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Abstract—The aim of this paper is to introduce the notion of
intuitionistic fuzzy implicative ideals with thresholds (A, p) of
BCl-algebras and to investigate its properties and characterizations.
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[. INTRODUCTION

BCl-algebra is an important class of logical algebra and

was introduced by Iséki [1], [2]. K. Atannassov [3]
introduced the concept of intuitionistic fuzzy sets. At present
this concept has been applied to many mathematical branches.
In 2003, K. Hur [4] applied the concept to the theory of rings,
and introduced the concepts of intuitionistic fuzzy subgroups
and subrings. M. Jiang and X.L. Xin [5] later introduced the
concepts of (A,u) intuitionistic fuzzy subrings (Ideals), some
meaningful results are obtained. In [6], we have given the
concepts of intuitionistic fuzzy subalgebras with thresholds
(A1) and intuitionistic fuzzy ideals with thresholds (A,p) of
BCl-algebras, in this paper, we apply the concept of
intuitionistic fuzzy sets to the ideals theory of BCl-algebras,
and introduce the notions of intuitionistic fuzzy implicative
ideals with thresholds (A,ut) of BCI- algebras. We give several
properties and characterizations of intuitionistic fuzzy
implicative ideals with thresholds (A,u) of BCI- algebras.

II. PRELIMINARIES

An algebra ( X;*,0) of type (2,0) is called a BCI- algebra if
it satisfies the following axioms:
(BCI-1) ((x*y)*(x*2))*(z*y)=0,
(BCI-2) (x*(x*y))*y=0,
(BCI-3) x*x =0,
(BCI4) x*xy=0 and y*x=0 imply x=Y,
forall x,y,z e X .InaBCl-algebra X, we can define a partial
ordering < by putting X <y if and only if Xx*y =0.

In any BCl-algebra X, the following hold:
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(1) (xxy)*z=(x*2)*y,

2) x*0=x,

(3) 0x(x*y)=(0xx)*(0*y),

4) (xxz)x(y*z)<x*y,

(5) xe(xx(xey)) = X2,

(6) X<yimpliesx*z<y*zandz*y<z*X,
forallx,y,z e X.

In this paper, X always means a BCl-algebra unless
otherwise specified.
A nonempty subset K of X is called an ideal of X if

(I):0eK,(l,):x*xyeK and yeK imply xeK. A
nonempty subset K of X is called a implicative ideal of X if it
satisfies (1) and (1) (((x*y)*y)*(0*y))*ze K and ze K

imply x*((y*(y*x))*(O*(O*(x*y)))) eK.
Definition 1 [3] Let S be any set. An intuitionistic fuzzy
subset A of S is an object of the following form

A= {<X,,uA (X),v, (X)> 1Xe S} where 11, : S —[0,1]
and v, : S —[0,1] define the degree of membership and the

degree of non-membership of the element X € S respectively
and for every x €S, 0< g1, (X)+v, (x)<1.

Denote (1) = {(a,b): a,be[O,l]} .

Definition 2 Let Az{(X,,uA(x),vA(x)>:x € S} be an
intuitionistic fuzzy set in a set S. For <a,ﬂ> IS (I), the set
A,y =1X€S: 1, (X) 2, v, (x) < B} is called a cut set of A

Definition 3 [6] Let A, u € (0,1] and A < g

An intuitionistic fuzzy set A in X is said to be an
intuitionistic fuzzy ideal with thresholds (A, x#) of X if the

following are satisfied:
(IF) 4 (0)v A= g1, (X) A s,
(IR) va(0) A<y, (X)v 4,
(IF) paa (X) v A2 g (X% Y) A i (V) A 25
(|F4)VA(X)/\/JSVA(X* y)vva(y)va,
forall x,y e X.

