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An adaptive least-squares mixed finite element
method for pseudo-parabolic integro-differential
equations
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Abstract—In this article, an adaptive least-squares mixed finite
element method is studied for pseudo-parabolic integro-differential
equations. The solutions of least-squares mixed weak formulation
and mixed finite element are proved. A posteriori error estimator is
constructed based on the least-squares functional and the posteriori
errors are obtained.
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[. INTRODUCTION

N this article, we consider the following pseudo-parabolic
integro-differential equation

us — V- (a(z)Vus + b(x)Vu

t
+ d(x)/ Vu(z, 7)dr) + qu = f(z,t), x€Q, teJ,
0

u(z,t) =0, e, te
U(I,O) :’MO(ZE), IGQ:
1)

where € is a bounded convex polygonal domain in R%(d =
1,2,3) with Lipschitz continuous boundary 02, J = (0, 7]
is the time interval with 0 < 7' < 00. ¢ = ¢(x) > 0 and f =
f(z,t) in (1) are given functions. We shall make the following
assumptions on the coefficients ¢, a, b and d: there exist some
positive constants c., c*,a., a*,b,,b* and d,,d* such that 0 <
e < () € ¢,0 < ap < alx) < a*,0 < by <b(z) <
b*,0 < d, <d(x) < d*.

Evolution integro-differential equations are a class of im-
portant evolution partial differential equations, and have a
lot of applications in many physical problems, such as the
transport of reactive and passive contaminates in aquifers.
Ewing et al. [1] studied finite volume element approximations
for two-dimensional parabolic integro-differential equations.
Lin et al. [2] proposed the Ritz-Volterra projection onto
finite element spaces for integro-differential and related equa-
tions. H'-Galerkin mixed element methods were studied for
parabolic, pseudo-parabolic, and pseudo-hyperbolic integro-
differential equations in [3], [4], [5], [6]. Refs.[7], [8] analysed
the space-time finite element methods for second-order and
fourth-order parabolic partial integro-differential equations.
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Refs.[9], [10] studied the least-squares mixed finite element
method for parabolic partial integro-differential equations. Cui
[11] studied pseudo-parabolic, and pseudo-hyperbolic integro-
differential equations, proposed a new Sobolev-Volterra pro-
jection. Zhang [12] investigated the superconvergence proper-
ties of finite element approximations to parabolic and hyper-
bolic integro-differential equations.

In recent years, a lot of researchers have studied the
least-squares mixed finite element methods for partial dif-
ferential equations. Luo et al. [13] proposed a nonlinear
Galerkin/Petrov-least squares mixed element method for the
stationary Navier-Stokes equations. Yang [14] studied the
least-square mixed finite element methods for nonlinear
parabolic problems. Chen et al. [15] studied least-squares
mixed finite element method for degenerate elliptic problems.
Duan and Lin [17] studied least-squares mixed finite elements
for elasticity. Cai et al. [16] proposed and analysed an adaptive
least-squares mixed finite element method for the stress-
displacement formulation of linear elasticity Gu and Li [18]
studied an adaptive least-squares mixed finite element method
for nonlinear parabolic problems. In this article, we study an
adaptive least-squares mixed finite element method for the
pseudo-parabolic integro-differential equations, and obtain a
posteriori error estimates.

II. A LEAST-SQUARES FORMULATION

Introduce the auxiliary variable 0 = —(a(z)Vu; +
b(z)Vu + d(x) fot Vu(z,T)dr) to have
ug + dive + qu = f, €N, ted

o+ a(xz)Vug + b(z)Vu
t

+ d(x)/ Vu(z,7)dr=0, ze€Q, ted, (2
0

u =0,
w(z,0) = uo(z),

x €, ted
z €,

We differentiate the second equation of system (2) with
respect to time ¢ to obtain

oy = —a(z)Vuy — b(x)Vu, — d(x)Vu. 3)

Taking w = wus, we can derive the following equivalent
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system of (2)

w + dive + qu = f, e, ted,
o +a(x)Vw, + b(z)Vw +d(z)Vu =0, z€Q, tel,
w—us =0, zeQ, teld,
u=0, x €N, te
u(z,0) = up(x), xz €,

“)

Using the finite difference to discretize (4) in ¢. Let 7 >
0,7 = nt,n = 0,1--- N = T/7. Let w"™ = (u" —
u"™1)/7,n > 1. We can rewrite the system (4) :

