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Transient Currents in a Double Conductor Line
above a Conducting Half-Space

Valentina Koliskina, Inta Volodko

Il. MATHEMATICAL FORMULATION OF THE PROBLEM

Abstract—Transient eddy current problem is solved in the pifferent types of eddy current coils are usedpplications.

present paper by the method of the Laplace tramsfor the case of
a double conductor line located parallel to a cetidg half-space.
The Fourier sine and cosine integral transformsuaes in order to
find the Laplace transform of the solution. The @rse Laplace
transform of the solution is found in closed forithe integrated
electromotive force per unit length of the doubtmductor line is
calculated in the form of an improper integral.

One example is a coil in the form of a rectangtriame. If the
ratio of the sides of the frame is 4:1 or largemtisuch a coil
can be modeled by a double conductor line [9] with
relatively small error. Suppose that two horizoritdinitely
long parallel wires are situated above a condudtamfrspace
with electrical conductivity O and relative magnetic
permeability 1 (see Fig. 1).

Keywords—Transient eddy currents, Laplace transform, double

conductor line.

|. INTRODUCTION

HEORY of an eddy current method for the case wiaere R

coil is excited by an alternating current is wedivéloped
in the literature [1]-[4]. Current excitation ineahform of a
pulse represents an alternative to traditional eddyrent
methods. There are two basic methods that arelysissd to
analyze non-periodic time-dependent signals in ecldyent
testing: fast Fourier transform and Laplace tramsfoThe
difficulty in using the Laplace transform is thdtetinverse
transform is not always available in closed fornowever,
several authors [5]-[8] have obtained analyticdutsons for
problems where a single-turn coil or a coil witmité
dimensions is located above a conducing half-spasaming
that the excitation current is in the form of apstarrent or
exponential source current.

In the present paper we consider transient eddyewur

problem for the case where an excitation coil suaged to be
of the form of a double conductor line formed by tinfinitely
long wires located parallel to a conducting haliesp The
inverse Laplace transform is found in closed foanthe case
of an excitation current in the form of a unit stepction.
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Fig. 1 A double conductor line above a conductiatj-Bpace

Assume that the current in the wires is

(1) = 21 A1) @

at the points(Y,,h) and (y,,h), respectively, wherd ,is a

constant, andd(t) is the Heaviside function of the form

L t>0

P ={0 o @

We assume that the electric fielﬁ0 and Elin regions
R, ={z>0}and R ={z <0}, respectively, has only one
non-zero component in the — direction:

E =E(y.zt)e,, i=0]1 ®3)
where €, is the unit vector in the positivé —direction. The

system of Maxwell's equations in this case canrbesformed
to one equation for the electric field which has tbllowing

form in regionsR, and R;:
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f(y.2.9 =§[f‘(y,z,s>+ f(-y,2.9)]

9%E, 0°E ol
ay;’ + azzo :uoEJ(z—h)[O’(y—yo)

1 - _ _
+§[f (v,2,8) = f(-y,29)] = fou (V. 2,9) (14)

—o(y =yl

0°E, 0°E oE, -

Vzl t Hot =0, (B) + foy (¥,2,9),
where J(¢) is the Dirac delta-function. where

The boundary conditions are

o 0.29 =25 S aa-tyaty-v) g

oE 1 0E
Eo l,-0= E; lo-0 a_o |,-0= _a_l |- - (6)
z H 0z =3(y -y,
In addition, the following conditions hold at infiy: ) U SI_(S)
SE OE fosa (¥,2,8) === 0(z=h)[3(y - ¥,)
——0 =1 2 2
E,. E., oy "y Oasyy +z° - . M -5y-y,)l
The initial conditions are The following properties of the delta-function ameed in
order to derive (14) and (15): (ap(-y) =9o(y)and (b)
Eo =o=0, E |-=0. (8)(y+Y,) =003(y+y,) =0if y=0and
Yo >0,y; >0.
Il LAPLACE TRANSFORM OF THE SOLUTION Thus, the solution to (9)-(12) is sought in thenfor

