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Positive Solutions for a Class of Semipositone
Discrete Boundary Value Problems with Two
Parameters
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Abstract—- In this paper, the existence, multiplicity and
noexistence of positive solutions for a class of semipositone
discrete boundary value problems with two parameters is
studied by applying nonsmooth critical point theory and
sub-super solutions method.
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1. INTRODUCTION

ET Z and R be the set of all integers and real numbers
respectively. For a,b € Z, define Z(a) = {a,a+1,- -},
Z(a,b) ={a,a+1,---,b} when a <b.
In this paper, a class of semipositone discrete boundary
value problem with two parameters

—APu(t — 1) = Mf(u(t)) + pg(u(t),t € Z(1,N),

{ u(0) = 0,u(N +1) =0,

)]
is considered, where A\, > 0 are parameters, N > 4 is
a positive integer, Au(t) = u(t + 1) — u(t) is the forward
difference operator, A?u(t) = A(Au(t)), f : [0,+00) = R
is a continuous positive function satisfying f(0) > 0, and
g : [0,+00) — R is continuous and eventually strictly positive
with g(0) < 0.

It is easy to see that for fixed p > 0, Af(0) + ug(0) < 0
whenever A > 0 is sufficiently small. Then (1) is called
a semipositone problem. Semipositone problems derive from
[8], where Castro and Shivaji initially called them nonpositone
problems, in contrast with the terminology positone problems,
put forward by Cohen and Keller in [11], where the nonlinear-
ity was positive and monotone. Semipositone problems arise in
bulking of mechanical systems, design of suspension bridges,
chemical reactions, astrophysics, combustion and management
of natural resources. For example, see [1, 20, 22, 23].

In general, studying positive solutions for semipositone
problems is more difficult than that for positone problems.
The difficulty is due to the fact that in the semipostione case,
solutions have to live in regions where the nonlinear term is
negative as well as positive. However, many methods have
been applied to deal with semipositone problems, the usual
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approaches are quadrature method, fixed point theory, sub-
super solutions method and degree theory. We refer the readers
to the survey papers [9, 18] and references therein.

Due to its importance, in recent years, continuous semiposi-
tone problems have been widely studied by many authors, see
[5, 6, 12-16, 19, 21, 24, 25]. However, there were only a few
papers on discrete semipositone problems. One can refer to
[2, 4,7, 17]. In these papers, semipositone discrete boundary
value problems with one parameter were discussed, and sub-
super solutions method and fixed point theory were used to
study them. To the author's best knowledge, there are no
results established on semipositone discrete boundary value
problems with two parameters. Here a different approach to
deal with this topic will be presented. In [13], Costa, Tehrani
and Yang applied the nonsmooth critical point theory devel-
oped by Chang [10] to study the existence and multiplicity
results of a class of semipositone boundary value problems
with one parameter. It is also an efficient tool in dealing with
the semipositone discrete boundary value problems with two
parameters. For knowledge about difference equation, one can
see [3].

The main objective in this paper is to apply the nonsmooth
critical point theory to deal with the positive solutions of
semipositone problem (1). More precisely, the discontinuous
nonlinear terms

. 0 if s <0,
fils) = { f(s) ifs>0,
and
[0 irs<o
gits) = g(s) ifs>0.

will be considered.
Next, consider the slightly modified problem

{ =O%u(t —1) = Mi(u(®) + pgr (ut)),t € Z(1,N),
u(0) = 0,u(N +1) =0.
2

Just to be on the convenient side, the following formulas

h(s) = Af(s) + pg(s), ha(s) = Afi(s) + pgi(s), H(s) =

AF(s) + nG(s), Hi(s) = AFi(s) + pGi(s) are defined,

where F(s) = [J f(r)dr, G(s) = [; g(r)dr, Fi(s) =

Jo htrydr = { o) ifaso i) = [ =
0 if s <0

{ G(s) ifs>0"
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In section 3, it will be proved that the sets of positive
solutions of (1) and (2) do coincide . Moreover, any nonzero
solution of (2) is nonnegative.

The following are the main results.

