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Existence of Solution of Nonlinear Second Order
Neutral Stochastic Differential Inclusions with
Infinite Delay
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Abstract—The paper is concerned with the existence of solution
of nonlinear second order neutral stochastic differential inclusions
with infinite delay in a Hilbert Space. Sufficient conditions for the
existence are obtained by using a fixed point theorem for condensing
maps.
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I. INTRODUCTION

ET K be a separable Hilbert space, let (2,3, 5+, P)

be a complete probability space furnished with a
complete family of right continuous increasing o algebras
{3} satisfying §; C § for ¢ > 0. Suppose w(t) is a given
K-valued , §; adapted Brownian motion with a finite trace
nuclear covariance operator () > 0. We are interested in
the existence of solution of nonlinear second order stochastic
differential inclusions with infinite delay

d[z'(t) — g(t,x;)] € Ax(t)dt + F(t, x;)dw(t),
teJ=]0,b], (1)

$0:¢€%h71'/(0):777 tEJOZ(_Oovo]v

where ¢ is §, measurable and A is the infinitesimal generator
of a strongly continuous cosine family {C(t),t € R}, the
state x(-) takes values in Hilbert space H with the norm | - |,
F: Jx B, — 2LEH) ig g bounded closed, convex-valued
mulivalued map, g¢ J x B, — H is continuous, the
histories x; : (—00,0] — H, () = z(t +0),6 < 0
belong to the space Bj,. For 01,00 € L(K,H), define
< 01,092 >= tr(01Qo}), where o5 is the adjoint of the
operator 02, Q € L} (K). L(K, H) furnished with the scalar
product < -,- > is a pre-Hilbert space. The completion of
L(K, H) with respect to the topology induced by the norm
| - |2, where || o ||3= < 0,0 >, is a Hilbert space.

At first, we present the abstract phase space Bj. Assume
that h : (—o00,0] — (0, +00) is continuous function with [ =
ffoo h(s)ds < +oc. Define

B, = {p:(—00,0]— H: forany a >0, (E|p(0))7

is a bounded and measurable function on [—a, 0]

and /_ h(s) sup (E|p(8)[P)rds < +oo}.

$<6<0
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If B}, is endowed with the norm

0

lollm, = [ hs) sup (ElpOF)ds, o € B,
—0 5<6<0

then (B, ||.||=s,) is a Banach space.

Stochastic differential equations have received much
attention in many areas of science including finance,
engineering and social science. The problems of existence
of functional differential equations and inclusions have been
extensively studied, for example [1 -4]. M.Benchohra, and S.K
Ntouyas [5,6] discussed the nonlocal cauchy problems and
impulsive multivalued semilinear neutral functional differential
and integrodifferential inclusions in Banach Spaces. In [6,
7], Balasubbramaniam discussed the existence of solutions of
functional stochastic differential inclusions with the help of
some fixed-point theorems. Since many systems arising from
realistic models heavily depend on histories (i.e., there is the
effect of infinite delay on state equations) [8], there is a real
need to discuss partial functional differential systems with
infinite delay. So in the present paper, we will concentrate on
the case with infinite delay and establish sufficient conditions
for the existence of systems(l) by relying on a fixed-point
theorem for condensing maps due to Martelli [9].

II. PRELIMINARIES

LetJ; = (—o0,b] and C(Jy,H) is the space of all
continuous H-valued stochastic processes {£(t) : t € J1}.
Let (E,|| - ||) be a Banach space. A multivalued map J :

E — 2% is convex (closed)-valued,if J(z) is convex(closed)
for all x € E. J is bounded on bounded set if J(B) =
Uzepd(z) is bounded in E for any bounded set B of E; i.e,

sup sup{[|y|| € J(z)} < oo.
zeB

J is called upper semicontinuous (Usc) on F, if for each
x. € E, the set J(z.) is nonempty, closed subset of E, and
if for each open set B of E containing J(z.), there exists an
open neighborhood V of x, such that J(V) C B.

J is said to be completely continuous if J(B) is relatively
compact, for every bounded subset B C E.

If the multivalued map J is completely continuous with
nonempty compact values, then J is Usc if and only if J has
a closed graph(i.e.,.xy, = Ty, Yn = Ys, Yn € JTpn tmply y. €
J).
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Let BCC(E) denote the set of all the set of all nonempty,
bounded ,closed and convex subsets of E. For more detail
on multivalued maps see the books of Deimling [10], Hu and
Papageorgiou [11].