W™ + dive™ + qu™ = ", ze, teJ,
o" — O.n—l Vo™ — vwn—l

+ale)——
+b(z)Vw" + d(x)Vu™ =0, T €N, teJ, 5

ul — un—l ( )

wn =, T € 97 te J7

T
u" =0, r eI, te,
u"(,0) = uf (x), req,

Introduce Sobolev spaces:
L=H'(Q) ={peL*(Q): Vpe L*(Q)?},
H = H(div,Q) = {w € L*(Q)? : divw € L*(Q)}.
We can use the least-squares mixed finite element method

for (5). The least-squares minimization problem is: find
(u™, 0™ w") € X := L x H x L such that

I(V7 57 17)7 (6)

I(u",0",w") = inf
(wgmeX

where [ is the quadratic functional defined by
IW" €% ") =|ln" + dive™ + qv" — (I3
n _ ¢n—1 vn" —V n—1
LSt AL i 4
T T

+b(@) V" + d(@) V" [§ o

Set J"® = [t"~1 t"]. The corresponding variational state-
ment is: find (u”, 0", w") : JJ" — X

Bu", ", w"v,&n) =0, V(v,&,n) € X, @)
where
B(u", 0", w™;v,&,m)
= 7(W" + dive™ + qu™, n + divE + qv)o .0
+ (0™ — o™ +a(x)(Vw™ — Vo) + 7h(z) VW™
+ 7d(x)Vu", & + a(x)Vn + 7b(x)Vn + 7d(z) Vv)o 0.

®)

Theorem 2.1: The bilinear form B(-, -, ; -, -, -) is continuous
and coercive. That is that there exist positive constants o and
[ such that

Bu", o™ w™v, &, n)

<a([w" 2 o + dive™|3 o + w2 o + ™12 o
Va2 o + Vw113 0) 2 (InlE o + ldivé]|3 o
+ 0l o + 1R o + 1VnE o + VY13 0)2,

)

and

B(v, &, mv. &) 2B(||n|
+ 1€
Proof: (I). For the upper bound

Noting that the functions a(x),b(z),d(z) and g(x) are
bounded, we have

B(v,&,mv,&,m)
=7(n + div§ + qu,n + divé + qv)o.0
+ (€ +a(z)Vn + 7b(z)Vn + 7d(z) Vv,
&+ a(x)Vn + 1b(x)Vn + 7d(x)Vv)o o
=7+ divé + qullg o + II€ + a(z)Vn
+ 70(z)Vn + Td(:r)Vl/HaQ
<c(lnl3.0 + Idivell3 o + [0llg o + I1€lI5.0 + 1VAll§ o
+[I7b(2) V5 o + rd(@)Vrl§ o)
<c(|ln |(2),sz + Hd’ivﬁﬂg,sz + v
+ €15, + IV
Since the bilinear form is symmetric, this is sufficient for the
upper bound in Theorem 2.1.
(II).For the lower bound

Note that the bounded functions a(x),b(z), d(z) and g(x)
and use the Holder inequality, the Cauchy inequality to get

B(v,&n;v,&m)

=7(n + divé + qu,n + divE + qv)o
+ (£ +a(x)Vn+ 7b(2)Vn + 7d(z) Vv,
&+ a(x)Vn + 1b(x)Vn + 7d(x)Vv)o 0

=7(n,n)o,e + 7(div€, div€)o.o + 7(qv, qv)o,0
+ 27(n, div€)o.q + 27(n, qv)o.0 + 27(dive, qv)o.n
+ (£, 0.0 + a*(@)(Vn, Vn)o.a + 776 (2)(Vn, Vn)o.o
+72d*(2)(Vr, Vv)o.a + 2(€,a(x) V). + 27(€,b(2) Vn)o.
+27(€,d(z)Vv)o,0 + 27(a(x)Vn, b(x)Vn)o.o
+27(a(z)Vn,d(z)Vv)oa + 272 (b(x)Vn, d(z)Vv)oq.