Theorem 1. Suppose that there are constants C; > 0, a > 1
and 5 > 2 such that when s > 0 is large enough,

f(s) < Cis®, 3)
sf(s) > BF(s) >0, 4
and
lim 9) _ 0. (5)
s—+oo S

Then for fixed p > 0, there is a X > 0 such that for

A € (0, ), problem (2) has a nontrivial nonnegative solution.
Hence problem (1) has a positive solution.

Remark 1. By (4), there are constants Cy,C3 > 0 such
that for any s > 0,

F(S) 2 CQSﬁ — 03. (6)
(4) and (6) imply that
lim LS) = +00,
s——+o00 S

which shows that f is superlinear at infinity.

Remark 2. (5) implies that g is sublinear at infinity.

Moreover, it is easy to know that
G

lim (5)

s——+o00 32

=0.

Hence G is subquadratic at infinity.

Theorem 2. Suppose that the conditions of Theorem 1 hold.
Moreover, g is increasing on [0, +0c). Then there is a u* > 0
such that for p > p*, problem (1) has at least two positive
solutions for sufficiently small .

Theorem 3. Suppose that the conditions of Theorem 1 hold.
Moreover, f is nondecreasing on [0, +00). Then for fixed p >
0, problem (1) has no positive solution for sufficiently large
A

II. PRELIMINARIES

In this section, some basic results on variational method
for locally Lipschitz functional [ : X — R defined on a
real Banach space X with norm || - || are recalled. [ is called
locally Lipschitzian if for each v € X, there is a neighborhood
V = V(u) of u and a constant B = B(u) such that

[(z) = I(y)| < Bllz —yl|,Vo,y € V.

The following abstract theory has been developed by Chang
[10].

Definition 1. For given u, z € X, the generalized directional
derivative of the functional I at u in the direction z is defined
by

I%(u; 2) = limsup E[I(u—&— k+tz) — I(u+ k)]

k—0t—0

The following properties are known:

(i) z — I%(u; z) is sub-additive, positively homogeneous,
continuous and convex;

(i) [1°(u; 2)| < Bl|zl|;

(i) I%(u; —2) = (—1)°(u; 2).

Definition 2. The generalized gradient of I at u, denoted

by 0I(u), is defined to be the subdifferential of the convex
function 1°(u; 2) at z = 0, that is,

w € dl(u) C X* <= (w,2) < I°u;2),¥z € X.

The generalized gradient 01 (u) has the following main prop-
erties:

(1) For all w € X, 0I(u) is a non-empty convex and
w*-compact subset of X*;

2) ||w|lx+ < B for all w € 91 (u);

(3)IfI,J: X — R are locally Lipschitz functional, then

A+ J)(u) C AI(u) + 8J (u);

(4) For any A > 0, () (u) = NOI(u);

(5) If I is a convex functional, then 91 (u) coincides with
the usual subdifferential of I in the sense of convex analysis;

(6) If I is Gateaux differential at every point of v of a
neighborhood V' of u and the Gateaux derivative is continuous,
then 01 (u) = {I'(u)};

(7) The function

C(u) = min Jlwllx-

exists, that is, there is a wg € 0I(u) such that |lwo| x- =
mingear(w) lwllx-;

(8) I°(u; 2) = max{{w, z)|w € I (u)};

(9) If I has a minimum at ug € X, then 0 € 91 (ug).

Definition 3. v € X is a critical point of the locally
Lipschitz functional [ if 0 € 0I(u).

Definition 4. I is said to satisfy Palais-Smale condition
((PS) condition for short), if any sequence {u,} such that
I(uy,) is bounded and ¢(uy,) = minyear(u,) llwlx+ — 0 has
a convergent subsequence.

Lemma 1. (Mountain Pass Theorem [10]) Let X be a real
Hilbert space and I be a locally Lipschitz functional satisfying
(PS) condition. Suppose I(0) = 0 and

(i) There exist constants p > 0 and a > 0 such that
I(u) = aif |lul = p;
(ii) There is an e € X such that |e]| > p and I(e) < 0.

Then I possesses a critical value ¢ > a. Moreover, ¢ can be
characterized as

= inf I
¢ = Inf max (v(s)),

where

I'={g € C([0,1], X)|~7(0) = 0,7(1) = e}.