An upper semicontinuous map H : £ — E is said to be
condensing if for any subset B C E with «(B) # 0, we
have a(H(B)) < «(B), where o denotes the Kuratowski
measure of noncompactness. It is easy to see that s completely
continuous multivalued map is a condensing map.

We say that a family {C(t) : t € R} of operators in B(E)
is a strongly continuous cosine family if

(i) C(0) =1 (I is the identity operator in F),

(i) C(t+s)+C(t—s)=2C()C(s) for all s,t € R,

(iii) the map t — C(t)x is strongly continuous for each
r e E.

The strongly continuous sine family {S(t) : ¢ € R},
associated to the given strongly continuous cosine family
{C(t) : t € R}, is defined by

t
S(t)x:/ C(s)zds, x € E, t € R.
0

The infinitesimal generator A : F — FE of a cosine family
{C(t) : t € R} is defined by
d2
Ar = EC(f)ZhZO
For more details on strongly continuous cosine and sine
families, we refer the reader to the books of Goldstein [12]
and to the papers of Fattorini [13,14] and Travis and Webb
[15,16].
The key tool in our approach is following fixed-point
theorem.

Theorem 1(Martelli [9]). Let £ be a Banach space and
N : E — BCC(F) a condensing map. If the set

Q= {z € E: Az e Nz, for some \ > 1}

is bounded, then N has s fixed point.

III. MAIN RESULT

In the following, we shall apply Theorem 1 to study the
existence of solution of system(1).

Definition 1. A function = : (—oo,b] — H is called a
mild solution of system(1) if the following holds: ¢ be Fo
measurable H-valued stochastic processes zo = ¢ € Bj on
(—00, 0] and the integral equation

z(t) = C(1)$(0) + St)[n — 9(0, ¢)]

+ qu C(t—s)g(s,xs)ds

+ [y S(t =) f(s)dw(s), forae. t € J,
$0:¢E%h, t e Jo.

is satisfied, where

f€Sp.={feL*J H): f(t) € F(t,z;), for aetec J}.

(2)

To investigate the existence of solution of system (1), we
use the following hypotheses:

(Hy) A is the infinitesimal generator of a strongly
continuous and bounded cosine family {C(¢t) : t € J}.

Assume that C'(¢) is compact and there exists constant A/; > 0
such that My = sup{|C(¢)| : t € J}.
(Hs2) There exists constants ¢; > 0 and ¢y > 0 such that

Elg(t,w)[P <ci || u |, +c2s t€J, u€ By

(H3) F : Jx B, — BCC(H);(t,¢) — F(t,9¢) is
measurable with respect to t for each ¢ € By, Usc with
respect to ¢ for each ¢ € J, and for each fixed ¢ € B, the
set

Spe={f€L*(J,H): f(t) € F(t,¢), foraete J}

is nonempty.

(Hy) The operator G with values (G(z))(t) = g(t,x),t €
J, G is completely continuous in C(J,H) and for any
bounded set V' C C(J, H), the set {t — g(t,x;) : @ € V} is
equicontinuous in C(J, H).

(Hs) E | F(t,¢) 5= sup{E | v [[5: v € F(t,¢)} <
pY(l ¢ 1%,), t € J, p € L*(J,RT), ¢ € By, and ¢
[0,4+00) — (0,+00) is a continuous nondecreasing function,
and the following inequality holds:

b ~ “+o00 1 )
/o m(s)d“/]v 5 9() - 0g(a) ™

where

mt) = max{ﬁllpflbgflecl, 4P~ 1951 MP ey,
T E M p(0)}

0

a(s) = (Is% +6llw, )71 = / h(s)ds < +o0,

— 00
N = 47 'MPE|p(0)|P + 8L MPWP(E|nP
+c1l|9llg, + c2)-

Lemma 1(Lasota and Opial[17]). Let I be a compact real
interval and E be a Banach space. Let F' be a multivalued
map satisfying (H3) and let I' be a linear continuous mapping
from L%(I, E) — C(I, E). Then the operator

I'oSp:C(I,E)— BCC(C(I, E)),
z— (Do Sp)(z) =T(Spa))
is a closed graph operator in C'(I, E) x C(I, E).
C(Jy, H) is the space of all continuous H-valued stochastic
processes {&(t) : t € J1}. Now we consider the space B, let