6.0+ [ divellg o + [lv]
.0+ 1IVal3 o+ IVy

2
02 ()

5.0)-

|(2),sz
o0+ VY|

0.0)-

>7(|nl[5 o + Tl divé|[§ o + erllvll§ o + €15 o + c2l Vallg o
+ 3| Velga — e(Ilnllg o + 1divé][5 o) — e2(lInll3 o
+ w115 0) — es(lldivell§ o + W15 ) — ealll€NF o + IVl
—e([lElF o+ IVlEe) —es(Elf o + 1VVIG0)
—er(IVnlga + IV¥I5.0) — es(IVnll§ o + VY
=(r—e1 —&)|nllg o+ (T — & — e3)||dive|]3
t(a—ea—ea)vio+(1—a—e-—e)llo

+ (c2 — €5 — 7 — )| Vnllg o + (c3 — €6 — €7 — €8) | VY[ -

6.0)

15.0)

So we can select constants €1, €o, €3, €4, €5, €6, €7, €8, C1, C2, C3
such that

B(%fﬂ?é V7§7n) > CHU”(QJ,QV
B(v,&,m;v,€,m) > c||divé][§ .
B(V7£777; V7§777) > CHV”(QJ,Qv
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-B(Va§7n§V’£ﬂﬂ 2 CH£”397
B(v.&mv,6.) > ¢ Vnl§ o,
B(Vafﬂl;l/,fﬂ?) 2 CHVVH&Q,

So we obtain

B(v, & m;v,6,m) 2B(|Inll o + divel[§ o + VI3 o + [1€]
+Vnlg o + Vv

2
0,Q

18.0)-
From the above inequality, we can get the proof of Theorem
2.1. ]
Theorem 2.2: We obtain that Eq.(7) have a unique solution
(u", 0™, w") € X:=Lx H x L.
Proof: Use the similar proof to Ref [18] to obtain the
conclusion of Theorem 2.2.

III. FINITE ELEMENT APPROXIMATION

Assume the spaces L, C L,H; C H. The completely
discrete least-squares mixed finite method approximation is:
find (uj, o, wy) € Xp := Ly x Hp, X Ly, such that

I(up,op,wp) = inf I(vp, &n,nn)- 11
(un,oh,wh) e (Vhs Ens ) (11)
where
I(vy, &)
= > (g +divgg! + vyt — "3 7
TeTy
n—1 n—1
n Vn? —V
PSSy () YV
T T
+b(2) Vg + d(@) Vil 7)-
We defined the bilinear form B(-,-,;-,-,) as follows

B(u270—’}?7wﬁ;yh7§h7nh)

= > (r(wp + divoy + qui,nn + divés + qua)or

TET,
+ (o — o +a(z)(Vwp — Vw ™)
+ 7b(x)Vwy + 7d(z)Vuy,
&n +a(z)Vn, + 70(2) Vi + 7d(2)Vr)or).  (12)
|
Theorem 3.1: The bilinear B(-,-,;-,-,+) is continuous and

coercive, that is that there exist positive constants «y, and [y,
such that

B(?LZ,O’Z,WQ;Vh7£h,nh)

<an( Y Iwpllgr + ldivoy|
TeTy

1
+ IV 1§ + IVwrllg2) % ( Z l7m |

TET),
1
or 1l + 1IVollg r + IVRll§ 2)2,

o + lunlld r + llok]

2
0,7

(2),T + ||divfh|‘%,T

+ [lvn]

13)

and
B(Vh, &ry ki Vs Eny M)

>Bn > (Imnllf.q + lldivés
TET),
+ 1&g 0 + I VR

|(2),Q + th”(%,{z (14)

|3,Q + HVVhHg,Q)~

which holds for all (u},op,wj) € X, = L x Hp %

L, (Vh,&nsmn) € Xp == Ly x Hp X Ly
Proof: (I). For the upper bound

Since the functions a(z),b(z),d(z) and ¢(z) are bounded,
we have

B(Wn, &ny i Vi Eny M)
= Z (7(n + div§p + qui, M + divén + qun)o,r
TET
+ (& + a(z) Vi, + 70(2) Vi, + 7d(2) Vi,
& + a(z)Vay + 1b(z) Vi, + 7d(2)Vip)o,r)
=" (rlln + divey, + quall3 + llgn + alz) Vi,
TET
+7b(2) Vi, + 7d(2) V3 )
<c > (Innlldr + Idivenll§ o + llvn
TeT),
+ 1Vmll5 7 + 70()Vanllg - + I7d(z) Vn 3 1)
<c > (nlldr + Idivénll§ o + lonllf ¢
TeT),
+ (1€

|(2),T + Hfh“?),T

g,T + anhHg,T + ||VVhHg,T)~

Since the bilinear form is symmetric, this is sufficient for the
upper bound in Theorem 3.1.