Proposition 1 [6] Let A be an intuitionistic fuzzy ideal with
thresholds (4, ) of X.If x <y holdsin X,

then sz, (X)v A= g, (Y) A pt, va(X) A <v, (Y)v A
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Proposition 2 [6] Let A be an intuitionistic fuzzy ideal with
thresholds (A, ) of X. If the inequality X*y <z holds in

X, then forall x,y,z € X,
ﬂA(X)VﬂZﬂA(y)/\ﬂA(Z)/\#a
va(X)Ap<v, (Y)vva(z)v A

III. INTUITIONISTIC FUZZY IMPLICATIVE IDEALS WITH
THRESHOLDS (4, £) OF BCI- ALGEBRAS

Definition 4 Let A, 1 € (0,1] and 4 < p.
An intuitionistic fuzzy set A in X is called an intuitionistic
fuzzy implicative ideal with thresholds (A4, ) of X if it

satisfies (IF, ),(IF,) and
(1) o (X ((y#( y*X) (0*( «(x*y)))))v 4
> iy (e y) = y)# (0% y))*2) A 1, (2) A
(IR v [x=((y=( y*X) ( (0%(x=y))))) A 1
<V (=)= y) (0% y))* 2) v v, (2) v 4.

Proposition 3 Any intuitionistic fuzzy implicative ideal with
thresholds (A, ) of X is an intuitionistic fuzzy ideal with
thresholds (4, 1) of X, but the converse does not hold.

Proof. Assume that Ais an intuitionistic fuzzy implicative
ideal with thresholds (4, #) of X andput y =0 in (IF;) and

(IF ), we get

Vﬂ Ha

( 0* 0%Xx)) (0*(0*(x*0)))))v/1

>yA( ((x*0)%0)= 0*0))*2)AyA(z)Ay
> py (x*2) A ptp (2) A s

VA(X)/\,LI=VA(X*((O*(O*X))*(O*(O*(X*O)))))/\ﬂ
sVA((((X*O)*O)*(O*O))*z)va(z)vl

=v,(xxz)vv,(z)v A
This means that A satisfies (IF,)and (IF
(IF) and (IF,),
thresholds (4, i) of X.

To show the last half part, we see the following example.
Example 1 Let X = {0,1,2} with Cayley table gived by

, ). Combining

A is an intuitionistic fuzzy ideal with

TABLEI
RESULT OF COMPUTATION
* |0 |1 |2
0|0 |0 |0
1 |1 ]0 |0
2121210

Define A={<X,,uA(X),vA

and v, : X —>[0,1] by s, (0)=2/3, s, (1) =, (2)=1/3,
va(0)=1/4,v,(1)=v,(2)=1/2. Let A=1/8 and

#=3/4. By routine calculations give that A is an

intuitionistic fuzzy ideal with thresholds (A, &) of X. But it is

(X)> Xe S} where 2, : X —[0,1]

not an intuitionistic fuzzy implicative ideal with thresholds
(4, ) as

aa(12((2%(251)) #(0% (0% (1%2)))) v 2 =, (1)

< p1,(0) = 11, ((((1*2)*2)*(0*2))*0)/\ﬂA (0) A p.

The characterization of intuitionistic fuzzy implicative ideals
with thresholds (4, ) of X are given by the following
proposition.

Proposition 4 An intuitionistic fuzzy set A of X is an
intuitionistic fuzzy implicative ideal with thresholds (A, x) of

X if and only if, for all a, 8 (A, 4], A s

an implicative ideal of X.
Proof. Let A be an intuitionistic fuzzy implicative ideal
with thresholds (4, #) of X and A<M> # & for some

wp) is either empty or

a, (A, u]. Itis clear that 0 e A g Let

(((X*y)*y)*(o*y))*zw

(e 9)3)(0) )WA

Va(((xxy)*y)=(0%y))*2) < Bva (2)

5 )and (1F,),

1 (32 ((y 2 (y ) % (02 (0% (x2 )))) v 2

>ﬂA((((X*y )*y)*( O*y)*z)AyA(z) AU a,

Va ( #((y*(y*x))(0%(0%(x*y) )))

<"A((((X )*(O*V)*z)va(z)
(
)

and ZeA< ) , then

It follows from (IF,

Namely. s, (x+((y+ () 0+(0+ x*y»)))

v ( ((y* y*x) 0* 0*(x*y)

