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Existence and stability of anti-periodic solutions for
an impulsive Cohen-Grossberg SICNNs on time
scales

Meng Hu and Lili Wang

Abstract—By using the method of coincidence degree and con-
structing suitable Lyapunov functional, some sufficient conditions are
established for the existence and global exponential stability of anti-
periodic solutions for a kind of impulsive Cohen-Grossberg shunting
inhibitory cellular neural networks (CGSICNNSs) on time scales. An
example is given to illustrate our results.
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I. INTRODUCTION

INCE Bouzerdout and Pinter in [1] described SICNNs
Sas a new cellular neural networks, SICNNs have been
extensively applied in psychophysics, perception, robotics,
adaptive pattern recognition, vision and image processing,
etc. It is shown that the applicability and efficiency of such
networks hinge upon their dynamics, and therefore the analysis
of dynamic behaviors is a preliminary step for any practical
design and application of the networks. In particular, consider-
able effort has been devoted to the study of dynamic behaviors
on the existence and stability of the equilibrium point, periodic
and almost periodic solutions of SICNNs with time-varying
delays and continuously distributed delays in the literature
(see, e.g., [2-5] and the references therein).

Arising from problems in applied sciences, the existence of
anti-periodic solutions plays a key role in characterizing the
behavior of nonlinear differential equations (see [6-10]). Since
SICNNSs can be analog voltage transmission which is often an
anti-periodic process, it is worth continuing the investigation
of the existence and stability of anti-periodic solutions of
SICNNS . To the best of the authors’ knowledge, nevertheless,
there are few published papers considering the anti-periodic
solutions of impulsive CGSICNNSs.

Motivated by all above mentioned, we consider the follow-
ing impulsive CGSICNNSs on time scales

CH(t)

af(t) = —a(t, xi5(t)) [bij(t, z5(t)) +
CHEN(i.5)

Pt ana(t — ma(t))as (8) — Ly <>} LTt £,

Azj(tn) = i (t]) — Izy( ) Lijn(ij (th)), t = th,
heN,i= m,j=1,...,n,
(1
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where T is an % -periodic time scale which has the subspace

topology 1nher1ted from the standard topology on R. Cj;
denotes the cell at the (4,j) position of the lattice, the r-
neighborhood N,.(i, j) of C;; is given by N, (i,7) = {C}; :
max{|k—i|7 |l—j|} <r,1<k<m,1<1<n} z; acts as
the activity of the cell C;;, L;;(t) is the external input to C;;,
a;;(t,z;5(t)) > 0 and b;;(¢, z,;;(t)) represent an amplification
function at time ¢ and an appropriately behaved function at
time ¢, respectively; ijl (t) > 0 is the connection or coupling
strength of postsynaptic activity of the cell transmitted to the
cell Cj;, and the activity function f(¢,24;) is a continuous
function representing the output or firing rate of the cell C*;
x5 (t}), w4(t; ) represent the right and left limit of z;;(t5,) in
the sense of time scales, {t;} is a sequence of real numbers
such that 0 < t; < to < ... < t, — o0 as h — oo.
There exists a positive integer p such that tpy, = &, + %,
Iij(h+p) ($ij (th+p)) = 7Iijh(7$ij(th))’ h € N. Without loss
of generality, we also assume that [0, &)t N {tn : h € N} =
{tl,tz, cey tq}. Let RT = (0, <|*OO),T+ =RtNT.

The main purpose of this paper is to study the existence
and global exponential stability of the anti-periodic solutions
of (1) by applying the method of coincidence degree and
constructing suitable Lyapunov functional. The methods used
in this paper are different from those of the references listed
above and our results can be applied to a large of neural
networks.