By ={z:2 € C((—o0,b,H),zg = ¢ € By}, Let || - || be
a seminorm in *B; defined by

1
I lo=[l zo [, + sup (Elz(s)P)7, x € By.
s€[0,b]

Lemma 2. Suppose z € By, then for t € J, x; € By,
Moreover

1 L
LE? |[z()[" <|| z¢ |, <1 sup (Elz(s)[")7+ || 2o |8,

se[0,t

where [ = f_ooo h(s)ds < +o0.
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Proof: For any ¢ € [0, a], we have

Il (|8,

IN

IN

IN

0

/ h(s) sup E%|xt(6)|pds
0€(s,0]

/ h(s) sup Ep|tt( )|Pds

06[90

+/ h(s) sup E%|xt(9)|pds

0e(s,0]
/ (s
1
+/ h(s) sup E¥|x(61)|Pds
01€[t+5,t]

/ (s
+ sup Er\x (01)|P)ds
01€1[0,t]

0
+/ h(s) sup E%\m(91)|pds
—t 01€0,t]

—t
/ h(s) sup E&
—o0 01€[t+s5,0]
0
g
—o0 01€10,t]

—t
/ h(s) sup Ev|:

—oo 01€[s,0]

sup Ev |z(01)|Pds
916 t+s,t]

sup Ev |z(01)P
916 t+s,0]

x(01)[Pds

h(s)ds x

x(601)[Pds

+1 sup Ev |z(01) P
01€10,t]

0
/ h(s) sup E%|x(01)|pds
—o0 01€([s,0]
+! sup E%|x(s)|p

s€(0,t]

0 B
[ ws) sw B faoon) s
—o0 01€([s,0]
+1 sup E%|x(s)|p

s€[0,t]

I sup E7|z(s)["+ || zo |lB, -
s€[0,t]

Since ¢ € By, then x; € B;,. Moreover

ool [ nts

sup B [z,(0)|"ds
9650]

> B[z, (0)? / h(s)ds = LB |z(t)].

The proof is complete.

sup E%|$(61)|p
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We shall show that the operator £ has fixed points,which
are then a solution of system (1). For ¢ € By, we define ¢
by

—0<t<0

0 _ ¢(t)7
o(t) = {C(t)d)(o), 0<t<b
then ¢ € By Set
z(t) = y(t) + o(t),

It is clear to see that x satisfies (2) if and only if y satisfies
yo = 0 and

—oo <t <b.

y(t) = S -

/St—s

Let BY = {y € By, : yo =0 € By, }. For any y € BY,

/ths 9(s,ys + ¢s)ds

dw(s), te..

1 1
Iy lo=Il yo [l + sup E>[y(s)|" = sup E¥|y(s)[".
s€[0,b] s€[0,b]

Thus (BY,] - ||») is a Banach space. Set B, = {y € BY :
Il v [ls< ¢} for some ¢ > 0, then B, C %2 is uniformly
bounded, for any y € B,, from Lemma 2, we have

lye+ o llm, < e lls, + 1 & llss,
1
< @ sup Ev[y(s)[” + |[yolls,
0<s<t
. _
+1 sup E7[¢(s)[P+ || ¢o ||,
0<s<t

lg+ || ¢ ||, +1 sup |C(s)|E7|(0)[?
0<s<t

PO)P)+ 1 ¢ lls,=d
: BY — 2% defined by £,y

IN

< l(q+ M E?

Define the multivalued map £,

the set of p € BY such that
O, te(—oo O} B
() —g(0 O+ Jy Ct = 9)g(s,ys + bs)ds

+ f58( t—s )dw(), ted. (4)

Lemma 3. If the hypotheses (H;) — (Hs) satisfied, then
£1:B) — 2% is a completely continuous multivalued map,
Usc with a convex closed value.

Proof. We divide the proof into several steps.

Step 1. £,y is convex for each y € BY.

In fact, if p1, po belong to £y, then there exit fi, fo € Spy
such that for each ¢ € J we have

Sl - /Ct—s 95,y + B)ds

pt) =

pit) =
—l—/tS(t—s)ﬁ;(s)dw(s)7 teld, i=1,2.

Let A € [0, 1], we have

Now, consider the mutivalued map £ : B, — 2> defined

by Lx the set of p € B}, such that

¢(t)7 te (70070]7

p(t) =

+f0

C(t)e(0) + S(t )[ - 9(0,9)
(t—s)f

where f € Sp,.