(II). For the lower bound

Note that the bounded functions a(x),b(z), d(z) and g(x)
and use the Holder inequality, the Cauchy inequality to get

B(Vh, &r, ki Vs Ena M)

= Z (T(n + divép + qua, mn + divép + qun)o,r
TETh

+ (& + a(z)Vnp + 7(2) Vi, + 7d(2) Vi,

&n + a(x)Vy, + 7b(2) Vi, + 7d(2) Vg )o,r)
= Z (T(n, nn)o,r + T(divén, divép)o,r + T(qVh, qvn)o,r

TET

+ 27(np, divén)o.r + 27(Mh, qun)o,r + 27(divep, qun)o, T

+ (&ns En)o,r + @ (@) (Vin, Vign o,

+ 7262 (2) (Vi Vo, + 72d% () (Vvn, Vp)or

+2(&n, a(@)Vn)o.r + 27 (§n, b(z) Vin)o, 1

+27(&p, d(x)Vn)or + 27(a(x) Vg, b(x)Vr)o,r

+ 27(a(z)Vnn, d(@)Vuy)or + 272 (b(x)Vik, d(x)Viy)o.r)
> S Bz + rlldivénl o + éllonl + el

TET,

+ &l Vg r + &IVl e — alnn

= &(llnalld.z + lvalld r) — é(lldive,

2
0,7

|3,T + Hdivthg,T)

8.0+ lvn

16,7)
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1€n

™

|(2),T + V1R %,T)

g,T + HVVh)Hg,T

( 18.0) — &UEnllS 2 + IVl
(lenlls 2 + IV vnll5,7) = €IV ]
IVl 2 + 1Vwnll3 1)
(

=Y ((r—éa—é&)|ml
TeTy,
+ (61— & —&)|lvnllgr + (1 —é— & — é&)lIEnll 7

+ (G2 —é — & — 6~8)anh|‘g,T
+ (6 — € — € — GE)HVVhHg,T)«

4
6
8

o)

&

%,T + (1 — & — €3)||divén|§ 1

So we can select constants €1, €a, €3, €4, €5, €6, €7, €3, C1, C2, C3
such that

B(%ﬁﬂ?%”:fﬂ]) 2 c Z ||77h| 8,T7
TeTy

B(V7§77]; v, ‘57 77) >c Z ”divthg,T7
TeT),

B.&mv,&m) = ey vl o,
TeTh

B(V7§777§ V7€777) 2 c Z ||£h||(2)T7
TeTy

B(V7§777; Va‘£777) >c Z ”leHg,T7
TeT),

B(vavn;yvg7n) >c Z ||VVhH8,T7
TeTh

So we can obtain

B(Vhaghﬂ?M l/h7§h7nh)

>Bp Y (lmlld.r + lldévénllgr + vl 7
TET,
+Ienlls 2 + IVnRlIE 2 + IV VRl 2)-
We can obtain the proof for Theorem 3.1. ]

Theorem 3.2: 1t is easy to show that Eq.(12) have a unique
solution (uj, o}, wy) € Xp := Ly X Hp X Ly,

IV. THE LEAST-SQUARES FUNCTIONAL OF AN A
POSTERIORI ERROR ESTIMATOR

In this section, we use the similar method to Ref [18]. From
the least-squares functional

I(up,op,wp) = Y (lwp + divay + quy — f™[[§ 7
TeT),
n _ n—1 AV an—l
+ Hu +a(z) L T Y
T T

+ b(z)Vwy + d(m)VuZH%T)
So we obtain

n n n

B(up —u", o5 — o™ wp —whup —u,op — o™ wp —w™)

= > (o —w" +div(oy — o) + q(uf, — u™)|§ 7
TET),

ot — g — O_nfl _ o_nfl
= )
-
V(wp —w™) — V(wZ_l —w™

For obtaining the definition of the a posteriori estimator,
we can see that the least-squares functional is the sum of its
element-wise contributions

Iy, op,wp) = Y (lwp + divoy, + qup — 5.7
TeT),
ol —ogn~t V! — Vw1
+ || 2 h a(@%
+b(z)Vwp +d(@)Vuplls 7) = Y 67

TETH

So we can obtain the following theorem.

