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Some new inequalities

for eigenvalues of the

Hadamard product and the Fan product of matrices

Jing Li and Guang Zhou

Abstract—Let A and B be nonnegative matrices. A new upper
bound on the spectral radius p(Ao B) is obtained. Meanwhile, a new
lower bound on the smallest eigenvalue g(Ax B) for the Fan product,
and a new lower bound on the minimum eigenvalue ¢(B o A™') for
the Hadamard product of B and A~" of two nonsingular M-matrices
A and B are given. Some results of comparison are also given in
theory. To illustrate our results, numerical examples are considered.
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I. INTRODUCTION

R NXM and N denote the set of all nxm real matrices and
the {1,2,---,n}, respectively. If A = (a;;) € R"*™,
B = (bj;) € R™™ and a;; —b;; > 0, we say that A > B, and
if a;; > 0, we say that A is nonnegative. If A € R"*" is a
nonnegative matrix, the Perron-Frobenius theorem guarantees
that p(A) € o(A), where the set o(A) denotes the spectrum
of A, p(A) denotes the spectral radius of A. () denotes the
empty set.

A matrix A is irreducible if there does not exist a permu-
tation matrix P such that

A A
T _ 11 Al
papt = (4t 42 )

where Aj; and Ago are square matrices, then A is called
irreducible. The set Z,, C R™*" is defined by

Zn:{A:(a,;j)eR"X":aijSO,ifi#]} i7j:1,~~-,n}.

Let A = (a;j) € Z, and suppose A = sI — B with s € R
and B > 0. Then s — p(B) is an eigenvalue of A, every
eigenvalue of A lies in the disc {z € C :| z—s |< p(B)}, and
hence every eigenvalue A\ of A satisfies ReA > s — p(B). In
particular, a matrix A € Z,, is called an M-matrix if s > p(B).
If s > p(B) we call A is nonsingular M-matrix, and denote
the class of nonsingular M -matrices by M,,.

Let A = (a;;) € Zy, we denote min{Re(\) : A € o(A)}
by q(A), q(A) is called the minimum eigenvalue of A.

The Hadamard product of A = (a;;) € R"*" and B =
(bij) € R™™™ is defined by A o B = (a;;b;;) € R™™". Let
A = (a;;), B = (b;j) € R™*", the Fan product of A and B
is denoted by A+ B = C = (¢;;) € R™*", and is defined by

{_aijbijv if ¢ # j,
C’U =
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Let A = (a;;) be an n x n matrix with all diagonal entries
being nonzero throughout. For any i, j, kK € N, denote

n

R; = Z‘aik|
ki
R.
4 =
Qi
aj; o
Tjio = %, J#i
lajil = Y lajxl
k#7,1
rio= max{r;i}
lagil + > lajlr:
ktj,i L.
85 = M—_J’{7 j#i
73
sj = max{s;i}

Denote the set of all simple circuits in the digraph I'4
of A by W(A). A circuit of length k in I'4 is an ordered
sequence ¥ = (i1, ,ik,ik+1), Where iy,--- i € N
are all distinct, and iry; = ¢;. The set {iy, - ik} is
called the support of v and is denoted by #4. The length
of the circuit 7 is denoted by |y|, n is the greatest com-
mon divisor of 2 and s, 7 = 2. E(A) = {e;jla;i; #
0,i,7 € N} is the set of directed edge of I'(A). We say
{€i1sias €irtmyintns »ei2+(7——1)n,i3+(7——1)n} is the odd 1-
path cover; {€i, iy, €istnis+ns " s Cint(r—1)m,is+(r—1)n} 1S
the even 1-path cover; The certain 1-path cover of ~ recorded
as p'(y). When s is an positive odd number, the odd and
even 1-path cover is the same, namely, only one 1-path cover
contains all the directed edge of . We denote p'(A) =

U pl(y) is a 1-path cover of I'(A). For any 4,5 € N,
YEV(A)
denote, « = {i € N|i € y € ¥(A)}, ©4 = {a;]i € N\ a},

Ay Aiiy 0 Aiy,
. Aiyiy ivia 0 Aigin, o .
A° = 7{7/17127"'71777,}:@
Ay A A

imi2 Imim

T(A) = ©
mL(A) max{yrelga(ﬁ)rA('y),max Al

M7(A) =max{ min r4(y),max©,},
yeY(A)
r4(7) denotes the real roots of the equation

[ —aw) =] R:(A),

iey i€y
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which greater than max{a;; }.
1€

II. MAIN RESULTS

For convenience, we give some lemmas which are useful
for obtaining the main results.