Applying the Laplace transform to (4)-(7) we obtain
E (¥,2,9) = Ejoen (¥,2,9) + E o (¥,2,9),i = OL. (26)

T O 29 ©
ay? 0z B The Fourier cosine transform of the form
62§1+E—uﬂsﬁ =0 (10) o
ay> 9z T E9,z9 =jE (y,z,s)coslydy, i=01  (17)
B o= i lor o= 2, ) °

£ E SN LAV A
E‘)’El’a_yo’a_y1 ~ Oasyy* +2° - o, (12) "t inction f(y,z9)in (9) is replaced byf_,, (Y, 5)we

where Eo,El and | are the Laplace transforms of theObtain

: ivelv. Si . _
I:ZCEZSIZciOt,raE;;Z?n:, idrzzspectlvely. ° fhe parameter o d;sg( ) -NES = %(5)5(2— h)[cosAy, 18)
f(y.2,9) = 4,8 (93(2= My - o) @ e
—o(y-y)l. - L -g°E” =0, (19)
It is convenient to represent the functidn(y, z,S) in (13) as EO(C) o= E(C) Lo, % o= %% Lo (20)

the sum of even and odd functions of the form
where g = | A + 4, LOs.
In order to solve (18) we consider two sub-regions,

Ry ={0<z<h}and Ry, ={z > h}, of region R,. The

483



International Journal of Engineering, Mathematical and Physical Sciences
ISSN: 2517-9934
Vol:6, No:4, 2012

solutions to (18) inRy,and Ry are denoted byE&'and _

ieven(

Y,Z,9) =3jE<°> (A,z,5)cosdydd, i=01
EL9, respectively. g
The general solution to (18) iRy, is (30)

EQ ()25 =C,e™ +C e 21) we obtain the solutiorE, ., (Y, ,S)in regionsRyand R;:

(free)  (ind)
The general solution to (18) iRy, which is bounded as Eoaven (¥:2.9) = Eg gar (¥,2,9) + Eg'ae, (¥, 2,9), (31)
Z — oo has the form

= HoSl (9)
_ ,2,8)=—""->7
EQ(,z,9)=Ce™. 22} Brom (¥:2:9) T
Ld qz —-Ah (32)
Finally, the general solution to (19) which remaiimsinded as I (COS/]yl —cosAy,) cosdydA,
Z — —oo can be written as follows 0
E A,z =C,e*. (23) Where
Since there are four unknown constants in (21)-&28) only EO( f;e;)q (y,z,9) = M
two boundary conditions (20), we need two additiona 21 33
conditions at z=h. One additional condition represents = g Akhl (33)
continuity of the electric field az = hand has the form xI (cosly, —cosly,) cosdydA,
0
Eoo l=n= Eop loon - (24) o
Sl (S
EM (y,2,9) =2
Integrating (18) with respect t@ from h—¢&to h+&and 21
taking the limit - + btain th d additional _ | A - A(z+
ca;r:z%ioneinltmhle %s;i Owe obtain the second additiona XJ- HA=Q  _jzen) (cosly, - cosly,) cosyd.
o (A +0)A
= (34)
dESY dE © sl (s
o |z h = | ,Uo ( )(COS/]YO _COS/]yl)'
dz 2 Here E{"® (y,z,S)is the even component of the electric

field in free space while E{") (Y,2,S)is the even

The constants C;,C,,C, and C,in (21)-(23) are component of the induced electric field due to gihesence of

determined from (20), (24)-(25) and have the form the conducting half-space.
The Fourier sine transform of the form

= ﬂoj = (cosdy, - cosly,)e™ @6) EP,z9)= f E (v.z,s)sinAydy, i=01 (35)
0
_H sl(s) (A - _ and the inverse Fourier sine transform
2 04/] E/} " q; (cosly, —costy,)e™, (@1 oo | |
Ei aen (¥:2,9) =—_[ E® (A,z,s)sindydA, i=01
7T0
C,=C, +Ce*", (28) 6)

can be used in order to find the odd componentghef
solution. It can easily be shown that the odd camepts of the

—2——"(cosly, - cosly,)e™" (29) solution, Ey gy (Y2, 9)and E,, (Y, 2,S) are given by (31)
and (32) where cosine is replaced by sine.