)
o () (0 (02 (s < A

This shows that AXa, 5

< fand

is an implicative ideal of X.
Conversely, suppose that for each «,f e(4,u], A p is
either empty or an implicative ideal of X. For any X € X, let

a=p, (XA, B=vy(X)vA. Then u,(X)=a,v,(x)<p,

hence X e A<aﬁ> and &w-@
X, therefore 0 € A< ie, p,(0)2a, andv,(0)<B. We

is an implicative ideal of

a.B)’
get 1, (0)v A=, (0)2a =, (X)Ap,
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Va(0)Au<v, (0)< B=v,(X)Vv 4,

ie., ty(0)v A= u, (X)Apand v, (0)Au<v,(X)v 4,
forall x e X.

Now we only need to show that A satisfies (1F;) and (IF,).
Let

2= 1 ((((6)*¥) (04 ) 2 1y (2)
ﬂ:VA((((X*Y)*Y)*(O* y))*Z)VVA(Z)v/I.

Then

aa(((Ocey)ey)=(0xy))*2) 2 (2) 2 @
vil((ery)#y)=(0ey)2) < v (2) <

Hence (((X* y)*y)*(0* y))*z €A,  and ze A, ;. Since
A< >1s an implicative ideal of X, thus

((y* y * X ) (0*(0*(X*y))))e A<a’ﬂ>’ ie
( *( (y*x)) (x*y)))))za,
VA(X*( Y*x (x*y)))))sﬂ.

We get
 (30x((y*(y ) #(0%(0% (xx¥))) ) v 2

= iy (x#((y*(y ) (0%(0%(x+)))))

> =, ((((xxy) ¥ y) =(0%y)) ¥ 2) n i (2) A 1
va (e ((y = (y#x9) % (0%(0% (x#y)))) |
<va[x((y(y £x0)(0%(0x(x+))))

gﬂ:vA((((x*y)*y)*(O*y))*z)va(z)vﬂ.
This means that A satisfies (IF;)and (IF,). Hence, Ais an

intuitionistic fuzzy implicative ideal with thresholds (4, ¢) of
X.

Proposition 5 Let J be an implicative ideal of X. Then
there exists an intuitionistic fuzzy implicative ideal A with
thresholds (A, 1) of X such that '%, 5= J for some
a,Be(Au).

Proof. Define A:{<X,,uA(X),vA(X)> 1Xe S} by

a if xel,
X) =
(%) {,1 if xeJ,

g if xed,
-1
u if xed,
where a, 3 are two fixed numbers in (4, x].
Since J is an implicative ideal of X,

if(((X*Y)*Y)*(O*y))*ZeJ and z € J, then

x*((y*(y*x))*(O*(O*(x*y))))eJ
Hence
i ((((ery)xy) = (04 y)#2) = e (2)
_IUA( y* y o))+ (0% (0% x*y))))):
va((((cxy)xy) (0% y))x2) = v (2)
= v (xx((y*(y#x)) =(0%(0% (x*y))))) = £
thus
( ( y * y*x))* 0* 0*(x*y) )))v/l
Z,UA((( X * (
(

#y)x(0*y) )*Z)Ay Z)Au,
y

VA(X* y* x)) (0(0%(x+ )))/\,u
gvA((( X*y *y)* O*y) ) va(Z)v A
(( )

Ifatleastoneof( X*y *y) *y)*Zeand21sn0t1nJ

then at least one of ,uA((( X y)* y)* 0y )*Z) and 1, (2)
is 4,
and at least one of v, ((((x* y)*y)*(O* y))*z) and v, (2)
is g
Therefore,
yA(X*(( *(y*x))*(0%(0%(x*y) )))v/l

(

= U, ((( X

*y y)* O*y)*z)/\y Z)/\,u
vA(x*( y * y*x)
((

0* 0* x*y )))/\,u
(2)

SVA(( (xxy)*y)= O*y))*z)va Z)v A

This means that A satisfies (IF; )and (IF;).Since 0 € J,

U (0)v A=a>p, (X)Au, va(O)Ap=B<va(X)V A,
F)and(IF,). Thus, Ais an

intuitionistic fuzzy implicative ideal with thresholds (A, i) of
X. Itis clear that A, , =J

Definition 5 [6] Let A4, u € (0,1] and A < p.
An intuitionistic fuzzy ideal A with thresholds (4, &) in

forall xe X and so A satisfies (|

X is said to be an intuitionistic fuzzy closed ideal with
thresholds (A, i) of X if the following are satisfied:
UpOxX)v A2 up(X)A 1,
VA(O*X)/\ySVA(X)vﬂ.,
forallx € X.