(x11(t), z12(2), - 3C1n(t) éEm1(t) ZTma (1),

Let z(t) =
o Tmn(t)T € C(T,R™), H z = ; Z: max |y (1))

The initial conditions associated with system (1) are of the
form

xi; () = i (t),t € [=7,0]p, 7 =

max
1<k<m,1<I<n ¢cT

where ¢;;(t),i =1,2,... ,n are continuous
functions on [—,0]r.
For the sake of convenience, we introduce some notations
L= L T = max |CM
ij = fg[%)ax |Lij ()], ij = tél[%ffh‘ ij ()1,

lglls = ( I g(t>2At)1/2,

where ¢ is an w-periodic function.
Throughout this paper, we assume that
(H) CH() > 0.Ly(t) € CLR.CE( + %) = CH(,
Tw(t+ 5) = Tu(t) Lu(t+ 9 = “Ly).i =
1,2,...,m,5=1,2,.

om,j=1,2,...

sup{mui(t)}, (2)
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(H2) aij € C(TxR,RY), a;;(t+%, —u) = a;;(t,u) and there

exist positive constants @;;, a;; such that 0 < a;; <
aij(t7u) < ;j forall w € R, ¢ = 1,2,...,m,j =

1,2,...,n;
(H3) b;; € C(T x R,R) are delta differentiable, b;;(t,0) =
0, bij(t + %, —u) = —by;(t,u) and there exist positive

constants ;;, d;; such that 0 < g;; < %ﬁj’“) < §;; for
aluelR,i=1,2,...,m,j=1,2,...,n;

(H4) fij € C(T X R, R), fij (t + %, —U) = fij (t, U), and there
exist positive constants My and L such that | f;; (¢, u)| <
Mf’ ‘f(tvu) - f(t,’())‘ < Lf‘u - U|;

(Hs) Iijn € C(R,R) and there exist positive constants p;;p
such that |I;;,(u) — Iijn(v)] < pijnlu — v| for all w,
veR, heN,i=1,2....m,7=1,2,...,n.

The organization of this paper is as follows. In Section II,
we introduce some definitions and lemmas. In Section III, by
using the method of coincidence degree, we establish sufficient
conditions for the existence of the anti-periodic solutions of
system (1). In Section IV, by constructing Lyapunov func-
tional, we shall derive sufficient conditions for the global
exponential stability of the anti-periodic solutions of system
(1). An example is given to illustrate the effectiveness of our
results in Section V.

II. PRELIMINARIES

In this section, we shall first recall some basic definitions,
lemmas which are used in what follows.

Let T be a nonempty closed subset (time scale) of R. The
forward and backward jump operators o,p : T — T and the
graininess p : T — R¥ are defined, respectively, by

o(t)=1inf{s € T:s>t},p(t) =sup{s € T:s <t}

wu(t) =o(t) —t.

A point t € T is called left-dense if ¢ > inf T and p(¢) = ¢,
left-scattered if p(¢) < t, right-dense if ¢t < sup T and o(t) =
t, and right-scattered if o(t) > ¢. If T has a left-scattered
maximum m, then T* = T\{m}; otherwise T* = T. If T has
a right-scattered minimum m, then Ty = T\{m}; otherwise
Ty =T.

A function f : T — R is right-dense continuous provided it
is continuous at right-dense point in T and its left-side limits
exist at left-dense points in T. If f is continuous at each right-
dense point and each left-dense point, then f is said to be a
continuous function on T.

Fory:T —Randt € T*, we define the delta derivative of
y(t), y>(t), to be the number (if it exists) with the property
that for a given ¢ > 0, there exists a neighborhood U of ¢ such
that [[y(a(t)) — y(s)] — y>()[o(t) — s]| < ela(t) — s| for all
s € U. If y is continuous, then y is right-dense continuous,
and y is delta differentiable at ¢, then y is continuous at ¢. Let
y be right-dense continuous, if Y2 (t) = y(t), then we define
the delta integral by f; y(s)As =Y (t) — Y(a).

A function p : T — R is called regressive provided 1 +
p(t)p(t) # 0 for all t € T*.