Next the definitions of the subsolution and the supersolution
of the following boundary value problem

{ =A%t — 1) = pg(u(t)),t € Z(1,N),

w(0) = 0,u(N +1) = 0. ™
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are given.
Definition 5. If u (t),t € Z(0, N+1) satisfies the following
conditions

—NPu(t = 1) < pg(ur(t),t € Z(1, N),
ul(()) < 07U1(N+ 1) < 07
then u; is called a subsolution of problem (7).

Definition 6. If u(t), t € Z(0, N+1) satisfies the following
conditions

{ —Aus(t — 1) = pglus(t)),t € Z(L,N),
u5(0) > 0,un(N +1) > 0,

then usy is called a supersolution of problem (7).

Lemma 2. Suppose that there exist a subsolution u; and
a supersolution ug of problem (7) such that u;(t) < us(t) in
Z(1,N). Then there is a solution % of problem (7) such that
up(t) < a(t) < ug(t) in Z(1, N).

Remark 3. If (7) is replaced by (1), then similar definitions
and result as definitions 5, 6 and Lemma 2 can be obtained.

III. PROOF OF MAIN RESULTS

Let E be the class of the functions v : Z(0,N +1) - R
such that u(0) = u(N+1) = 0. Equipped with the usual inner
product and the usual norm

N N 1/2
(w,0) = Y (ult), v(t)), lull = (Zlﬂﬂ) ,

t=1
FE is a N-dimensional Hilbert space. Define the functional J
on E as

N

5 2 [(Dult = 1)) — 2H: (u(t))

t=1

J(u) =

1 N N
= ~ulAu—> Hy(u(t)) = K(u) = > Hy(u(t)),

T2

where u = {u(1),u(2), -+, u(N)}, K(u) = su” Au and

2 -1 0 - 0 O

-1 2 -1 - 0 0

S S .
o 0 0 -- 2 -1

o o o0 - -1 2

NXxN

Clearly H; is a locally Lipschitz function and J(u) is a
locally Lipschitz functional on E. By a simple computation,
the following result
0
GT(t)K(u) =2u(t) —u(t+1) —u(t—1) = =A%u(t — 1).
holds. By Theorem 2.2 of [10], the critical point of the
functional J(u) is a solution of the inclusion
—A%u(t = 1) € [ha(u(t)), ha(u(t)], ¢ € Z(1,N),

where h1(s) = min[hy (s+0), h1(s—0)], hi(s) = max[hq (s+
0),h1(s —0)].

Remark 4. It is easy to see that hy(s) = hi(s) = Mf(s) +
pg(s) for s > 0, hi(s) = hi(s) = 0 for s < 0. For fixed u
and sufficiently small A, A\f(0) + pg(0) < 0. Then hy(0) =
Af(0) + 1g(0), h1(0) = 0.

Remark 5. If u > 0, then the above inclusion becomes
~N?u(t —1) = Af(u(t)) + pg(u(t)),t € Z(1,N).

It is clear that A is a positive definite matrix. Let 7,40 >
0,min > 0 be the largest and smallest eigenvalue of A
respectively. Denote by v~ = max{—u,0}. Let P, = {t €
Z(1,N)|u(t) < 0}, P, = {t € Z(1,N)|u(t) > 0}. Notice
that u™ (t) = 0 for t € P, and f1(u(t)) = 0 for ¢t € P;. Then

S iu(®)um (1)
= 3 ) () + Y filul®)um(5) = 0.

teP;y teEPy

Similarly, g (u(t)) = 0 for t € P;. Hence

> giu(®)u (1)

tePy tePy
Lemma 3. If u is a solution of (2), then u > 0. Moreover,
either v > 0 in Z(1, N), or u = 0 everywhere.

Proof. It is not difficult to see that (Au(t) +
Au(t))Au=(t) < 0 for t € Z(0,N). In fact, no matter that
Au(t) > 0 or Au(t) < 0, the former inequality holds. Hence
Au=(t) - Du(t) < —(LDu=(t))2.

If w is a solution of (2), then

N

0 =Y [A%u(t = 1) + Mfi(u(t)) + pgr (ut)]u™ (1)
N+1

== Aut—1)Au (t-1)

t=1

+ ) fa(ul®) + pgr(u(t))u™ (1)

N+1
> 3 (A (t-1))% = ()T Au” > Do Ju” |2
t=1

So u~ = 0. Hence u > 0. If u(t) = 0, then

u(t + 1) + u(t — 1)

At —1) = =Af1(u(t)) — pg (u(t))
=Af1(0) — pg1(0) = 0.

