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Synthesis of the Robust Regulators on the Basis of the
Criterion of the Maximum Stability Degree
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Abstract—The robust control system objects with interval-
undermined parameters is considers in this paper. Initial information
about the system is its characteristic polynomial with interval
coefficients. On the basis of coefficient estimations of quality indices
and criterion of the maximum stability degree, the methods of
synthesis of a robust regulator parametric is developed. The example
of the robust stabilization system synthesis of the rope tension is
given in this article.
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[. INTRODUCTION

HE analysis of the synthesis methods of the automatic

control systems (SAC) shows that it is desirable to have
simple dependencies allowing moving very easily from quality
indices of an SAC to the desired regulator parameters in order
to choose the regulator tunings. Except a number of cases (for
the low order systems) the dependencies are very difficult to
obtain if the frequency or time quality factors are used. It is
significantly easier to solve the problem concerning the
parametric synthesis of a regulator on the basis of the root
approach or by means of coefficient methods. These methods
use the coefficients of a characteristic polynomial of a closed
—loop SAC. A basis for this conclusion is in the following: on
the one hand, the specified parameters are directly related to
the physical parameters of SAC on the other hand, the
arrangement of the roots of the characteristic polynomial
depends on these coefficients. The arrangement of the roots of
the characteristic polynomial defines such dynamic
characteristics as oscillation and operation speed. This
circumstance is one of the reasons that attract attention to the
coefficient methods of stability and quality estimation of an
SAC. These methods allow obtaining approximate, but simple
ratios, binding (usually by some inequalities) the quality
indices of an automatic control system and the desired
regulator parameters [1]. One of the most widely used criteria
of an automatic control system is the degree of system
stability. It is known, that the automatic control systems
synthesized by means of this criterion under other conditions
being equal possess much higher operation speed, less
overshoot, and higher stability factor [2]. The works [3]-[9]
are devoted to the synthesis of the linear regulators ensuring
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maximum stability degree in the stationary automatic control
systems. Since practically all real SAC have unstable
parameters that change within certain intervals the problem
solution concerning the maximization of stability degree of
these SAC is of great importance. It is suggested to use the
coefficient method to solve this problem and develop the
methodology of selection of the linear regulator parameters on
the basis of this method. Oscillation limitation of the interval
system by accepted value is an additional requirement by the
synthesis of the automatic control system possessing the
maximum stability degree.

II. THE CONDITIONS OF MAXIMIZATION OF THE INTERVAL
SYSTEM STABILITY DEGREE

The characteristic polynomial of the closed SAC in the case
of the interval uncertainty is of the following kind:

D(s,k)=[d,J(k)s" +[d, ,JK)s"" +..[d,J(K)s (1)

where k — is the vector of the adjustable parameters of the
regulator,

di(l})gdi(l})sdl.(z} ,i=0,n.

It is obvious, that by the design of an automatic control
system it is important not only to obtain a stable system but
also ensure some certain performance quality. Let us
formulate the sufficient stability conditions of the interval
system on the basis of the coefficients of the characteristic
polynomial.

Statement 1. In order the roots of the interval polynomial to
be more left-handed from the vertical line that passes though
the point (-1, j0), 0<n<oo it is enough to determine the

controller settings, where the following conditions are
satisfied:

A,<0.465,i=1,n-2;
d,(k)y—d, (K)n-i-1)g=0, m=1,n-1 >0, m=0,n—1;

m

o)~y o + 24,70 L2 0.
- -3 ©)

d_ &) d,, (k)

I R e

A (k)=

2307



International Journal of Mechanical, Industrial and Aerospace Sciences
ISSN: 2517-9950
Vol:7, No:11, 2013

— stability coefficients, The notion d,,, means that coefficient

d,,, should be taken either as the maximum and minimum.

Proof. To evaluate the stability of the interval systems of an
automatic control it is desirable to define its worst qualities,

namely the maximum value of its stability coefficients k[(l;,n)
A, (k,n) — max (3)

Let wus introduce the symbols: d,_ (%)d‘.+2 (%) =r,
(di (%) - di+1 (];) (n —i— 1) T]) (dm (];) - di+2 (];) (n —i- 2) 11) =1.

It is obvious, that the problem situation (3) is fulfilled, if
r — max, [ — min @)

On the basis of the interval analysis it is possible to make a
conclusion, that the problem situation (4) is fulfilled, if

r= dl;l (%) di+2 (%)

and

1=(d, )~y (0 (=i =) (4, () =, () (= =2)

It is obvious, if the problem situations (3) are fulfilled for
the given limits of the interval coefficients, they are also
fulfilled for the other values from the specified intervals.

To determine the maximum robust degree of stability on
basis of the statement 6 the following statement is formulated.