[+ Jo Clt—s)g
f(s)dw(s), teJ, (3)

(s,x5)ds

(A1 + (1 N)a)(8)
= S(t)n—9(0,) + /O C(t — )95,y + B)ds

" / S(t — 5)Mr(s) + (1= A) fa(s))duw(s).
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Since Sp,, is convex, we have A\p; + (1 — A)p2 € £4y. y |[s< g} and p € £y, there exists f € Sp, such that (4).
Step 2. £; maps bounded set into bounded set in BY. Thus

Indeed, it is enough to show that there exists a positive constant

A such that foreach p € £1y,y € B, = {y € BY :|| v 1< ¢}

one has || p ||p< A If p € £y, then there exist f € Sg,, Elp(tz2) = p(t1)[”
such that for each t € J, = E[(S(t2) = S(t1))[n — 9(0,9)]
t1 B
ity = St)n— / C(t — 8)g(s, ys + bs)ds +/0 [C(t2 —5) = Ct1 — 5)|g(s,ys + ¢s)ds
to _
/ S(t—s)f(s)dw(s), te.J. + ) C(t2 — 5)g(s,ys + ¢s)ds
t1
y (H1) — (Hy) we have for ¢t € J, +/ [S(ty — s) — S(t1 — 8)]f(s)dw(s)
Elp(t)” oo
! - + S(te — s)f(s)dw(s)|?
= EISO0-90.0)]+ [ - 9)g(s.v. +bu)ds , St a)fe)dule)]
’ < 5PLE[[S(6) - S(t)]ln — 9(0, 9)]”
+ S(t—s)f(s)dw(s)P 3} _
[} ste-aseaute) 4571 [0l = 5) — Ot — gl us + G)dsl
< 3"LEIS(t)[n - 9(0,0)]7 o,
t _ p—1 _ n P
+3p71E|/ C(t*S)g(S,ys+¢s)d3|p +5 El . C(t2 5)9(37ys+¢s)ds|
0 ty
t 1 o o - »
s [ s st #9718 150 =)= St = Al
0 ta
< 3PIMPRP (2P En P 4 277 Elg(0,9)[7) +5P—1E|\/ S(ta — s)f(s)dw(s)|[
t _ ty
+3p’1b”’1/0 E|C(t = $)g(s,ys + bs)[Pds < 5P7YS(ty) — S(t)|P (2P Bl
o [ 2 +20 e ||0]l5, +27 o)
Y A IOIAENE 1
+5P7 P / Cta —s) — C(tr — s)|P
< 3PIMPBP (2P E P 4 20 e [0lly, + c2)) (2 (=)
¢ _ Elg(s,ys + ¢5)["ds
+31)71bp71M{’/ (c1llys + @[, + ca)ds X G -
0 4571tz = 07" [ [C(ta — 5)PElg(s,ue + 52)Pds
2 r ty
+3p—1(M1b)p{/0 E||f(s)|[2] 3 ds) 5 1 5 — 51— S(t— P76 R
+5P~ / to—s)—S(t1 — s S rdstz
< FTMIEE T ER + 2 0], + ) o 1 ’
t _ 2 2 p
<mwwwmﬁ/aMW+Qms +5B( [ 150~ IS ds)
) < 5YS(ta) = S(t)[P(27 Elnl?
P=L(pnr p P d 2 _ _
TN s e, b)) #2770l + 27 )
_ t1
< 3TIMPRP (2P E| + 27 1(01”‘?”%,, +c2)) +5P*1b”’1/ |C(ty —s) — Clty — )|
+3P7 P MP (c1q'P + o) _ 70
1 L (e1llys + Gsl[Bs, + e2)ds
+3P1(Mb)P sup w(xp)ﬁ*l/ p(s)ds t2
v€[0,9'] 0 +5P (ty — )Pt / |C(ty — 5)P
< 3PTIMPBP (2P B 4 207 e[l + c2)) _ "

(cllys + Gsll5, + c2)ds

3PP MY (c1q” + c2) t
+5p71{/ (1S(t2 = s) = S(t1 = s)[PE||f (s)[[5] > ds} %
0

b
+3P7H(Mb)P sup w(xp)bgfl/ p(s)ds
0

z€[0,q'] t , .
= AP +5P7H [ [1S(t2 = s)IPE|If(s)l[5) 7 ds} =
to
then for each p € £,(B,), we have < 5p—l|s(t2) _ S(tl)‘p(Zp—lEhﬂp
7 ll< A. 12 elolll, + 27 es)
Step 3. £, maps bounded sets into equicontinuous sets of -1 b »
BY. Let 0 < t; <ty < b, for each y € B, = {y € BY : || HFT 0 [C(t2 = 5) = Clt1 — 5)|