Lemma 2.1 [1]. Let A € R™*™ be an irreducible nonnegative
matrix. Then

1) A has a positive real eigenvalue equals to its spectral
radius;

2) To p (A) there corresponds an eigenvector x > 0.
Lemma 2.2 [2]. Let A, B € R"*". If E,F are diagonal
matrices of order n, then

E(AoB)F = (FAF)o B = (EA)o (BF)
=(AF)o(EB)= Ao (EBF)
and
E(A%B)F = (EAF)* B = (FA) * (BF)
= (AF)x (EB) = Ax (EBF).

Lemma 2.3 [1]. Let A € R™*"™, with n > 2. Then, if )\ is an
eigenvalue of A, there is a pair (¢, j) of positive integers with
i # 7,(1 <1,5 <n) such that

| A—aii || A —aj; [< RiR;.

Lemma 2.4 [2]. Let A = (a;;) € R™"™ be diagonally
dominant M -matrix. Then, for A~! = (Bij), we have

lagil + > lajlri
k)i
ajj

Bji < Bii, for all j # .
Lemma 2.5 [2]. Let A = (a;;) € R™*" be a strictly row
diagonally dominant M-matrix. Then, for A™' = (8;;), we
have
Bji < s4ifii, for all j #1i.
Lemma 2.6 [3]. Let A = (a;;) € M, be a strictly row
diagonally dominant M -matrix. Then, for A=1 = (Bij), we
have 1
B > —.
(273
Lemma 2.7 [4]. Let A = (a;;) € R™ "™ be nonnegative
matrix, then
mI(A) < p(4) < MI(A).
Theorem 2.1 [5]. Let A = (a;;) € M, be a strictly row
diagonally dominant M-matrix. Then, for A~! = (Bij), B =
(bij) € M, we have

q(Bo A7) > ¢(B) min B;. (1)

Theorem 2.2 [6]. Let A = (a;;) € M, be a strictly row
diagonally dominant M-matrix. Then, for A~! = (Bij), B =
(b”) € M,,, we have

1L —p(Ja)p(JB) bii

BoA™ N> D8P in 2, 2

Theorem 2.3 [7]. Let A = (a;;) € M, be a strictly row
diagonally dominant M-matrix. Then, for A~! = (Bij), B =

(bij) € M, we have
bii — Sizwji\

BoA™ Y > mi Cha
a(B o )712112_1%1” Q5

3

Theorem 2.4 Let A = (a,;) € M, be a strictly row diagonally
dominant M-matrix. Then, for A=1 = (8;;), B = (b;;) € M,,
we have

q(Bo A7) > H;én%{buﬁu + 05855 — |:(bii/3)ii
i
1
2

“)
—bjiBj;)* + 45i5j5z‘zﬂjy‘2|bﬁ\2\bul} }
J#i l#j
Proof: If A is irreducible, then 0 < s; < 1, forany i € N.
Since ¢(B o A™!) is an eigenvalue of Bo A~!. From Lemma
2.2 and Lemma 2.5, ¢(Bo A™1) = ¢(D"1(Bo A™1)D) =
q(D(BT o (A"HT)D~1). Let D = (51,82, ,8,) >0
Ri(BoA™YY=Ry(D Y (BoA~Y)D)
= Ri(D(BT o (A~1)T)D™1)
= lbiiBils
J#i
1
< SiZg|bji|5ji|5ii|
J#u
< 3i2$|bji|3j|5ii|
J#i
= silBul Y _|bjil-
J#
Thus, by Lemma 2.3, there exists a pair (i,j) of positive
integers with ¢ # j (1 < 4,5 < n) such that
lg(B o A7) = biiBiillg(B o A7) — bj; B4
< SiﬁiiZ\ijSjﬁjjzwlj\-
i 1]
From the above inequality and 0 < ¢(B o A™!) < abs,
Vi € N, we have
(¢(Bo A7) = biiBii)(a(B o A™") = bj;B;5)
< Siﬂii2|bji|5j5jj2|sz|- ®
i 1]

