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Three Dimensional Analysis of Sequential
Quasi Isotropic Composite Disc for Rotating
Machine Application

Amin Almasi

Abstract—Composite laminates are relatively weak in out of
plane loading, inter-laminar stress, stress concentration near the edge
and stress singularities. This paper develops a new analytical
formulation for laminated composite rotating disc fabricated from
symmetric sequential quasi isotropic layers to predict three
dimensional stress and deformation. This analysis is necessary to
evaluate mechanical integrity of fiber reinforced multi-layer
laminates used for high speed rotating applications such as high
speed impellers. Three dimensional governing equations are written
for rotating composite disc. Explicit solution is obtained with
"Frobenius" expansion series. Based on analytical results, there are
two separate zones of three dimensional stress fields in centre and
edge of rotating disc. For thin discs, out of plane deformations and
stresses are small in comparison with plane ones. For relatively thick
discs deformation and stress fields are three dimensional.
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[. INTRODUCTION

OMPOSITE materials are increasingly found new

applications in rotating machines [1], [2]. One of the
important topics is high speed impeller. Composite laminates
offer extended strength in fiber directions. However they are
relatively weak in out of plane loading. Three dimensional
stress fields need to be obtained to evaluate mechanical
integrity, reliability and safety assessments of composite
rotating disc. Previous researches and papers on composite
three dimensional and inter-laminar stresses were mainly
concentrated on rectangular plates [3]-[5] and relatively little
works have been reported for composite rotating discs. In
addition near edge and singularity stresses in composites have
taken considerable attention in recent years [6]-[9]. Stresses at
near edge or singularity points present challenge to composite
application in rotating machine component due to local
concentrated stresses and possibility of crack initiation,
fatigue, fracture and machine failure. Previous works [10]
were using finite element method to prediction of the three
dimensional stress and strain which need very special meshes
and are very sensitive to type, topology and density of the
meshes. Furthermore results cannot be readily generalized and
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hence do not support parametric studies. This paper develops
a new analytical formulation for laminated composite rotating
disc fabricated from symmetric sequential quasi isotropic
layers to predict three dimensional stress and deformation.
First, sequential quasi isotropic laminates as a sub-group of
quasi isotropic laminates with more isotropic characteristics
are introduced. Three dimensional governing equations are
written for rotating disc in most general form. The key step to
effective analysis is to take advantage of "First Order Theory"
and mechanical characteristics of symmetric sequential quasi
isotropic laminates to simplified three dimensional complex
equations. Obtained partial deferential equations are solved
with expansion series and three dimensional analytical results
are obtained.

II. SEQUENTIAL QUASI ISOTROPIC LAMINATES

For optimum arrangement of laminated fiber composites
especially for rotating disc applications, quasi-isotropic
lamination was introduced. This arrangement [1],[2] has
isotropic properties for stretching stiffness. It was introduced
to obtain isotropic stretching stiffness for composite
lamination assembly, uniform loading and minimum stress
concentration where as using fiber laminates with extended
strength in fiber direction. Fiber direction of quasi-isotropic
for "N" layer laminations can be expressed as (1).

T
0=k k=12..N 1)

In this paper new arrangement "Sequential Quasi-Isotropic"
as a sub-group of quasi isotropic is introduced. "Sequential
Quasi-Isotropic" arrangement has odd number (equal or more
than three) of layers as (2).

N=2m+1 — m:NT_l

[-6,/../-0,1-6,/-6,/10/6,16,10;/../6,] 2)
0, =kZ  k=12,..m
N

Flexural stiffness of sequential quasi isotropic laminates can
be expressed as (3). According to (3), four elements of
flexural stiffness matrix are same as isotropic materials.
Sequential quasi isotropic materials have very close isotropic
properties to isotropic materials, not only in stretching
stiffness, but also in major elements of flexural stiffness
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matrix (as shown in (3), except B;s and By, all other flexural
elements are same as isotropic materials). In the other words
by using these arrangements in high speed disc or similar
applications, most uniform loadings, minimum stress
concentrations and minimum distortions can be obtained
where as using uni-directional extended strength fiber
composite layers.

B, B, By h22 ] h22

B, By By |= v, —U, By (3)
B, h2

16 st T(U]_UA)

III. ROTATING D1SC FORMULATION

Fig. 1 shows an example of laminated composite rotating
disc fabricated from symmetric sequential quasi isotropic
layers (Fig. 1 shows N=3, arrangement [-60/0/60]; ).

Fig. 1 Rotating disc fabricated from symmetric sequential quasi
isotropic layers (N=3, arrangement [-60/0/60]; ).