Similarly in [11], we shall first give the definition of anti-
periodic function on time scales as following:

Definition 2.1 We say that a time scale T is periodic if there
exists p > 0 such that if £ € T, then t = p € T. For T # R,
the least positive p is called the period of the time scale. Let
T # R be a periodic time scale with period p. We say that
the function f : T — R is %-anti-periodic if there exists a
natural number n such that & = np, f(t+%) = —f(¢) for all
t € T and ¥ is the least number such that f(t4 %) = —f(t).
If T = R, we say that f is Z-anti-periodic if % is the least
positive number such that f(t + &) = —f(t) for all ¢ € T.

Lemma 2.1([12]) Let p, q be regressive functions on T.
Then
(a) eo(t,s) = 1 and ep(t,t) = 1; (b) ep(o(t),s) = (1 +

u(t)p(t))ep(t, 5);
() ep(t,s)ep(s,m) = ep(t,r); () ep(,8) = pey(-,5).

Lemma 2.2([12]) Assume that f, g : T — R are delta
differentiable at t € T*, then (fg)2(t) = f2(t)g(t) +
Fo()g™(t) = f(t)g™ (1) + fA(t)g(a (1))

Lemma 2.3([13]) Let t1, t5 € [0,w|r. If 2 : T — R is
w-periodic, then z(t) < a(t1) + [ |22 (s)|As and x(t) >
#(t2) = [ 1(5)|As.

Lemma 2.4([12]) Let a, b € T. For rd-continuous func-
tions f, g : la,blr — R, we have [’[f(t)llg(t)|At <

1/2 1/2

(sropar) (S laopa

Lemma 2.5([14]) Let function f be continuous on [a, b|r
and delta differentiable on [a,b)T, then there exist &, ¢ €
[a, b)z such that f2(€)(b—a) < f(b) — f(a) < f2(<)(b—a).

Definition 2.2 The anti-periodic solution z*(¢) of system
(1) with initial value ©*(¢) is said to be globally exponentially
stable if there exists a positive constant € with e € R" such
that for every o € T, there exists N = N(«) > 1 such that
the solution z(t) of (1) through (a, p(a)) satisfies

[zij — 3|l < Neoe(t,@)|lp —z*||,Vt € TF,
i=1,2,...,mj=12...,n

where [l — 27| = sup max|pi;(a) — z7;(a)l.

ae(—r,0]p (87
The following fixed point theorem of coincidence degree is

crucial in the arguments of our main results.

Lemma 2.6([15]) Let X, Y be two Banach spaces, 2 C X
be open bounded and symmetric with 0 € €). Suppose that
L: D(L) C X — Y is a linear Fredholm operator of index
zero with D(L)NQ # ) and N : Q — Y is L-compact.
Further, we also assume that
(H) Lx — Nz # AN(—Lxz — N(—=z)) for all D(L)NdN, X €

(0,1].
Then equation Lz = Nz has at least one solution on D(L)NS.

III. EXISTENCE OF ANTI-PERIODIC SOLUTIONS
Theorem 3.1 Assume that (H;)-(Hs) hold. Suppose further
that

(Hs) E;j>0,i=1,2,...,m,5=1,2,...,n, where

1
E,; = Qijw(l — Eijéijw) — (? +Qijw)
)

2q

_ —kl

|:aij Z Cij ]wa + Z pijh:| .
h=1

CKLEN,.(i,7)
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Then system (1) has at least one % -anti-periodic solution.

Proof: Let C*([0,wity, ta, ... tgrtgrit, - - - tag)T, R™"
{z : [0,w]r — R™|2®)(t) is a piecewise continuous map
with first-class discontinuous points in [0, w]r N {t; : h € N}
and at each discontinuous point it is continuous on the left},
kE=0,1.