HoSI(s)
) 2(1 Q)

Using the inverse Fourier cosine transform of threnf

484



International Journal of Engineering, Mathematical and Physical Sciences
ISSN: 2517-9934
Vol:6, No:4, 2012

Finally, the solution to (9)-(12) is obtained as gum of the 2Uly _r
even and odd components and can be written asv®llo D(A,1) = T
E,(v.2,9) = E{™ (y,2,9) + E{™ (y,2,9) 37) r . t “2)
0 y: ’ 0 y; y 0 y, 19)y X —_wﬂt/rerf ,U - _Iod(t)
7t T
= _ HSI(9)
E(y.z95) = T Using (40)-(42) we obtain the inverse Laplace tiams of the
= gaz=Ah (38) induced electric field in regiorRoin the form
[ gleosAy ) -cosi(y - o)A,
0
- I
where £ (y,2,t) = Holo
- 151 (3) 7
B (y.29) ="~ 1
2 x | e M [cosA(y-y,) —cosA(y -
o o X] 57 IE0sAy =) ~cosA(y - yo)
X [ =——{cosA(y - y,) ~ cosA(y - ¥,)]dA
2 A X {% e‘“’{\/z - ,ue"z”’erfc(,u\/zﬂ - IOJ(t)}d/l
T 7t T
is the electric field of the double conductor linefree space (43)
and
E() (v, 7.5) = o8l (9) The Laplace transform of the induced electromotivece
on 298 = 27T (EMF) in a double conductor line per unit lengthedio the

o 9 presence of the conducting half-space is giversbg (8]):
x [ 279 g cosi(y - y,) - cost(y - yo)]dA
o (LA +0)A
(40)
is the induced electric field in free space duthtopresence of
the conducting half-space.
In order to determine the inverse Laplace fans of (40)

v(s) = Tls) [EC™ (v,2,9 0 (9, (4)

where Cis the contour of the double conductor line of kg
one unit in theX —direction. Using (40)-(44) we obtain the

we rewrite the expressiolfml/];q in the form induced EMF in the form
pA+Q

M-aq_ 22U Uy

- _l v - o -24h )| - -1
Tq geirrs (t) n!e [cosA(y, = Yo) =1]
where T = y, 0| A*. The inverse Laplace transform of thex 2_'ue‘“f /L _ﬂeﬂzt”erf({u\/EJ - d(t) %
solution is found in the next section. r t r A

(45)
IV. TRANSIENT SOLUTION Using (45) we calculate the integral of the EMFhwigspect to
Consider the case of a step current in the form The time. The result is
Laplace transform of (1) i$ (S) = I, /S sothat
_ A — 2 = & -24h - -
q)(/],S):Sl (S)Iu q :Io lu _1. (41) V(t) ﬂje [COS/‘(yl yO) 1]
HA+Q U+1+713 0
t

The inverse Laplace transform of (41) can be writts 24 H - erf E\/; J (46)

follows (see [10]):

dA
BAU S

2 _l ,
/'1 _/je(,u _l)tlrerf{/.l\/;\]
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V.CONCLUSIONS

Closed-form analytical solution of a transient edayrent
problem is found in the present paper. Excitatioih is in the
form of a double conductor line formed by two pkslal
infinitely long wires located above a conductingfispace.
The current in the coil is modeled by a unit stapcfion of
time. The Laplace transform of the solution is fouwy the
method of Fourier sine and cosine integral tramsgorThe
inverse Laplace transform of the solution is foumdhe form
of an improper integral.
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