Therefore u(t + 1) = u(t — 1) = 0. It follows that u = 0
everywhere.

Lemma 4. If (4) and (5) hold, then hq(s)s > BoH;(s) for
large s > 0, where 3y € (2, 5).

Proof. Notice that hi(s)s > [BoHi(s) is equivalent to
h(s)s > BoH(s) if s > 0. To prove that h(s)s > BoH(s)
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for large s > 0, it suffices to show that
h(s)s
T BoH (s)
By (4), for large s > 0, we have
BoF(s) _ Bo
fls)s = B~

Hence, if s > 0 is large, then

h(s)s  Mf(s)s+ pg(s)s
BoH (s)

lim > 1.

1g(s)

1+ 56
BoF(3) ;. BonG(s)
s T A

 Bo(AF(s) + uG(s))
1g(s)
RAPYi0)
= Bo | PonG(s)”
y + ;f(s)s
Taking inferior limit on both side of the above inequality,
then

(s)
: h(s)s 1+ 57
e = g el

- T G(s)y\ "
hms~>+oo(% + B;?(sgs))

Since f is superlinear and g is sublinear, lim;_, ;o ﬁ?(zg =0.

Then lim, oo (1 + 45() = limusioo(l + 5%3) = L.
Moreover, since G is subquadratic and f is superlinear,
limy,—s 400 f((76> = limy400 55 )é = 0. Therefore,
52
G(s . G(s
T,y oo (5 + 25 = limasoo (B + BEED) = 4
From the above results, it follows that lim, ,, 5 S;)(z >

LS.

Bo
Lemma 5. If (4) and (5) hold, then J satisfies (PS)
condition.

Proof. Notice that E* = E. Let L(u) = Y&, Hy(u(t)).
From Theorem 2.2 of [10], for any given w € dL(u) C E*,
we have w(t) € [hq(u(t)), h1(u(t))]. Then

w(t) = Af1(u(t)) + pgr(u(t)) if u(t) # 0,
w(t) € [Af(0) + 1g(0),0] if u(t) = 0.

Therefore

Zhl ) for all w € AL(u).
By Lemma 4, there is a constant M > 0 such that L(u) <
ﬂ—lo<w, u) + M for u € RN. Suppose that {u,} is a sequence
such that J(u,,) is bounded and ¢(u,,) — 0 as n — oc. Then
by properties 3 and 7 , there are C' > 0 and w,, € OL(uy,)
such that |J(uy,)| < C and

[(OK (un) — Wy, un)| < ||uy| for sufficiently large n.
It implies that

U;I;Aun - <w71,7un> > _Hun”«

Hence
1
C > gunAunfL(un)

1 1

> 3 nAun—%@un,un)—.M
(3 = )l Aty + o[t Aty — (w,0)] — M

= (= — —)ul Au,, + —[ul Au,, — (wp, un)] —
2 B’ " Boo "
1 1 1

> (= — = minlltn | = == |lun|| — M.

> (5 50)77 [Junl ﬁo” l

This implies that {u,} is bounded. Since FE is finite dimen-
sional, {u,} has a convergent subsequence in E.

Lemma 6. For fixed u > 0, there ex1st p > 0 and X\ > 0
such that if A € (0, \), then J(u) > M/\ =21 for ||ul| =
p.

Proof. By (3) and (5), there are Cy, C5 > 0 such that

a+1
Fi(s) < %—1—04 for all s € R, 8)
Gi(s) < 772171'71‘8'2 +Cj; for all s € R. )
w

The equivalence of norm on FE implies that there exists
Cs > 0 such that |luljar1 < Cgllul|, where |[ullor1 =
1 1

N a atT min (01 a-T
(z u®) )T Let My = (et
MiA™a=T. Let ||u|| = p. It follows from (8) and (9) that there
is A > 0 such that if X € (0, ), then

and p =

J(u) = fuTAu — ZHl

N
1 ACy
> = . 2 _ a+l N
> Smanlul® = == ;W)I ACy
nmzn . Z|u _MCSN

)\Olca+l
S u

1
> aninuu”2 - )\C4N — IU,C5N

mlnM a
=i <77 M\ - AT N )

2
Nmin

16

Y]

Lemma 7. There is an e € FE such that |e]| > p and
J(e) <O0.