Take X = {.Z’ € C([O,w;tl,tg,. ey bgstgaty .. .,tgq]'[

a(t+ %) =—=(t) forall t € [0,%]r} and ¥ = X x R(mm)*4

be two Banach spaces equipped with the norms

l2llx = Z Z |zijlo and [ly[ly = [[«]lx + [[2]| for all z € X,
=1 ‘]7

z € RO"X4 in which |2;;/p = max |z ()], i=1,2,...,
: te[0,w]r

m,j=1,2,...,n, | -| is any norm of R(™m)x4,
Set L: DomLNX =Y, z — (22, Az(ty), Az(ts), .. .,
Ax(t,)), where Dom L = {z € C0,w;t1,la,. .. tagT

z(t+ %) = —z(t)forallt € [0, %]}, and N : X = Y,
A (t) L (z1(t))
Aln(t) Iiny (Iln(tl))
Nz = ’ ’
A (t) Imll(xml (tl))
Am;b(t) Imnl (zmn (tl))
Nia(z11(t2)) Tig(z11(tq))
Iln?(l‘.ln(tQ)) Ilnq(z.ln(tq))
Ltz (22)) Lntg(@m (t))
Ian (Imn(tZ)) Imnq(xmn(t‘Z))
where

CE(t)

Aij(t) = —aij(t, w45(t)) {sz (t,zi5(t)) +
CKLeN,(i,5)

f(lf7 xkl(t — Tkl(t)))wij(t) — Lij(t):| ,fori=1,2,...,m, j =
1,2,....n

It is easy to see that Ker L = {0} and ImL = {z =
(g.c1,...,¢4) € Y fow g(s)As = 0} = Y. Thus dim
Ker L = 0 = codim Im L, and L is a linear Fredholm operator
of index zero.

Define the continuous projector P : X — K erL and the
averaging projector Q Y — Yby Pz = fo s)As = 0, and

Qz = Q(g,c1,. .., L[y 9(s)As,0,...,0

Im P = Ker L and KerQ = Im L=Im (I — Q). Denoting by
L' Im L — Dom(L)NKer P the inverse of L|p(r,)nerp
we have

L;lz :/

in which cgq; = —¢; forall 1 <17 <gq. -
Similar to [16], it is not difficult to show that QN(€2),
> (I—Q)N(9) are relatively compact for any open bounded

. Hence,

g
As—l—ch—f/ g(s
0

te<t

14
)As — 3 ch,
k=1

, R’ITLTL) :

set 0 C X. Therefore, N is L-compact on ) for any open

) = bounded set 2 C X.

In order to apply Lemma 2.6, we need to find an appropriate
open bounded subset 2 in X. Corresponding to the operator
equation Lz — Nx = A(—Lz — N(—x)), A € (0,1], we have

xﬁ(t) = 1-1-)\G J(t x) — 1iAGij(tv —z),
teTr, t#t,, heN, 3)
Azij(tn) = I]h(wz(th))—ﬁfijh(—fij(th))»
1=1,2,....m,j=12,....n
where

Gij(t @) = —ai;(t, x45(t)) {bij (t,zi5(t))

. Oﬁ;l(t)f(t,m(t—m(t)))acij(t)—Lm(t)]
CkleN,.(1,5)

Gij(t, —x) = —ay(t, —w4(t)) {bij (t, —xi; (1))

+ )
C“ENT(L',]')

Set tg =t =0, tag41 = w, in view of (3), together with
0 q+ 2

(H3) — (Hy), we obtain
2g+1
[ letolar=3 [ I At S Ay )
h=1
——Gij(t,x) — ——Gy(t, —x)|At
/0 T aculhe) = s Gt —e)
2q \
——ILiin(xii(th)) — ——Lijn(—x4; (t
+hZ:1 T (@i () = 3 Tign mj(h))'
- —kl
< wlipvBleslet Y CHMVGE oy e
CHEN,.(i,j)
2q 2q
+wL”} + > pinleily + D [Lin(0)]. )
h=1 h=1