For steady state high speed rotating disc fabricated from
symmetric sequential quasi isotropic layers, three dimensional
deformation functions can be expressed in "Tyler Series"
about "z" according to "First Order Theory". With respect to
symmetric lamination and isotropic properties of stretching
and flexural stiffness properties, (4) can be obtained.

u,(r,z)y=u(r)+zy, (r)
uy(r,z) =0 4)
u,(r,z)=zy (r)

By three dimensional "Hook’s Law" and integration of
equations, resultants can be expressed as (5).
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Governing equations can be written for half of symmetric
laminated disc as (6) and (7).

oo, o,-0, 00, —po’r 6)
or r Oz

0 0
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or 0z r

Multiplying (6) by "u," and integration from zero to "h/2",
lead to governing equations for stretching and flexural as (8)
and (9) respectively.

dN. 1 h
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Using same method (multiplying by "u#." and integration)
for (7) leads to (10) and (11). Equations (10) and (11) are
governing equations for shear and out of plane direction
respectively. Inter-laminar vertical stress between two halves
of symmetric disc (out of plane stress) can be noted as (12).

dQ, (10)
dr
dR
- = 11
dr r . =0 (1n
where
P(r)=o0.(r,z=0) (12)

By substitution of resultants as per (5) in equations (8), (9)
and (11), three partial differential equations as (13) will be
obtained for laminated rotating disc.

1 1 1
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Boundary conditions are as (14).
MZO "//r:() ’Qr:o
N.=0,M,=0,0 =0

r

r=0 -

r=a - (14

IV. ANALYTICAL SOLUTION

Explicit analytical solution of (13) can be expressed in
exponential series. According to "Frobenius" theory [11],
[12], explicit solutions are written as (15).
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u(r) = ZAn e
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By substitution of (15) in (13), equations for s
characteristic values are obtained as (16).

P(s)4,+P(s)B,=0
P(s)4,+P,(s)B, =0 (16)
Py(s) 4, + P,(5) B, + P,(5)C, = 0

where

Pl(s):a1s2+(a2—al)s+a3 s Pz(s):a4s2+(a5—a4)s+a6
P,(s)=bs> +(b,—b)s+b, , P,(s)=b,s” +(b; —b,)s+b,
P(s)=dss+d, , P(s)=d,s+d,

P (s)=d,s* +(d; +d,)s +d,

Characteristics equations for "s" values are as (17). It leads
to six values for "s" which only three values are acceptable
with respect to boundary conditions (14). By this method,
three sets of general solutions can be obtained in form of (15).

[K:Dss (s +25+1)] [(As* = Ay, )(Dys* = Dy )~ 17
(B,s*=By,)'1=0
Particular solutions can also be obtained in the same
manner. For loading of constant rotation, particular result
corresponds to "s=3". For uniform thermal loading "s=1".For
both general and particular solutions, (4,), (B,) and (C,) are
calculated from recurrence relations obtained by substitution
of (15) in (13).

V. RESULTS AND DISCUSSION

Fig. 2, Fig. 3 and Fig. 4 show out of plane stress "P(r)" (as
(12)) for rotating disc fabricated from ""7300/5208"" material
composite layers with arrangement ( [-60/0/60]; ) for diameter
to thickness ratio (D/h = (2a)/h) equal by 4, 8 and 16
respectively.

Out of plane stress "P(r)" is dimensionless with proper
stress values to study three dimensional stress fields. There are
two out of plane zones in rotating discs, one in edge and other
in centre. For relatively thick discs (Fig. 2 for diameter to
thickness ratio: 4 and Fig. 3 for diameter to thickness ratio: 8)
stress fields are three dimensional, however, for thin disc (Fig.
4 for diameter to thickness ratio: 16) there are relatively two
distinct three dimensional zones in centre and edge of disc.
For edge zone, out of plane stress is varying and try to balance
force.

Fig. 5 presents schematic three dimensional deformation of

rotating disc fabricated from symmetric sequential quasi
isotropic layers (N=3). This schematic non-scale deformation
shape is plotted based on analytical results of presented
method and formulations.
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Fig. 2 Out of plane stress P(r) vs. radius for composite disc, diameter
to thickness ratio: 4, layer arrangement: [-60/0/60]; .
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Fig. 3 Out of plane stress P(r) vs. radius for composite disc, diameter
to thickness ratio: 8, layer arrangement: [-60/0/60]; .
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Fig. 4 Out of plane stress P(r) vs. radius for composite disc, diameter
to thickness ratio: 16, layer arrangement: [-60/0/60]; .
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Simulations and numerical results show that for relatively
thin discs, presented three dimensional solution leads to
deformations and stress field very similar to plane analysis. It
shows robustness of proposed method. This modern tool of
analysis enables rotating equipment engineers to study three
dimensional and especially out of plane stresses and
deformations. Out of plane loading, inter-laminar stress and
deformation, stress concentration near the edge and stress
singularities can be investigated by this analytical method.
This can provide valuable knowledge to develop laminated
composite materials for high speed impellers and other high
speed rotating machine applications.

Fig. 5 Schematic three dimensional deformation of rotating disc
fabricated from symmetric sequential quasi isotropic layers (Disc is
symmetric, each half has three layer N=3, half of disc is shown).

VI. CONCLUSIONS

Three dimensional analysis of laminated composite rotating
disc fabricated from symmetric sequential quasi isotropic
layers are presented in this paper for high speed impeller
applications. Explicit formulations are derived and analytical
solutions are obtained by expansion series. Based on
analytical results, there are two "Three Dimensional" stress
fields, in centre and edge of rotating discs. For thin discs, out
of plane deformations and stresses are small in comparison
with plane ones. For relatively thick disc, deformations and
stress fields are completely three dimensional.
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