Proof. It follows from Remark 1 that F(s) > Cas® — Cs
for s > 0. By the equivalence of the norms on FE, there
exists C7 > 0 such that ||ullg > C7||ul|, where ||ulg =

(= fuw?)”

eigenvalue 7; of

. Let v; be the eigenfunction to the principal

—A?u(t —1) = nu(t),t € Z(1,N),

u(0) =0,u(N+1)=0
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with v1 > 0 and ||v1|| = 1. Let
Gm = mln{G(U)|u S [0, +OO)}
Clearly G,,, < 0. Since 8 > 2, for k > 0,

1 N N
J(kvy) = §kz2v1TAv1 —AY F(koi(t) — p Y Gk (1))

< L2 ACy(Crk)? + AN = G N

— —00 as k — +©

Hence there is a k; > p such that J(kjv1) < 0. Let e =
kyvy. Then |le|| > p and J(e) < 0. The second condition of
Mountain Pass Theorem is verified.

Proof of Theorem 1. Clearly J(0) = 0. Lemma 5 implies
that J satisfies (PS) condition. It follows from Lemma 6,
Lemma 7 and Lemma 1 J has a nontrivial critical point @
such that J (@) > n””" min M )~ 2y . By Lemma 3 and Remark
5, @ is a positive solutlon of (1). The proof is complete.

Proof of Theorem 2. The sub-super solutions method will
be applied to prove the multiplicity results.

Firstly it will proved that there exists p* > 0 such that if
> p*, then the following boundary value problem

—A2u(t — 1) = pg(u(t),t € Z(1, N),
{ 0 :(o,u(J)\f +M19)(:(0)) (1,N) (10)

has a positive solution u. In fact, since g(u) is increasing

n [0, +00) and eventually strictly positive, g(u) > —Cjs for
u > 0 and some Cg > 0. Let 1 be the eigenfunction to the
principal eigenvalue p; of

—A?u(t —1) = pu(t),t € Z(1,N),

u(0) =0,u(N +1)=0

with 71 > 0 and ||rq| = 1.

Notice that pu; = 2 — 2(:0SNL+1 and ri(t) = sin N+1
(see [3]) Let Cg > 0 be a constant such that Cy <
2sin® 57 cos 3257 Fort € Qu = {t € Z(1, N)[t =lort =
N}, N >4, we have (Ary(t))2 4+ (Arq(t—1))2 —2ur3(t) =
2 sin® NLHCOSNQ—I1 > Co > 0.

It will be verified that ¢ = %r% is a subsolution of (10)

for 1 large. Notice that

At —1) = 207 (t) —ri(t+ 1) —ri(t — 1)
= 2r{(t) = (r(t) + Ara(1))?
—(r1(t) — Ari(t - 1))?
= 2mri(t) — (Ari(1)* -
On the other hand, for t € )1, we have (Arq(t))
1))2 — 2pu17%(t) > Co, which implies that
C
. 2mrd(t) = (An(®)* -

Then for t € Q1, —A%p(t — 1) < ug(w(t)). Next, for
t € Z(1,N)\Q1, we have ri(¢t) > 7 for some ¥ > 0
and Csrl(t) > (o for some Cig = %2?2 > 0. Hence

P(t) = “gs r2(t) > uCho. Since g is increasing and eventually

(Ary(t—1))2.
2+(A7"1(t*

(Ar(t = 1)) = g(u(t) < 0.

strictly positive, there is a p* > 0 such that if 4 > p* and
te Z(17 N)\Ql,

O %zzm >

Hence for t € Z(1, N)\Q1, =A%t —1) < pug((t)). Notlce
that 71(0) = 0,71 (N+1) = 0. Then 1(0) = 0, ty(N +1) =
So we have

~A%(t - 1) < pg(e(t),t € Z(LN),
$(0) < 0,1(N +1) <0,

i.e., ¥ is a subsolution of (10).
Now it is necessary to look for the supersolution of (10).