Integrating (3) from 0 to w, together with (Hs) — (Hy), we

can get

/0‘“ |:(lij (t, i (i)_)i_bzﬁ)y\'(@ w4(1))

) — i (1’521’;‘(157 —xij(t))} At‘
’ /O ’ a;(t, i ())bi; (¢, mij(t))At‘
’_H%/Ow astag®) S e

CKLEN,(4,5)

it zpa(t — mra(t)))ziz (1) At
e W ARG N DRG0

CkZGN,.(i,j)
@t —zp(t —7a(t))(— Tu( ))At

7/ a;j(t, x5 (t)) L (t) At

. )\aij (t

OB £ (1, —sa(t — T (£)(—ig (8)) — Loy (t)} .
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>\ w
T /0 aij(t, —wi; (t)) Li; (1) At
J—

29
A
— D Liyn(®ii(tn) — 7 ) Lijn(—z4;(¢
TR 2 ) ~ g 3 ()|
> TyMivo | i 2 +a@iwly

CkLEN,(i,5)

2q 2q
+ Z Pz‘jh‘%j‘o + Z |Zijn(0)],
h=1 h=1

< agy

then, by Lemma 2.5 and (H3), combining the above inequality,
implies that

[ otz <t>At\
LS

Qi crEN, (i)

1 2q 1 2q
+fzmjh|$u|o+ *Z |7:;,(0)]. @)
Oij hel 0ij hel

—kl aij —
< CZ]]\/ff\/a || Tij ||2 +?’LJL«}LU
v

where 1 = 1,2,...
From Lemma 2.3, for any (;;, 1 €
1,2,...,m,5=1,2,...,n, we have

,ym,g=1,2... n.
[O,th‘, T =

w

/Ow ag(t, w45 (t))ws; (1) At < /0 aij(t, ij(t))2i; (Gij) At
+/Ow ai; (t, fﬂz‘.y‘(t))(/ow |$iAj(t)}At> At ©

and

w

/Ow a;j(t, @45 (t))ws; (6) AL > /0 aij(t, iz (t))wij(nij) At
f/ow aij(tvxij(t))(/ow |$iAj(t)}At)At7 @

where 1 =1,2,...,m, 7 =1,2,... n.
Dividing by fow a;j(t, z;;(t)) At on the two sides of (6) and
(7), respectively, we obtain

1 w
zi5(Cij) > @ / ai;(t, @i (t))aj (8) At
Y J5 asi (b ()AL Jo 7T
- /0 |55 ()] At, ®)
and
() < ! | st 00
Tij\Tij = Aijj\ly Tij Tij
e I aij(t ()AL Jo 7Y !
+/0 ESGIANS )
where t = 1,2,...,m, 7 =1,2,...,n.
Let t;j, t;; € [0,w]r such that z;(t;;) = [ x5 (1),

zij(ty;) = terf(l)i,g]qr x;;(t), then, together with (4), (5), (8) and

(9), we obtain

Lij (ﬁz‘j)

and

z;5(tij)

Jo ai(t 1ar~(t))At /““ aij (b, @i (t))ai; ()AL
o @ij\l, Tij Jo

—/ EFGIAY;
0
1 |a;; —kl
f—[—f S MG |y s

w00
Qi L0 G, (i)

2

Y,

— 2q
Aij — 1

+—Lwlij+ — E Pijh‘ﬂﬁij|0
Qij Qij 13

29
1 —
4L S (O] ~ [0 | 3 2
Qij h=1
—kl
+ Y TCMpVe e
CHRLEN,(4,5)
2q 2g

+wzij:| + ZPijh!iL'ij‘o + Z |Iz'jh(0)‘ (10)
h=1 h=1

T ant . (0)A1 [ et pm
0 U\ g 0

+/O o5 (1) At
1 |a;; —kl
{—J S CEMa eyl

a; W ]
Lij« L0 orln, (i)