Theorem 4.1: The element-wise computation of the least-
squares functional constitutes an a posteriori error estimator.
That is, for

) on — Un—l
lwh; + divoy: + quf; — f*I8 7 + | -—"

n n—1
Vwy — Vw,

+a(x) + b(z)Vwy + d(m)VuZHaT =62,

there exist positive constants ar and Sr such that

> 60728 Y (Jlwp —w"
TET, TET,

+llup — w5 7 + llog — ™[5 r
IV (wp = w5z + 1V (uh = )3 1),

187+ lldiv(ey, — o™)IIE 7

S 63 <ar 3 (luft — w3 + Idiv(of — o)

TeTy, TeTy,
+lupy = w37 + ok — "5 7
+ IV (wr =@z + 11V (uh = a™)§7)-

|2
0,7

where a7 and Sr are the same constants as in Theorem 3.1.

V. ERROR ESTIMATES

In this section, we assume that the spaces L, H; can be
the spaces of Raviart-Thomas for » > 0. The completely
discrete least-squares mixed finite element approximation is:
find (u},o},wp) € Xp, := Ly, x Hy, x Ly, such that

B(u;iv 0—}’?7 w/}?; Vh, §IL7 77}1)
=7(wy, + divoy, + quyy, nn + divg, + qun)o
+ (of — O'Z_l + a(z)(Vwp — sz_l) + 7b(x)Vwy

+ 7d(z)Vui, &, + a(z) Vi, + 70(2) Vi, + 7d(2)Vip)o.q.

We shall split the error as a sum of two terms,
u—up = (u—1a)+ (T —up).

where @ is an elliptic projection in Lj of the exact solution
u. The projection @ = 4(t) is defined by

(d(x)V(u—1u), Vx) = 0,¥x € L. s)

It is known that the projection (4,5,&0) € Xp = Ly x
Hj, x Ly, exits and has the following properties [16], [18], for
1<r<k+1

[u —al < ch”|ul,
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[(w = a@)ell < ch”(ully + [luellr), Take &, = 7", vy, = ", 1), = €} to get
o —all <ch"oll, B(u" —up, 0" —oj,w" —wyie", m", )
—r(pp — &+ div(0" — 1) + q(p" — &),
[div(o —&)|| < ch"[|olr+1, g +divr" +ge")o o + (0" — 7" — (0" — ")
+a(@)(V(pp —ef) = V(™ —ef™h)
I(o = &)l < b (ol + lloell), T 7b(@)V (o} — <) + () V(" — "),
" 4+ a(x)Vel + 1b(x)Vey + Td(x)Ve™)o a0
From the bilinear form B(:,,-;-,,-) in section 2, we have —0

B(U7L7o-n7wn;l/7§’n) . . .
=1 (W" + dive™ + qu™,n + divE + qv)o.o The left side of the above equation is
+ (0™ — o™ +a(x)(Vw™ — Vw™ )

I3 =7(py + divd™ + qp™, e + divn™ + ge™)o,0
+ 7b(2)Vw" + 7d(x)Vu"™, € + a(z)Vn

(0" = 0" +a@) V(e - )

16
+ 7b(2)Vn + 7d(2)Vv)o 0. + 7b(x)Vpy + 7d(x)Vp"™, 1" 4+ a(x)Vey (16)
Thus, + 7b(x)Vey + 1d(x)Ve™)o q.
B(up —u", 03 — 0", wy, —w";vp, &y 1) The right side of the above equation is
=7(w" — wy + div(c" — o) + q(u" — u}),
mh + divé + qup)oq + (6" — o — (6" 1 — oY) Lt ’
+ a(x)(V(w" _ w;ll) _ v(wn—l _ w;zfl)) = T(E? + divn™ + ge™, 6? + divn™ + qEn)()’Q
+ 7h(2) V(W™ — wi) + 7d(2)V(u" — u}), + (" ="+ a(@)V(ef — ™) + Tb(x) Ve
&+ a(z) Vi + 70(2) Vi + 7d(2)Vig)on = 0. @) Ve, n + a(e)Ver +rbl(z) Vel + Td(w)vsn)?i%.)
Let@ =0 —G,m=0h—G,p=mu—i,ec=up—i,p, = Fromtheboundedness of a(z),b(z),d(z) and g(x), we obtain
w— W, ey = wp, — w. We shall use the following notation for
the difference operator: I, =¢(n"™ + Vep + Vel + 7Ve™, " + Ve
B o ot +TVER +7VE ) g0 — c(n" " 4 Ve 2
Ouf" = At + Vel +7Vel +7Ve™)on
c n n n n n
We then have the following estimate: 25[(7T + Vel +7Vel +7Ve",
1 [tn + Vel +7Vel +7Ve™)on
5 nj|2 2
e < 5 [ ol 1) g (Ve Vel ol
" _E n o _n _ n—1 _n—1 n n
Lemma 5.1: With @ difined in (15), we have 9 (@m0 — (7", 7" oq + (Ve Vel oo