Proposition 6 Let A be an intuitionistic fuzzy implicative
ideal with thresholds (A4, ) of X. If A is an intuitionistic

fuzzy closed ideal with thresholds (A, #) of X, then for all
X, yeX,
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,uA(x*(y*(y*x)))vﬂ ZyA(((x* y)*y)*(0* y))Ay, A(yA(O*(((x* y)*y)* (0% y)))vﬂ)/\(y\//i)
VA(X*(y*(y*X)))/\y SVA(((X* y)*y)*(0* y))vxl. > (HA(((X* y)*y)*(0x y))/\ﬂ)

Proof. Assume that A is both an intuitionistic fuzzy o V) v ) (0% )
implicative ideal and an intuitionistic fuzzy closed ideal with /\(,u A ((( ) y) ( y))/\,u N

thresholds (4, ) of X. Substituting 0 for z in (IF;) and :/UA(((X* y)* y)*(O* y))/\ﬂ
(IF,), we get

'UA(X*((y* yx))+ ( #(0x(xxy )))) A :(VA(X*(y*(y*X)))/\/J)/\,U

?(((((yy(yy» O(ZZ()():#x*y)))))w < xe((v2y =) (0x(0x(x2)))

(
<v, (((x* y)*y)*(0x y))v/l.

va (o (y* (y*x))) A u

(
va(O*(((x*y xy)*(0%y) ))vﬂ)

By Definition 5, we have :(VA(X*((y*(y*X)) ( (0*(X*y))))) )
a(0%(((xry)=y)» (O*V)))V v(va(02((Oeey)ey)=(0xy) ) np)v (n )
>,UA(((X*Y)*Y) (O*y)) ( (((x*y *y O*y )
VA(O*(( (x*y) *y O*Y))) (A(((x*y)*y) (O*y))v,i) A

([0 3)+ )00 ) (93} e(0e )
Since Namely,
(x*(y*(y*x)))*(x*(()/*(y*x))*(O*(O*(x*y))))) yA(x*(y*(y*X)))vlZ,uA(((X*y)*y)*(O*y))/\,u
5((Y*(Y*X))*(O*(O*(X*Y))))*(Y*(Y*X)) VA(x*(y*(y*x)))/\ySVA(((x*y)*y)*(O*y))\//l
:0*(0*(0*()(* y))) Definition 6 Let S be any set. If
—0*(X*y) A={<X,,uA(X),vA(X)>:XeS},B={<X,,u5(x),v3(x)>:XeS}
an be any two intuitionistic fuzzy subsets of S , then
0*(( xxy)x )*(O*y)) AmB:{<x,(,uAmyB)(x),(vAuvB)(x»:XeS}
:((0* x*y * O*y) (0*(0*y)) ={<X,,L1A(X)/\,UB(X),VA(X)VVB(X)>:XES}

((0 O* O*y ))*(X*y ) O*y) im;ljlzcc)ar\)t?\sfletliZZaIZ vl;ft; er:;l(i)l(?s (ljle, ;;vooén;:l lt"}(})ltlr?tf\ riuézl}s/
:((0* #(Xxxy )*(O* y also an intuitionistic fuzzy implicative ideal with thresholds
=0x(x*y), (A, 1) of X.
we get Proof. For all X,Yy,z € X, by Definition 4, we have
(x*(Y*(y*x)))*(x*((y*(y*x))*(O*(O*(x*y))))) ﬂAmB(0)\/’1:(”A(O)’\ﬂa(o))v’1
SO*(((x*y)*y)*(O*y)). :('UA(O)VA)AQUB(O)VA)
by Proposition 2, we obtain Z(ﬂA(X)A’u)/\('HB(X)Aﬂ)
pa (x* (y*(y*x)))v 4 = (12 (X) A 1 (X)) A pt
=(ﬂA(X*(y*(y*x)))vﬂ)v,1 = s (X) A 12,