Thus, from (5), we have
q(BoA™1) > %{buﬂii + 0855 — {(buﬂn’ —b;;8;)*

+45i5j6iiﬁjj2|bji‘z‘blj|:| }

A LA
> gﬁ?%{bnﬁu + 05855 — |:(bu5n —b;;B;)*

2
+4Si5j5iiﬁjj2|bﬁ\2\bu|} }
G
If A is reducible, it is well known that a matrix in Z,, is a
nonsingular M -matrix if and only if all its leading principle
minors are positive. If we denote by D = (d,;) the n x n per-
mutation matrix with dig = doz = -+ = dp_1n, = dp1 = 1,
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the remaining d;; zero, then A—1tD is irreducible nonsingular
M -matrices for any chosen positive real number ¢, sufficiently
small such that all the leading principle minors of A — tD is
positive. Now we substitute A—tD for A in the previous case,
and then letting ¢ — 0, the result follows by continuity. |

Remark 2.1 We next give a simple comparison between the
lower bound in (4) and the lower bound in (3). Without loss
of generality, for i # j, assume that

biiBii — siBii Y |bjil < bj;Bi; — siBi; Y lbijl- (6)
J#i I#g

Thus, we can write (6) equivalently as

53833 D 1bu| < bjjBi; — b + s Y _ lbil-
1] i

From (4) and the above inequality, we get
biiBii + bjjBj5 — {(bnﬂu’ —0;;B55)°
1

2
+45i8jﬁiiﬁjj2\bji\2|blj @

i1
> biifBii + bjjBj; — [(buﬂn —bj;B55)°
+4(b;; 855 — biiﬁii)siﬁiiz‘bﬂl
g
2
+(25iﬁii2|bji|)2:|
i#i
= 2biiBii — 25:Bii Y _|bjil-
J#i

From Lemma 2.6, we have

g(BoA™1) > Izn#ljné{bnﬂu + b5 Bii—

1

{(bnﬁn —b;iB;)* + 48i8.i5ii5j12|bji|2|blj\} 2 }

J#i I#]
= min{b;; B — s:Bii E |bjil}
73 j#i

> min{ Li_slz.#i‘bﬁ‘ }

i o

Hence, the bound (4) is sharper than the bound (3).
Theorem 2.5 If A = (a;;) € R"*", B = (b;;) € R™*", are
two nonnegative matrices, then
AoB) < i oB(7), ©4a0B}-
p(AoB) < max{weg&mm B(7), max© 405}
r405(y) denotes the real roots of the equation H(a: -
i€y
aiibi;) = HR,;(A o B)° which greater than max{a;;b;;}.
i€y e
Proof: From Lemma 2.7 it is easy to obtained the desired
result. |

Theorem 2.6 Let A = (a;;) € M, and B = (b;;) € M,.
Then

q(A B) > min; {anbn‘ +a;5bj; — {(aubn — ajb55)*
i#j
oy (b~ a0y~ a3)] |
@)

where o; = max{|ax;|},Vi € N.
ki

Proof: If AxB is irreducible, then A and B are irreducible.
Since, A —q(A)I and B — q(B)I are singular irreducible M-
matrices. Then

Ai; — q(A) > O,VZ € N.
and
b“‘ - q(B) > O,V’L € N.

Since A = (a;j), B = (b;;) are irreducible nonsingular M-
matrices, then there exists two positive vectors u, v Such that
Au = q(A)u, Bv = q(B)v. Thus, we have

Azq | Ws
a0 L g,
j#i !
or equivalently,

D lai [uy = [as — g(A)]u
i
and b |
Y
bii — Z % = q(B),

J#i
or equivalently,
D 1 bis vy = [bis — a(B)]o;
J#i
For convenience, let denote a;; = rilgx{\ ag; |}, Vi € N. Since
1

A is an irreducible matrix, a;; > 0,Vi € N. Define a positive

diagonal matrix Z = diag(z1,- -+ ,2n), Where
zi:& >0,Vi e N.
Q;
By Lemma 2.2, we have (A x B) = ¢(Z7'(Ax B)Z) =
q(Ax(Z~1BZ)). For convenience, let B = (b;;) = Z71BZ
So we have

Ri(Z Y (A% B)Z) = Ri(Ax B)

= lay [1by | 2

J7#i

<D by v
JFi

= (b“ — q(B))ai.