— (Ve 1, Vel oo+ 2(7", Vel + 7Ve}
+7Ve™)o o+ 2(Vep, " + 7Vel +7Ve™ )00

+ (Vep +7Vey +7Ve™, Vel +7Vel +1Ve")o.0
+ (7" + 7Ve} + Ve, 1" + 7Vep + 7VE™)g ql.

IVill|pos <,V € J

Vi <cVteJ

Please see [16], [18].

From the above equation B(u" — u}',0" — of,w" — UseI1 > §I1,(c <2) to get
wi¥; vh, &n,mp) and the boundedness of a(x), b(z), d(z), ¢(z),
we can get I+ I
¢ n ._n n—1 __n—1 n n
Bu" —up, 0™ — o, w" —wp; Vh, Eh, M) 25[(77 ;o — ("0, 7" on + (Ver, Vel oo
=7(p} — e} + div(0" — 7") + q(p" — &™), — (Ve ™ Vel o + 2(a", Vel + 7Vl + 7Ve")o 0

nn + divéy, + qup)oa + (0" — 7" — (0" — 7"t +2(Vel, " +1Vel +7Ve")o.0 + (Vep +7Ve}
+a(z)(V(ph —el) = V(pp~t —ep™t)) +7Ve™, Vel +7Vel +1Ve )0
+ 70(x)V(py —ep) + Td(z)V(p" — ™), + (7" +7Vey + Ve, " + 7Vel +TVE 0.0
&+ a(@)Vny, + 7b(x)Vnp + 7d(2)Vg)o 0 +7(e} + divn™ + qe™, &} + divn™ + qe")o ql
=0. =1y.
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Summing from n = 0 to N, we obtain

17113 ) + eI VeI o = IVe?lIE )

N
S L =c(|xV |2 o~
n=0
N
+eS (I 20 + IVerl3a + 71 Ve"R g

n=0
N
< Z I3
n=0

+7IVer 15 o)

Let |77 |12 , be a maximum of the |73 , and ||V |12
be a maximum of the ||Ve}[|§ ,, we obtain

N

0.0) +ed (Im"lI50

n=0

2IVer 13 o)-

N
Y L= §q + Ve
=0 (%)

+IVerlg o + 72IVe" 3

I =7(p} + divd" + qp", e} + divt™ + qe")o,0
+ (0" ="+ a(@)V (o} —pi )
+ 71b(x)Vpy + 7d(2)Vp", 1" 4+ a(x)Vey

+ 7b(z)Vey + 7d(x)Ve™)o.0

=7(p} et )00 + T(pt', divt™)o.0 + T(p}, ¢€™ o,

+ 7(divd"™, e )o,0 + T(divd"™, div™)o

+ 7(divd", ge™)o.0 + T(qp"™, €} )00

+ 7(gp", divn™)o,0 + 7(gp"™, ¢ )00

+ (0" =" w0 + (0" — 0" a(2)VeN )00

+ (6" - 9"71,71)( 2)Ver oo + (0" — 0" 7d(x)Ve
Vpp —pp

V(Pt —pi

V(p} — pt

"o
)77Tn)09
b, a(@)Ve)oo
1), mh(@)Ver o0
), Td(2)Ve)o .0

Vi, 7)o + (Tb(x) Vi, a(z) Vel oo
Tb(z)Vpy, 7b(x)Vey

)Vpi,md(x)V
Td(z)Vp", a(x)V

(2)Vp", rd(z)

