0 ot — %7’)
x| Rt —3Ry 2R x(t —7(t)
0 2R1 _Rl x(t _ 7_)
(26)
t
_ Z/ ersi»T(S)Rgdt(s)ds < _2k(t—3)
3 . 27
< o) - alt — T Rofe(t) — ot — )

_ g/ 3 er'S.fT(s)Rgx"(s)dS < _eZk(tfg)T
p_2

2,
2 2
< [o(t = 5) = w(t = )T Rala(t = ) — alt - 57)]
(28)
In order to derive less conservative results,By (6) we add the
following inequalities with positive diagonal matrices M7, My

M [=2f T (a(t) My f(2(t)) + 22T () M1 (T + T2) f(2(2))

— 2$T(t)F1M1F2$(t)] > 0
29

2T (w(t — 7(1))) Mo f (x(t — 7(¢))) + 227 (¢ — 7(t)) M2
x (T 4+ Do) f(z(t — 7(t)) — 22T (t — 7(¢))T'1 MaT'y

x x(t —r(t)] > 0
(30)

()When 0 < 7(t) < %. According to (12),from (15) —
(22), (29) — (30).then one can obtain
V() < MET(EE®D)] < 0 G
where

() =l (), 1 (x(0), fT (2 (t — 7(1))), 2" (¢t — 7(1)),
7= D), (¢~ r),at (¢ - 7))
(2)When I < 7(t) < 27. According to (13),from (15) —
(19),(23) — (25), (29) — (30).then one can obtain

V(z) < eMET () FE1)] <0 (32)

(3)When 27 < 7(t) < 7, According to (14),from (15) —
(19), (26) — (30).then one can obtain

V(zy) < HET(0GED)] <0 (33)
Therefore
Vi) < V(o)
On the other hand,
Vi(20) < Amax(P)l|2(0)]* < Amax(P) s ()11
(34)

Va(o) < 2[f(x(0)) — T12(0)]" Az(0) + 2[T22(0)
= fz(0))" Az(0)
S 2)\max(r2 - Fl)(/\max(A) + )\max(A)) (35)

X sup [la(s)?
—7<5<0

(36)

H>/
]
"
—~
O
N
~
_|_
H>4
]
B
—~
QO
ot
~—
_l’_
N
H>/
&
k)
—~
O
<)
Nad
~—

< N 2ks m(_S)z T(j)z 37
V4(l’o)_/ e w(s—%)| Sla(s—3)|ds (GD
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0 T
< / (2T (5)S112(s) + 227 (5)S102(s — g)

T
3

2
+ 227 (5)S132(s — g’l’) +2T(s — 5)3221:(5 - %) (38)

2 2
+ 227 (s — g)Sggm(s - 57’) + 2T (s - 57)533

x x(s — %T)]ds

According to Lemma3

Va(@0) < 5§ Pmax(S11) + Aumae (S12) + Aunae (S13)](5)]*
+ g[)\max(SlZ) + )\max(SIS) + Amax(s22)}

X H.%(S - %)Hz + %[/\max(522) + /\max(S23)

+ Amax(S33)][|(5) |

< Pmax(S11) + 2Amax (S12) + 2Amax(S13)
+ Amax(522) + 2Amax(523) + Amax (533)]
x sup [la(s)|?

—7<s<0
(39)
T —F 0
VS(xO) < g)\max(Rl)/ / xT(S)JJ(S)deQ
—T 0
+ %)\max(RZ)/ / J'T(S)l'(s)dsde
,%r 0
T 0 0
+ g)\max(RS) / J?T(s):r(s)dsdG
-z Jo

5 1
ﬁ + )\de(RQ) X 6
+ A (R3) % %8] P (CTC) + 7 A (AT A)

+7" Amax(BTB)] sup la(s)]?
—7<s<0

S 7-3 P\max (Rl) X

(40)
According to (34)—(39),we can get the following inequalities:
V(x(0)) <w sup |xz(s)| (41)
—7<s<0
where

w = Arna.x(P) + 2)\max(r2 - Fl)()\max(A) + )\max(A))

T 2T
7)\max o

+ 3 Q1+ 3
2T

+ ?)\maxQ5 + T/\maxQG + )\max(Sll) + 2/\max(sl2)

+ 2)\max(313) + Ama.x(S22) + 2>\max(523) + )\max(S33)

5 1 1
+7'3[)\max(Rl) X E +)\max(R2) X 6 + )‘max(RB) X E}
X Mnax(CTO) + Y Amax (AT A) + ¥ Aax (BT B)]

AmaXQZ + T)\maxQB + g)\maxQ4

(42)
On the other hand,we have
V(a(t) = e Anin(P)l|2 (1) 3)
Therefore
le@ll < /e ™ sup_a(s)] (44)
Amin (P) —7<5<0

Thus,according to definition] the system (5) is exponentially
stable ,the proof is completed. ]

Corollary 1.For given scalars I'y = diag(y; , 75+ * V)
Loy = diag(v{, v, -+, h).m < Lthe system(5) is globally
exponentially stable with the exponential convergence rate
index k if there exist symmetric positive definite matrices