IN

IA

_ 29
Aij — 1

+—2wlij + — E pijnl|eij|,
0ij Qij

2q
1
+— Z ‘fijh(o)@ +a;j {5@'\/‘; I 255 |l2
Qi =
kil
+ Y CyMpve | @yl

CHLEN,(i,5)

2q 2q
+U-)zij:| + ZPijh!mij|0 + Z {I”h(o)
h=1 h=1

, (1D

where : =1,2,...,m,j=1,2,...,n.
Then, from (10) and (11), we can get

IN

1
+a;; {511\/& | zi5 ll2 +—

2q 2q
(AP +wfz‘g} +D pignlisly+ D [1in(0)
h=1 h=1

i=1,2,...

[iilo = max |ai;(0)]

1 |ai okl i —
[i S MG |y s+ 2T

QW | Qij CHLEN, (i,7) Qij

1 2q 1 2q
+—> punlwigly+— > ’fijh(()){]
St

0ij h=1

S ThMie

J CMEN, (4,9)

I

om,ji=1,2,...,n (12)
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In addition, we have

il =

([ ors)”

< Vw max |x” }
te[0,w]T
= Vol (13)
where 1 =1,2,...,m,7=1,2,...,n
Then, together with (12), (13), we obtain

Z C Mfw|17”|0

Qij CkLeN,(i,5)
szJ}L’xZJ’O
9ij =

1 2q
+7 Z |123h(0)|:| + Qijw |:a¢j(5¢jw|1}ij |O
Qij he1

+a;; Z 62‘6;]\4f"-’|932'1'|0
CKLeN,.(i,7)

2q 2q
+a;jwLij + Z Pv‘,jh,‘flfij ’0 + Z ‘]ijh(0)|:| ;

h=1 h=1

Qijw|xij}0 S |:aij

a
4 wLU + —

i=1,2...,mj=12....n
That is,
_ 1 _
a;w(l —a;;05w) — (— + a;;w) | @ij
Oij
> o Mfwzpuh] blasl,
CkLEN,.(i,5)
1 24 _
< (? +a;;w) [Z ‘Iijh(o)’ + EW'WLU}
ij
= Dy, i=12,....mn=12,....,n. (14)
Denote
_ _ — ki
Eij = a;;w(l — a;;6;;w) — (g% +a;;w) [aij > Cy
’ CFLeN,(i,5)

Mfw + Z ngh:|

From ( 4) and (Hg), we can get ‘xij|o
Mij7 1727"'7m’j:172""7n

m n

Let © =Y > M;;+1, © is independent of A. Then take
i=1j=1

Q={z e X:|z|x < ©}. It is clear that {2 satisfies all the

requirement in Lemma 2.6 and the condition (H) is satisfied.

Then system (1) has at least one % -anti-periodic solution. This

completes the proof. |

IV. GLOBAL EXPONENTIAL STABILITY OF THE
ANTI-PERIODIC SOLUTION

In this section, we will construct some suitable Lyapunov
functions to study the global exponential stability of the anti-
periodic solution of system (1).

Theorem 4.1 Assume that (H;)-(Hg) hold. Suppose further
that

(H7) The impulsive operators I (x;;(t)) satisfy
Ljn(wii(tn) = —vgnzii(tn), xi(t,) =
Iij(th)a 0< Yijh < 2, for all 1 = 172, ce ,m,j =

1,2,...,n, heN.

(Hs) There exist positive constants 1;; such that
lasj(t,u) — ai;(t,v)| < vijlu —v|, forall u,v €
R,i=1,2,....m,5=1,2,...,n

(Hg) There exist m x n positive constants &;; > 0, i =
1,2,...,m,j = 1,2,...,n, such that 3; =

T _ —kl
(vigLlij — @;50i5)6i; + @y 35 CyMs&y; +
CKLEN,.(1,5)
_ —kl
aij Z CijM()Lfékl < 0.
CHEN, (i)
where My = max; j) Mj, then the %-anti-periodic solution
of system (1) is globally exponentially stable.
Proof: According to Theorem 3.1, we know that system