Vas (0)Ap= (vA (0)vvg (0))/\/1
_(ﬂA( ((y v )) (0 (0 ( y))))) :(VA(O)/\/J)V(VB (0)/\,u)

A (0%(((exy)#y) (05 y))) v 2 < (v (v 2) v (v () 2)

:(,uA(x*((y*(y*x))*(O*(O*(x*y)))))vl) =(va(X)vvg (X))v 4
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=vas (X)V A,

IuAr\B( ((y* y*x) 0* 0%(x*y)) )v/l

(e

Aty (x#((y* (v #x))
(

S

/\( (x*((y*(y*x *( x*y

y* y*x 0* 0* x*y ))

y* y* X )*

(e y)y) (0% y) ) 2)) A (110 (2) A g (2)) A
(x#y)*y)#(0%y))*2) A g (2) A
VA”B(x*((y* (y*x))(0%(0%(xxy ))))M
= (v (x+((y*(y=x9)#(0 (0% (x+))))

v (x((y (v ) =05 (0% (xxy))) )
:(VA(X*((y*(y*X))*(O*(O*(X*y)))))/\/.t)

(v (xx((y #(y= 1)) (0#(0% (x23))
<(va((((x*y)*y)*(0xy))*2) v ra(2)v 4)

v[va((((xxy) = y) (0% y))*2)vve (2)v 2]
~(va((((x=y)=y)=(0%y))=2)

g ((((xxy)*y)s O*y))*z))v(vA(z)va(z))vxl

((

:VANB(( (x*y)*y)*(0x y))*z)vamB(z)vﬂ.

Hence A B is an intuitionistic fuzzy positive implicative
ideal with thresholds (4, x) of X.

Definition 7 Let A and B be two intuitionistic fuzzy sets
of a set X. The Cartesian product of A and B is defined by
AxB= {<,quB (X% Y):Vae (X, y)> X, Y€ X} where

s (%) = 1 (X) A 115 () Vas (X V) =va (X) v vg ().
Proposition 8 Let A and B be two intuitionistic fuzzy
positive implicative ideals with thresholds (4, i) of X. Then

Ax B is also an intuitionistic fuzzy positive implicative ideal
with thresholds (4, x#) of X x X.

Proof. For all (x,y) €
s (0,0)v 2 = (12, (0) A 125 (0)) v 2

X x X, by Definition 4, we get

:(/L[A 0)\//1)/\( 0 )
> (1 (X) A 1) A (15 (¥) A 22)
_/uAB(X y)/\ﬂ
)(yl Yz) (Zl Zz)eXxX we have

Y1*X )*( (0* x *yl))))
L #%,))#(0%(0%(x, *y,) )))

for all (x,,
ﬂAxB(] ((
X, *(

= #(( )

. (( )
(o x *( Jv2)
o #(0%(x*y,)))))v 2)

> (u (((<x*y1>*y1) (0%,)2) 7 s (1) ]

( B((( X *yz *yz *YZ))*Zz)/\,uB(Zz)/\,U)

Yo%) * (0% (0% (x *y,) )

(% %,))*(0(0% (%, *,) ))

#(y,2)) % (0%(0%(x, *,)))
)

*(¥,%%,))*(0

Similarly it can be proved that
VAxB( ) /“<VAB(X y)\//l

Vao (% (% #(05(0%(x *,)))).
o # (v # (0 #3)) (0% (0% (3, ) ) s
gvAxB(((((xl*yl)*y])*(O*yl))*zl) ,
(O *y2)#ya) (05 2)) 2 )|V v (21022 v 2

Hence Ax B is an intuitionistic fuzzy implicative ideal with
thresholds (4, i) of X x X.

(¥, +x,))
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