1122



International Journal of Engineering, Mathematical and Physical Sciences
ISSN: 2517-9934
Vol:8, No:8, 2014

(calls +Bully, +c2)ds
t2

571t~ 0[O - s)P
t1

(crlls +Bully, + c2)ds

11
Lsr1ph / 1S(ts — 5) — S(ts — 5)[PE|| f(s)|2ds

t1
L5ty — 1) / 1(t2 — )P E||£(s)|[2ds

to

The right-hand side of inequality above is independent of y €
B, and tends to zero as t; — t;. Thus the set {€1y : y € B}
is equicontinuous. (Note that we considered here only the case
0 < t; < ty < b, since the other case t1 < to < 0 or
t1 <0 <ty < b are very simple). As a consequence of the
Ascoli-Arzela theorem, it suffice to show that £; maps ‘B,
into a precompact set in H. Let 0 < t < b be fixed and let €
be a real number satisfying 0 < € < t. For y € 5, we define

t—e

pe(t) = S)n—g(0,0)]+

+ S(t—s)f(s)dw(s), te.J
0

0

since C(t) and S(¢) is compact operators, the set H.(t) =
{pc(t) : pe € L1y} is precompact in H for every e, 0 < € < 1.
Moreover, for every p € £1y, we have

E|pe(t) = p(t)]”

t

< 28| [ Clt-glonne + bl
s [ (- o) i)l

< 22t [ BIOw - gt + b0
s (186 PIIGREas)

< vt [ (0Pl + 8PS
s [ 150 - P EIIERas)

< vt [ 0Pl + 8PS

—€

t
+2P e [ |S(t— 5)[PE|f(s)|[5ds.
t—e

Therefore there are precompact sets arbitrarily close to the set
{p(t) : p € L1y}. So the set {p(t) : p € £1B,} is precompact
in H. Hence, the operator £, is completely continuous.

Step 4. £, has a closed graph.

Let y™ — y*, p, € £,y and P, — P« We shall prove
that p, € £1y*. Indeed, p, € £1y(") means that there exists

C(t - 3)9(57 Ys + ﬁgs)ds

Jn € Sp ), such that

Pn(t)

We must prove that there exists f, € Sg,,~ such that
ps(t)

= Sl 9(0,0) + / C(t — 8)g(s,y" + Gs)ds

+/O S(t—s)fe(s)dw(s), teld

since ¢ is continuous, for ¢t € J,
[ {pn(t) = S()[n — 9(0,9)]
/ Ot~ s)a(s,u" + G2)ds) — ()

—5(t)ln — 9(0.9)] - /0 Ot — 8)g(s,57 + B2)ds} |

— 0, as n— oo.

Consider the linear continuous operator

I':LP(J,H) — C(J, H),

/St—s dw(s).

From Lemma 1, it follows that I" o Sp is a closed graph.
Moreover, we have

f—Tf

S(t)n —g(0,9)]
/ct—s (5, + be)ds € D(Spym)-

Since (™ — y*, it follows from Lemma 1 that

p.(t) = SO — 9(0 /CH 9(s.5 + 6)ds

. / S(t — s) fu(s)duw(s).

for some f, € Spy~.
Therefore £, is a completely continuous multivalued map,
U sc with convex closed values.

Now, in order to apply Theorem 1, we introduce a parameter
A > 1 and consider the following auxiliary problems:

a(t) = C(t)¢( ) + X560 — 9(0,9)]

+3 fc, S) ( s )ds
41 fo tf s)f(s)dw(s), for a.etée J,
£(t) = (1), t € (00,0, ()

where f € Sp .
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Lemma 4. If hypotheses (H;) — (Hs) are satisfied. Let is nondecreasing in J, and we have
x(t) be a mild solution of system (5), then there exists a priori .
bounds R > 0, such tha.t || z: |< R, t € J, where R depends u(t) < l[4p71b§’1Mf/ (c1piP(s) + c2)ds
only on b and the function ¢(-) and p(-). 0

Proof. From the system (5), we h . sy [ 1
roof. From the system (5), we have P 1M{’b32 1/ p(s)w(up(s))derN]zl?
0