Statement 2. To determine the maximum robust degree of
stability of the interval automatic control system it is
necessary for all combinations of interval coefficients to
provide the maximum value in the (n-2) systems by the
selection of controller parameters:

A (kM) =0,465, i=1n-2;
75'(7(,7])30,465 ,j=Ln=2,j#i;
d, () —d, N —i-1N>0, m=Tn—1 >0, m=0,n—1;

@—ﬁmz@”&zo. 5
5

Proof. It is obvious, if the increase the value of 1 in the
system (5) changing the parameters of the controller can be as
long as A, (k,1) < 0,465, Vi=1,n—2 . At &,(k.,n) =0,465 we
obtain the maximum value of the index of stability
corresponding to the maximum degree of stability of the

system. At the intervals coefficients of the polynomial are
chosen under statement 1.

III. THE CONDITIONS OF THE INTERVAL SYSTEM
OSCILLATION LIMIT

Let us formulate the sufficient condition for the given
robust oscillation of the interval system.

Statement 3. The roots of the interval characteristic
polynomial to be in the specified angular domain there is
necessary to apply such controller settings, where the next
conditions are satisfied:

5, (k)=a (

— (©6)
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where6"- is the oscillation indices, &,- is the acceptable
oscillation indices. Connection &, and sectors of roots

location are determined on basis of Fig. 1.
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Fig. 1 Dependence of the sector of roots location on the value 8,

Proof. To evaluate the stability of the interval systems of an
automatic control it is desirable to define its worst qualities,

namely the minimum value of its oscillation coefficients Si(l;)

8, (k,m) - min @)

Let us introduce the symbols: d, (l_c)2 =r,d,d_, (k)=1.1t
is obvious, that the problem situation (7) is fulfilled, if

i+l

r — min, / — max ®)

On the basis of the interval analysis it is possible to make a
conclusion, that the problem situation (8) is fulfilled, if

r:@and l=d_, (l;)di+] (l;) It is obvious, if the

problem situations (7) are fulfilled for the given limits of the
interval coefficients, they are also fulfilled for the other values
from the specified intervals.

IV. ALGORITHM OF A ROBUST CONTROLLER SYNTHESIS

For parametric synthesis of linear controllers of an interval
automatic control system the algorithm is developed. It
consists of the following stages:
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The acquisition of the initial conditions: the limits of the V.THE SYNTHESIS OF THE ROBUST PI-REGULATORS OF THE
interval coefficients of a transfer function of a control STABILIZATION SYSTEM OF THE ROPE TENSION
object, the permissible value of oscillation coefficients. The stabilization system of the rope tension (SSRT) [10] for

The dgﬁnition of intervals Of_ characteristic p(.)lynomial the bench of zero-gravity imitation is chosen as an example of
coefficients of a closed loop interval automatic control  the synthesis. The robust regulator should stabilize the tension

system. in the rope where the section of the dry spacecraft under the
The definition of expression for one parameter on the  .gnditions of parameter instability is hung out.

bas%s Of the sufficient condition of the specified robust The functional diagram of SSRT consisting of a mechanical
oscillation (6). system (MS), a tension sensor (TS), a thyristor converter (TC),

The acquisition of sufficient conditions of maximum 4 motor (M), a drive unit (DU) and a regulator (R) is shown in
robust degree of stability (5) and the expression of the Fig. 3.

second parameter of a controller through the degree of
stability.
The generation of an inequality system to find maximum
robust degree of stability. M
The solution of an inequality system and the definition of ’ regulatar T D {_
the maximum degree of stability.
The repetition of P. 4, 5 for other and other limits DU
relations of the interval coefficients.
The choice of and the definition of the desired maximum T
robust degree of stability and robust controller settings.

Block diagram of this algorithm is presented in Fig. 2.

| Begin

4

MS
I

Fig. 3 Functional diagram of SSRT

) The mathematical model of the system in the form of the
Data array .-\I?I. block diagram is made up on the basis of the differential
B(s). . Dw, & N maon nax® equations of certain elements of SSRT. This block diagram is
illustrated in Fig. 4.
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Fig. 4 Block diagram of SSRT

Hl]_l

The following symbols are used in Fig. 4.: J=0.5kg -
moment of inertia of an electric drive stabilization system of
rope tension (SSRT); C=C, /I N/m - rope rigidity;

X = X,, /I (Ns)/m — is the damping coefficient of oscillations

in the rope; C,, =2000N — is the specific stiffness of the
Fig. 2 Algorithm of a robust controller synthesis
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rope; x,, =1000 (Ns) — is the specific damping coefficient;
r=0.05m — is the radius of the drive pulley of an electric
drive.

The parameters / — the rope length and m — the mass of the
spacecraft section are considered as the interval parameters of
SSRT. The input signal of the SSRT is external influence
force (F, ), leading member of the spacecraft to move in zero
— gravity. The output of the SSRT is the rope tension force F, .