St Sz Sz
P,Q7(Z = 2, 3, 4),R7(Z = 17 2, 3),andS = * 522 5'23

* * 533
positive diagonal matrices M7,Ma,A = diag(A1, A2, -+, Ap),
A = diag(d1, 02, -+, d,) such that the following LMIs hold:

enn ez ez ey e Sz 0
k €929 €23 0 0 0 0
* * €33 €34 0 0 0
E= % * ¥ eqq e45 O 0 <0 45)
* * * * €55 €56 €57
* * * * * €66 €7
* * * * * * (&rdrd
fir ez ez 0 fis Siz 0
¥ egp ez 0 0 0 0
* * €33 €34 0 0 0
F=|x x x fuu fis fie 0[<0 (46)
* * * ¥ fs5  fse [fst
* x % *  fes  eer
* * * * * (rdrd
fir ez ez 0 fis Siz 0
k €922 €93 0 O 0 0
* * €33 €34 0 0 0
G=|* % * guu 0 g gar| <0 47)
* * * €55 €56 €57
* * * * €66 ger
* * * * * (&rdrd
where

e11 = 2kP — PC — CP — 4kT'|A — C(T3A — T A)
+ (%)20(31 + Ry + R3)C — (oA — T, A)C
4
+3 Qi+ S11 — e Ry + 4kDo A — 20 M Ty
=2
e = PA+2kA — 2kEA — (A — A)C + (FQA — FlA)A

~ (5)°C(Ry+ Ry + Ry)A + My(Ty + o)
e13 = PB+(IoA = T1A)B = (3)°C(Ry + Rz + Ro)B
€14 = 3/267%]”]%37 e1s = S12

ean = (A — A)A — 2M; + (%)QAT(Rl + Ry + R3)A

+ AT(A — A)7 €4 = —36_%kTR3 — 21 MsTy
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€23 = (A — A)B + (g)ZAT(Rl + Ry + R3)B
€33 = (g)2BT(R1 + Ry + R3)B — 2M,

2

€34 = Mg(rl =+ F2)7645 = 26_3]“—R3

ess = —e iFTQo + Sy — e RSy — e EFT Ry
— e 3 Ry ey = —e 3RSy
es6 = So3 — € iS5 + e TR Ry,
eo6 = —¢ 3KTQs + S33 — e 5T Ry
_e2kTR, _ efgkrsm
eor = —e5T Sy + e TRy e5r = —eT 3RS,
err = —e HTQy — e 3Gy — e HTR,

fis = S12 + € I Ry, fu5 = e 35 x gR&
faa = —3¢"3FT2R, — 21| Moy
fs5 = —6_%’”@2 4 Sap — e TGy — e SRRy
- 6_%kTR2,f46 = 6_%1” X 2R2
fs6 = Sa3 — 6_%]”512, g15 = S12 + e SRRy
_e—%k‘rQS 4 de _ e—%kTRZ _ e—QkTRl _ e—%k‘rSzQ

gar = 2¢FT Ry guy = —3e TRy — 2T MoTs,

o
(=
Il

2
gor = —e3"7 So3

Proof: Choosing (); = 0 in Theorem 1,one can easily
obtains this result. ]
Remark 1. This paper not only divides the delay
interval|0, d| into [0,d/2] and [d/2,d],but also divides [0,d)
into [0,d/3],[d/3,2d/3] and [2d/3,d].Each segments has a
different Lyapunov matrix,which have potential to yield less
conservative results.

IV. EXAMPLES

In this section,we provide the simulation of examples to
illustrate the effectiveness of our method.
Example 1.Consider the system(5) with the following
parameters:

2 0 -1 05 ~0.5 0.5
¢= {0 3.5} A= {0.5 —1} B = {0.5 0.5}

'y = diag(0,0), I'y = diag(1,1)

First,the maximum delay bounds 7 are shown under different
k are list in Table I.

Second, let © = 0 ,the maximum exponential convergence
rate k are shown under different 7 are list in Table II

TABLE I
ALLOWABLE UPPER BOUND OF 7 WITH VARIOUS k

k 0.5 1
[18] 2.59 0.97
[19] 2.82 1.18
[20] 2.90 1.32
[22] 2.94 1.35
this works 3.58 1.58

TABLE II
ALLOWABLE UPPER BOUND OF k WITH VARIOUS T

T 0.5 1 1.5
[18] 1.35 0.98 0.75
this works 1.45 1.17 1.01

Then,when k& = 0.25,u = 0.8 or unknown,the maximum delay
bounds 7 and various u in Table III.

TABLE IIT
ALLOWABLE UPPER BOUND OF 7 WITH VARIOUS u

u 0.8 Unknown(corollary)
[19] 2.8 1.04
[21] 29 1.40
[22] 35 2.53
this works 4.76 4.69

Example 2.Consider the system(5) with the following
parameters:

6 0 0 1.2 —0.8 0.6

C=10 5 0| ,A=|05 —15 0.7
0 0 7 —-08 —-12 -14
(—1.4 09 05

B=|-06 12 08
|05 —07 1.1

I'y = diag(—1.2,0,—-2.4), I'y = diag(0,1.4,0)

For various 7, u,the maximum exponential convergence rate k
are shown in Table IV.

TABLE IV
ALLOWABLE UPPER BOUND OF k£ FOR EXAMPLE 2

(7, u) (0.5,0) (0.5,0.5) (0.6,0.5) (0.8,0.5)
Theorem 1 0.57 0.11 0.09 0.07

V. CONCLUSION

In this paper,a improved global exponential stability criterion

for recurrent neural networks with time-varying delay is
proposed. A suitable Lyapunov functional has been proposed
to derive some less conservative delay-dependent stability
criteria by using the free-weighting matrices method and
the convex combination theorem. Finally, numerical examples
have been given to illustrate the effectiveness of the proposed
method.
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