According to Lemma 2.3, there exists a pair (¢, ) of positive
integers with 7 # j(1 < i,j < n), such that
| (AxB)—aiibi; || ¢(AxB)—a;;bj; |< (bii—q(B))ai(bj;—q(B))ay

From the above inequality and 0 < ¢(AxB) < a;;b;;,Vi € N,
we have

(q(Ax B) — aiibii)(g(A* B) — a;;bj;)
< azoi(by — q(B))(bj; — q(B))
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G(AxB) > %{aiibu‘ by — |:(aiibii — a;;bj;)? ITI. NUMERICAL EXAMPLES
1 Example 3.1
+daia;(bii — q(B))(bj; — ‘J(B))} } 4 -1 -1 -1
A_| 2 5 -1
= rﬁ?%{a”b“ + aj5b55 — {(a“bii —aj;bj;)? =l o0 —2 4 -1 |
1 -1 -1 -1 4
+dajo (b — q(B))(bs; — Q(B))} } 1 —1/2 0 0
If A% B is reducible. It is well known that a matrix in Z,, is B = _1/3 _1/; _1/§ _1/(2)

a nonsingular M-matrix if and only if all its leading principal

minors are positive. If we denote by D = (d,;) the n x n per- 0 0 -1/2 1

mutation matrix with dis = do3 = -+ = dp_1n, = dn1 = 1, By calculation, we have q(B o A™!) = 0.2148. By the

the remaining d;; zero, then both A —tD and B — ¢tD are inequality (1), we get

irreducible nonsingular M-matrices for any chosen positive 1

real number ¢, sufficiently small such that all the leading ¢(BoA™") 2007
principal minors of both A—¢D and B—tD are positive. Now By the inequality (2), we get
we substitute A —tD and B —tD for A and B, respectively

-1
in the previous case, and then letting ¢ — 0, the result follows q(Bo A7) > 0.052

by continuity. B By the inequality (3), we get
Theorem 2.7 Let A = (a;;) € M, and B = (b;;) € M,.
Then q(Bo A7) >0.075
g(AxB) > mm%{anbu‘ + by — {(au‘bu‘ — aj;b;;)? By Theorem 2.4, we have
i : g(Bo A~1) > 0.1729.
+48:8;(aiu — q(A))(aj; — Q(A))} } Example 3.2
where 3; = max{|by;|},Vi € N. g 1.0 00 11111
i . 1 2100 11111
According to Theorem 2.6 and Theorem 2.7, it is easy to A=lo0 15 1 0lB=1l11111
obtain the following corollary. 00 1 2 1 111 1 1
Corollary 2.1 If A = (a;;) and B = (b;;) are two n X n 000 1 8 111 1 1

nonsingular M -matrices, then

It is easy to calculate that p(A o B) = p(A) = 8.1801. If we

q(A % B) > max { min%{ aiibii + aj;bj; use Gersgorin theorem and Brauer theorem, we have
i#]
3 (Ao B)

- {(au‘bn‘ — a;;bj;)* + daia (bii — q(B))(bj; — Q(B))] } and
H;lné {aiibii +ajjbj; — {(an‘bn‘ — aj;bj;)? p(AoB) <9.
i#j

L If we take p ( ) = {e1,2,€2,3,€34,€15}, Taon(1,2)
458, — a( ) — o)} raen(14) = racn(25) = 83166, racn(l.5) =

TAoB(Q 4) = 4 TAoB( ,3) = TAoB(3 4) = 6 ’f’AoB(l 3)
where o; = rgix{\akl\} and f3; = 1£;Lx{|bm|} Vi e N. r408(3,5) = 8.5616.

F Thy 2.5 t
Corollary 2.2 If A = (a;;) and B = (b;;) are two n X n rom theotem we e

nonsingular M -matrices, then p(Ao B) < M (Ao B)
|det(A * B)| > [q(A = B)]™ = max ﬂ/egging)rAc,B(w),maXGAoB}
= I};g?%{aubu + aj;bj; — {(a“b“ — aj;bj;)? = 8.3166.
iyn Example 3.3
+aio(bis — q(B))(bj; — CI(B))} } ) 3 1 4 0
and A:{o Q}B:{O 3}
\det(A* B)| > [q(A* B)|" By calculation, we have
= I};g?z%{anbu + ajjbj; — {(aiibz‘i — a;;b;;)? g(AxB) =6
iyn By Theorem 2.6, we get
45y~ oAy~ )]} I

2
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IV. CONCLUSIONS

In this paper, we give some inequalities for the spectral

radius of the Hadamard product of two nonnegative matrices.
These bounds improve some existing results and numerical
examples illustrate that our results are superior.
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