(1) has an %-anti-periodic solution x*(t) = (7 (t), #75(t),

ot @), @), s (), . 2k, (1) with the initial
value o*(t) = (p71(t), -, @Tn (), - 031 (1), @ (1)
and |zi]-|0 < My, suppose that z(t) = (z11(t), z12(t), - - -,
i)y Tt (8), oo (1), . .., T ()T is  an  arbitrary
solution of system (1) with ¢(t) = (v11(¢), ..., @1(t),.-.,
Pm1 (t)v e @mn(t))T'
Let y(t) = x(t) — x*(¢), then system (1) can be written as
(i3 ()2 = —la; (t, i (£))bij (£, 245 (t))
ai;(t, 27;(1))bi; (¢, 27;(1))]
aj(t, xi; (1)) CH(t)
CKLEN,(i,5)
[zt — (1)) (1) .
—ag(t, (1) > CF(t)
PR gy (15)
b ¢ = ra) 1)
+ag(t, zi;(t) — ai(t, 275(t))]Li; (t),
t# th,
Ay;i(tn) = —vinYis(tn),
i=1,2,....m,j=12,...,n

Also, [y;(th + 0)| = [1 = Yijnlyi; (tn)]
1,2,...,mj=1,2,....,n, heN.

The initial conditions of system (15) is 1;;(s) = ¢;;(s) —

xi,s € [-7,0r,i=1,2,...,mj=12...,n

If (Hg) holds, it can always find a small enough constant
€ > 0, satisfying V¢t € T, 1 — u(t)e > 0, such that

—kl
Y CyMggy
CFLEN,(3,5)
_ —kl
+a;; Z Cij M()Lfee(t, t— Tkl(t))ékl
CkLeN,.(i,5)
<0,i1=1,2,...,

(€+vijLij — a;;0i)&; + @i

m,j=1,2,...,n. (16)

Define a Lyapunov function
Vo= (Vi (0), Vis(t), - Vi (0), - - Vi (1), ( )y
v ()T, where Vw( ) =e(t,a ‘y,j(t ’7 —7,0],1 =
1,2,...,m,j=1,2,...,n
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For t € TT, t # tn, h € N, calculating the upper right
derivative of V;;(t) along the solution of system (15), we have

DH{Vi (1)
= e}yij(t)|eé(t7 ) + e (o(t), a)sign{ — [ai(t, xi; (1))
bij(t, iz (t)) — aiz(t, x;(t))bij (t, 27;(t))]
Josteaso) ¥ et
CHEN,(irf)
f it — a(t)))wi;(t)
— Qi (t71’L] (t)) Z

CHleN,(i,5)

f@ﬁﬁ—mﬁm%w]

CH (1)

Hw@m@%deﬂ»mmﬁ

IN

U+N@@{&+Wﬁu*%ﬂmwﬂﬂ

_ —kl
@y Y, CyMyVi(h)
CHLEN, (i)

—kl
+a;; Z Ci]-MoLfee(t,t — Tkl(t))
CHFLEeN,(i,5)
Vi (t — Tkl(t))}. (17)

Define the curve p = {w(l) : wy; = &;l,l > 0,1 =
1,2,...,m,j=1,2,...,n}and theset Q(w) = {u: 0 <u <
w,w € p}, Sij(w) = {u € Qw) : uj; =w;;,0 <u<wh It
is obvious that if [ > [, then Q(w(l)) C Q(w(l)).

We shall prove that the zero solution of (15) is exponential
stable.