El=l” 6]l
< APTIEIC()¢(0)[F + 4P EIS () — 9(0,9)]IP
t
p—1 _ P
4 El/o Clt = s)g(s,s)ds| Let o) = 475 IMP [(apP(s) + co)ds +
t 4Py F 1 [ (s P(s))ds + N, so we have
]| [ (- Fau )l O )
< YO PE|S(0)P a(0) =N, u(t) < Ua(t)? + [0l ted
+HAPTHS (@) P{2P (B[P + Elg(0,9)[7)} and
t
+4p_1b”_1/0 |C(t —s)|PE|g(s,zs)|Pds o) = 4p_1b%_1k[f(clup(t)+02)
[ 2 +APTIE T ME () (7 (1))
+47 1{/ (1St = s)|PE|[f(S)][5]7ds}> o grTpEolpr ' l 1 ,
o . < i 1 (er(Ue(t)? +[|9lls,)" + c2)
- P p— 3p 1
< 4T MBSO + 8 M (Bl P E M) (U(((8) T + [[6]]s,)7)
ralel, e <m0+ (o) +[lolls, )"
+4p_1bp_1Mf/ (crllasll, + c2)ds +o((Ua(®)? +[[¢l]s,)"))
JO
t
8 [0 = 9P Bl s Where
< 4PTYMPE|¢(0)|P 4+ 8P~ MPYP (E|n|P . .
4 H¢|1\P VT )l) e mt) = max{4”" 62" M{c;, 4P 1b2 T MYey,
&1 C2 3p
B . P E T MPp(1))
+4p71bP71Mf/ (cillzs[5, + c2)ds o
0 ' This implies
t
Y [ i, )i (1) -
¢ 1+ g(a(t)) + ¥(g(a(t))) ’
— p—1pp—17 P P
=N +4P~1pP M1/0(01H3€s|\%h+02)d8 and
p t t / t
Y [ p(s)u(le, )ds / o'(5) a5 [ mis)is
o " o T+g(a@) + (gl = Jy, "
Where That is
) . a(t) 1 t
N = 4P MPE|¢(0)P + 8~ MPb? (E|n|P /(O) 1+g(s)+w(g(s))ds < /Om(s)ds
+e1l|@lly, + c2)- '
</+oo 1 p
S.
Thus from Lemma 2, it follows N L1+g(s)+v(g(s))
[[2¢]ls, < 1 sup [E|x(s)[P]7 + l[ol]ss,, Where a(0) = N, g(s) = (Is? + |||, )P. This inequality

s€l0d] implies there is a constant k& such that a(t) < k for every

IN

t
l[N+4p71bp71]\/[{7/ (crllzs| B, + c2)ds t € [0,b], hence
0 . o
‘ lzells, < u(t) <Ua@®]7 +[[0lls, < k7 +[[6]ls,-

) 1
pls) (Il )ds]? "

This shows that exist constant R = lk? + ||¢||s, > 0, such
HI¢ll,.- that ||z||s, < R.

+4PLpE I PP /
0

Theorem 2 Assume that hypotheses (H;)— (Hj) hold, then
Let p(t) = sup{||zs||s, : 0 < s < t}, then the function u(t) system (1) has at least one mild solution on .J;.
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Proof Let Q = {y € BY : \y € L4y, for some X > 1}.
Then for any y € €2, we have

w0 = 380l 90,6)
45 | et ot + das

) . Ot
+X/o S(t — s)f(s)duw(s),

which implies the function 2 = y + ¢ is a mild solution
of system (5), for which we have proved in Lemma 4 that
[|z¢||s, < R, t € J, and hence from Lemma 2

y(s)”

1
[yl llvollss,, + sup E7
s€[0,b]

y(s)”

sup Ev
s€[0,b]

IN

1 1
sup E7¥|z(s)|P + sup E?»
5€[0,b] s€[0,b]

sup{l~Y|z4||s, : s € [0,0]}

+ sup E7[C()(0)[
s€[0,b]

I"'R+ My E7[$(0)]7,

()"

IN

IN

which implies €2 is bounded on J.

Hence, it follows from Lemma 4 and Theorem 1 that the
operator £; has a fixed point y* € BY. Let #(t) = y*(t)+¢(t),
t € (—o0,b]. Then z is a fixed point of the operator £ which
is a mild solution of problem (1).
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