Let z be a solution of
{ A%yt —1) = 1,t € Z(1,N),

w(0) = 0,u(N + 1) = 0. an

N
2(s) = Y G(s,t)

1 s=1 N
T N+1 {Z[<N+1)8]t+25[(N+1) t]}

t=1 t=s
_S[(N+1) — 5]
= 5 7
where
HNH) =] g cp < g1
G(s,t) = +1 - = !
(5 {[%H S<t<N L

Clearly z(s) > 0 for s € Z(1,N), z(0) = 0,2(N +1) = 0.
Define ¢ = oz, where o > 0 is large enough so ¢ > ® in
Z(1,N) and
9(poz)
o

< 1.
This is possible since g is a sublinear function. So
A%t —1) > pg(6(t)),t € Z(L, N),
$(0) 2 0,(N +1) >0,

which shows that ¢ is a supersolution of (10). Therefore, by
Lemma 2, there is a solution u of (10) such that ¢ < u < ¢.

Secondly it will be proved that w is a subsolution of (1).
Since A > 0 and f > 0, it follows that

=A%u(t = 1) < Af(u(t) + pg(u(t), t € Z(1,N),
u(0) <0,u(N +1) <0,

which implies that u is a subsolution of (1).

Lastly the question is to look for the supersolution of (1)
and prove the existence of positive solution of (1). Let z be as
in (11). Notice that g is sublinear. Define w = £z, where £ > 0
is independent of A and large enough so @ > wu in Z(1,N)

and (e2(t) 1
g(&z(t
e

%:[w%(t)—(ml<t>>2—<ml<t—1>>2y
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Let A > 0 be so small that

f&=(1) 1
AT < ok
Then
—A*u(t — 1) = € > Mf(u(t) + pg(u(t), t € Z(1,N),

@(0) > 0,a(N +1) > 0.

Hence @ is a supersolution of (1). Thus, by Remark 3, problem
(1) has a solution @ such that u < @ < @ for g > p* and A
small, which is positive for t € Z(1, N).

Now it is time to find the second positive solution of
problem (1). Notice that u and w are independent of .
Since f is positive on [0,+00), by the definition of f;

Zfil Fi(u(t)) > 0. Then for u € [u, ],
T(u) = %UTAU A () - 1S Gaul®))
< %uTAu - ,uZGl(u(t)) < Jo,

t=1

where Jy = max,c[u,z] ( uT Ay — uzt 1Gi(u ) On

the other hand, by Lemma 6, one can take approprlate A such
that if A € (0, \), then J(u) > "’””’Ml)\ a1 > Jy+ 1 for
|lu|]| = p. Hence by Theorem 1, J (4 ) > Jo. So @ ¢ [u,u] and
U # u, which shows that & and @ are two different positive
solutions of (1). The proof is complete.

Proof of Theorem 3. Just to be on the contradiction side,
let w be a positive solution of (1). Since f is superlinear and
increasing, f(0) > 0, there are Cy1,Cy5 > 0 such that for
s >0, f(s) > Ci11s + Ci2. Hence for A > 0 and s > 0,
Af(8) 4+ pg(s) > A(Cr1s + Cr2) + pGp, wWhere G, is the
same as that of the proof of Lemma 7. If A is large enough,
then A\C1z 4+ G > $AC12. Therefore Af(s) + pg(s) >
AC11s + %/\Clg for large A > 0 and s > 0. Multiplying both
side of

— NPy (t—1) = Ay (t)

by w(t) and summing it from 1 to N, we get

Z)\ﬂ/l

Multiplying both side of (1) by y;(¢) and summing it from 1
to IV, we have

N
2 AQ t—]. yl :Z
t=

t=1

N

> (=A%t - 1D)u

t=1

) + ng(u(t)))y:(t).

It is easy to see that

N

> (=A%u(t— 1)) =>(-A

t=1 t=1

2yi(t = 1)u(t).

Hence

Z/\1y1(t Z Af(u(t)) + pg(u(t)))yi(t),

t=1

N N
ZAlu(t)yl Z (ACh1u(t) + Aclz)yl()
— =1

012?,/1

l\DM—l

N N
SORPERNCMUED

t=1

For A > C
has no posmve solution if A is large. The proof is complete.

Example. An example is given to illustrate the result of
Theorem 1. Let f(u) = v + 1 and g(u) = (u — 1)5 — 2.
Clearly f and g satisfy the conditions of Theorem 1. Then
problem (1) has at least a positive solution.
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