Let ¢M = max
1<i<m,1<j<n

{6} € 1<i < 1< <n {6}
lh = (1 - a)\z/)”|0/§m where —a > 0 is a con-
stant, [l = W)U( ). Then {[V| = |V| =
ea(t, ) |P(a)|, —7 < h < a < 0} € Qw(lp)), namely
Vij(@)| = ea(t,)|tij(@)] < &jlo, —7 < a < 0,0 =
1,2,....m,5=1,2,...,n

We can claim that |V;;(t)] < &jlo, for t € TT, i =
1,2,...,m,5 = 1,2,...,n. If it is not true then there
exist some ij € {11,12,...,1m,...,ml,m2,...,mn} and
tl(tl € T+) such that |‘/Zj(t1)‘ = gijl()v[‘/i%(tl)rr > 0
and |Vi;(t)| < &jlo for t € [—7,ta]p, i = 1,2,...,m,j =
1,2,...,n. However, from (16) and (17), we have

DYV (t)
1+ ,u(t)e){(e +vijLij — a;;0i5)&

_ —kl
+a;; Z Ci]'Mfgij
CkleN,.(i,5)
_ kil
+a;; Z CyyMoLge(t,t — Tm(t))sz}lo
CHEN, (i,5)
< 0, teTh t#t,.

IN

This is a contradiction, so |V;;(t)| < &;lo, for t € TT, ¢t #
th,i=1,2,...,m,57=1,2,...,n. Also

Vij(th +0) = ec(tn +0,0)|ys;(tn +0)]
< ee(tn, @)|yij(tn)| = Vij(tn), h e N.
Then

lyi; (1)] < ece(t, @)éijlo = eae(t, )&;(1
teTH i=1,2,...,

a)|Yijlo/E™,
m,j=1,2,....n

which means that

M- o)

Iyl < e eac(t, a)|l¥[l = Neae(t, a)|[¥], t € T,

where N = N(a) = —Z,\,J(l —a) > 1. In view of y(t) =
z(t) — z*(t), ¥ (t) = p(t) — *(¢), then, we have

2 —2*|| < Nege(t, o)l —a™|, t € T.

From Definition 2.2, the -anti-periodic solution z*(t) of
system (1) is globally exponentially stable. This completes the
proof. |

V. AN EXAMPLE
Consider the following CGSICNNs with impulses. Let
(a5;)2x2 = 2.0+ 0.1sinu| 2.0 —0.2cos |u]
@i)2x2 =\ 194 0.1sin|ul 1.9 —0.2cos |u|
bij (8, w35 (1)) = w35 (1), 4,5 = 1,2,
(Cij)ans = 0.6]sin(167t)|  0.9] sin(167t)|
72527\ 0.8] cos(16mt)|  0.5]cos(167t)| )

(Lij)axs = 0.06 sin(87t)  0.05 cos(8t)
15232 =\ 0.07cos(8nt) 0.04sin(8xt) )’

f(tu) = Qfo\smuh

Awig(tn) = wig(ty) = @i (t;,) = =0.025wi5(t),

t=tnh=12

in (1), then, we have

Qll = 1.9,@12 = gzl = 1.8,@22 = 17, (_J,ll(t) = C_L22(t)
1 1
=21,a12(t) =2.2,a =20,M L= —
,012() ,621() 0, f= 20 f 20’
Pllh:p12h:P21h:P22h:OO25 h=1,2,0; =0;; =1,
—kl

EC”ENl(ZJ C(11 - EC“ENl(ZJ C112 - ECUENl(z ])021
= EcklENl(’i,j)C22 - 28,
Li;1 = 0.06,L15 = 0.05, Loy = 0.07, Lys = 0.04.

Computing by MATLAB, we can get

(B g — (01910 01634

i1)2x2= {01960 0.1684
0.1202 0.1232

(Dij)2xa = < 01233 0.1012 )

So, My = 0.7540. Take vi; = vo; = 0.1,v15 = vop = 0.2
and §;; = 1, 4,5 = 1,2, then

(Bij)2xe = ( —1.3783

—1.2498
—1.3019

—1.1763
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Now, we can see that (Hy)-(Hg) are all hold. By Theorem
3.1 and Theorem 4.1, system (1) has a %—anti—periodic solution
which is global exponential stable.
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