Pl-regulator is chose as a regulator and its transfer function

k +k,s

is of the following form: W, (s)= The given

regulator has two generic parameters: k,, k,, that define the

quality of the transient processes in SSRT.
As a result of the block diagram conversion, represented in
Fig. 4 the characteristic polynomial of the system is obtained:

D(s)=[d;1s* +[d,1s* +[d,]s' +[d, ],

where
d, =[0.5;2.5],
d, =[12.5;15]+2.50k,,
d, =[25;30]+ 5k, + 2.5k,
d, =5k,

Let us work out the system of conditional maximum
stability degree by the oscillation limits for the SSRT under
consideration on the basis of the formulas (5), (6).

12.5k,

((25+5k, +2.5k) — (15+ 2.5k, ) (15 + 2.5k, )
(25+5k, +2.5k ) (15+ 2.5k, )7 > 0;

=0,465;

2

Sk, —(30+5k, +2.5k )i +(12.5 +2.5k2)% >0;

(25+5k2+2.5k1)2> . ©)
5k (15+2.5k)

(12.5+2.5k,) B
2.530+5k, +2.5k)

0,1s equal to 1,7 (5, =1,7 ) in the last expression in the
system (9). This corresponds to the sector of polynomial roots
location ¢ ==£70". Let us express the regulator k, parameter
through

(28,75+41,25k, + 6,25

k, ki (ky) = 10.6

Then, the equation

dy Uk, (ky)) ds = 0.465(( d, (K, (k). k) =y (K, (k). k) ) (d G (ks ), ) =0,

is obtained from the first equation of the system (9). Let us
express the second regulator parameter through the stability
degree7. Carrying out the mentioned above mathematical
manipulation the inequality system (10) is obtained.

(25 + 5k, (1) + 2.5k, (k, (m))) — (15 + 2.5k, () = 0;

Sk (ky (1)) = (30 + 5k, (17) + 2.5k (ky ()7 + (12.5 + 2.5k, (k, (77)))%2 2 0;(10)

(25 + 5k, () + 2.5k ()" |
Sk, (k)15 + 2.5k, (7))

System solving (5) is convenient to obtain using the
graphical method (Fig. 5).
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Fig. 5 Graphical system solving (10)
Let us define the worst possible stability degree

Moax = 1.987 for the SSRT from the figure. The worst possible
stability degree is provided by Pl-regulator. Putting the
computed value 77, in the equation for the regulator
parameters k, =5,71;k, =0,37 are found.

To estimate the robust quality of SSRT by means of the root
method the localization areas of the roots of the interval
characteristic polynomial are built (Fig. 6).
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Fig. 6 The areas of roots localization

As it is seen from Fig. 6 SSRT has maximum robust
stability degree 7., =2,0 and robust oscillation ¢ = £65°.

The difference of the real estimations of the robust quality
from the calculated one can be explained by the sufficiency of
conditions used by regulator synthesis.

VI. SIMULATION OF CONTROL PROCESSES

To check and test the functionality of the robust SSRT with
a synthesized regulator its simulation is carried out in software
Matlab with the application of Simulink. The system
simulation is done in the vertex V of polyhedron of its interval
parameters that correspond to maximum robust stability
degree. By building of the areas of the roots localization of the
interval characteristic polynomial (see Fig. 6) it was
determined that the given vertex has the coordinates V(40;1),
where the first coordinate corresponds to section mass, and the
second one to the rope length. The simulation in the vertex V
is done for two typical modes of operation of SSRT
corresponding to outside step and impulse excitation F, (Fig.

7)
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Fig. 7 Transient processes in SSRT by (a) step F, , (b) impulse F,

Upon the analysis of Fig. 7 the following conclusion can be
made. When the section of the spacecraft is under the step
excitation the section of this spacecraft has a uniformly
accelerated motion. Due to astaticism in SSRT the steady-state
value is equal to zero. Under influence of impulse action, the
section of the spacecraft moves with constant linear speed.
The steady-state value is also equal to zero. The mentioned
motion manner of the spacecraft in both modes of operation
corresponds to the zero-gravity conditions.

VII. CONCLUSION

The algorithm of the synthesis of the robust regulators
developed by the authors is presented in the given paper. The
coefficient method and the criterion of the maximum
operation speed are applied to calculate the parameters of the
used in the system Pl-regulator. Besides, the numerical
example of the synthesis of the robust stabilization system of
the rope tension is given, that allows to create zero-gravity
conditions by the testing of a spaceship on a special laboratory
bench. The efficiency of the system operation is verified by
the diagrams of the transient processes under different
operation conditions.

The carried out research revealed a number of new
problems, which solution allows improving the operation
quality of the robust stabilization system of the rope tension
used for the laboratory bench which imitates zero gravity. It is
reasonable to take into account different concomitant
characters (dry friction in the rope- building block system,
backlash of the electric drive) of non-linearity by the system
design and simulation.
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