Do + (7d(x)Vp™, 7b(x) Vel o0

Jo.o

"oo + (Td(x)Vp", 7 )o,0
€+ )0

Ve™)o.n

€
€
From (15) and applying Green’s formula, we know that

(Vpi,m)o0 = —(pf, divt™)o,q,
(rd(2)Vp", a(xz)Ve})on =0,

So we obtain

=T7(p et )o, + T(pF, g™ o0 + T(divd™, €)oo
+ 7(divd™, divt™)o.q + T(divd"™, g™ )o o
+7(gp" €7 )00 + 7(gp", divn™)o,.0 + (40", g™ )o,0
+ (9” 9” 1 ﬂn)() (9] + (9” — 971—1’ CL(I)VS?)OQ
+ (0" — 0" 7h(2) Ve o + (0" — 0" 1d(2)Ve™)o .
+ @@V (e} = pp ), 70,0
+ (a(x)V(pf — pp "), a(z) Vel oo
+ (a(z)V(p; = pp~"), 7b(x) Ver o0
+ (a(z)V(pp — pp~ "), 7d(z)Ve™)o.0
+ (Tb(z) Vi, a(x)Vey o0
+ (rb(x) Vi, 7b(x) Ve o a
+ (7b(x)Vpi, 7d(z)Ve™)o o + (1d(x) Vo™, 7)o -
We obtain
N N
S Li=c(|mV 5o + IVeN G .0) + ¢ > UI7" 15 o
n=0 n=0
+ |W5?Hg,n + 7-2||V5"H379 + T2HVE?H3,SZ)
20
<> T
i=1
where

N N
Ti=Y 7ot e oa To =Y (o 0= g,
n=0 n=0
N N
Ty =Y r(dive™, )., To = Y 7(divd", divc™)o q,
n=0 n=0
N N
Ty = Zr(dwﬁ ,q€™)oa,Ts = ZT(qpnag?)OﬁSh
n=0 n=0
N N
Tr = 7(gp", divn")o0, Ts = > _ 7(ap", e o0,
n=0 n=0
N
Ty=> (0" 0", 7)o,
n=0
N
TlO = Z(G" - 0n717a($)v5?)079’
n=0
N
Ty = Z(an — 0" 7b(x) Vel o0,
n=0
N
T, = 2(9” — ", 7d(2) Ve )o 0,
n=0
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N
Tz = Z(G(I)V(P? — o7 ), 700

n=0
N
Ti = @@V = o), a@)Velloa,
n=0
N
Tis = 3 (a@)V (67 = o), 7b(@) Vel ho,
n=0
N
Tis = Y (a(@)V(p} = pi "), 7d(x)VE" )00,
n=0
N
Ty = Z(q-b(x)Vp?7 a(xz)Vel)o.q,
n=0
N
Tis = Z(Tb(x)vl’?aTb(I)VE?)OJ%
n=0
N
Tig = Z(Tb(x)Vp?,Td(l')vfn)O,Q7
n=0
N
Ty =Y (rd(z)Vp", 7)o,

n=0

From the properties cited in [18] and applying Green’s for-

mula, we obtain estimates of T;:
N N
T <) 7lleflfn+ b, [Tl <D 7lle™§q + ch™,
n=0 n=0
N N
T <Y rllef 5.0+ ch®, [ Tal < rlldiva™ || o + ch®,
n=0 n=0
N N
ITs] <> 7lle™llf o + b, | To] < Y rllell§ o + ch®,
n=0 n=0
N N
|Tr| <Y rlldiva™|[§ o + ch®, [Tl < Y 7lle™ (5.0 + b,
n=0 n=0
N N
To] <> 17" (15,0 + b, IThol < D IVeF|[§ o + b,
n=0 n=0
N
T1a| <> 7lIVeR(lf o + ch™,
n=0
N
Ta| <Y 7| VE™ 50 + b,
n=0
N
Tis| <> |ldiva™|[5 o + ch®,
n=0
N
Tia] < 1AeP]§ o + ch™,
n=0

N

Tis| < S AR g + ch®,
n=0
N

Tl < S A3 g + ch®,

n=0

N
|Th7| < Z Tl At |5 0 + ch?,
n=0
N
ITis] < 3P A3 0 + ek,
n=0
N
T < 2| Ae™F ¢ + ch®,
n=0
N
Too| <) rlldiva™|[5 o + ch®,
n=0
So we have
N
Y Iy <c(r? +h7),
n=0
Note that
N e
vz s e e = Il Mg o
lu™ (16,0 = Z o
i
n=1
N
<Y (Tl .0 + llw™ 13 0),
n=1
where @ = W=u""!

-
So we can obtain

n __ _nj?2 n__ ., nl2 n _ , nj2
OSIBg/T(HU arloa+ llu" —uplloa + W™ —willo.q)

Sc(7'2 + hQT)

Thus, we obtain the following theorem
Theorem 5.2: For T > 0, we have

max (0" = opll5 o + [u" — upllg o + @™ — Wil o)

0<n<t/T
= O(r + 1),
(19)
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