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Positive solutions of second-order singular
differential equations in Banach space

Li Xiguang

Abstract—In this paper, by constructing a special set and utilizingonvergence in abstract space.
fixed point index theory, we study the existence of solution f Denotesa the Kuratowski noncompactness measure i
the boundary value problem of second-order singular @iffgal ) angq,(.) the Kuratowski noncompactness measure in
equations in Banach space, which improved and generakzestult EandClJ E tivel
of related paper. andCl[J, E] respectively. .
lemma 1.1 SupposeS C C]J,E] is a bounded and
8quicontinuous set od, then «,.(S) = sup «(S(t)), where
teJ

S(t)={z(t) :x € S}.
|. INTRODUCTION lemma 1.2 SupposeP is a regular and solid cone in Banach
pace,P. = {z € P: ||z|| < r}, F: P. — P is strictly set

Keywords—Banach space, cone, fixed point index, singular equ
tion.

HE §|ngular dlﬁergntlal equation arises in a variety 0iontraction, if forva € 9P, andX > 0, uo € P\{0}, we have
applied mathematics and physics, the theory of singular Ja o theni(F. P.. P) — 0

differential equation is emerging as an important area pf @ # Aug, theni( L )= "

investigation since it is much richer than the correspogdi emma 1.3 SupposeP is a cone in B.anach spacey =
theory of concerning equation without singular. In rece €P: |zl <R}, F:Pr—P IS a strictly set contraction,
years, some new results concerning the Dirichlet bound ‘ﬁi’”: Az;z € OPp = A <1, theni(F, P, P) = L. .
value problem of singular differential equation have bee ma 1.4 SupposeV = {x,} C L[J,E], there exist
obtained by a variety of method ([1-5]). In thesis [6-7] thd © LL‘]’ Ry], for all z, €V, Hx’é“ < g(t),a.et € J, then

author investigate the singular equation a({/ Tn(s)ds :n € N}> < 2/ a(V(s))ds.
2 (t) + f(t, () =0 te(0,1) ¢ ¢
z(0)=0,2(1) =0

the nonlinear termf(¢,z) may be singular at = 0,1 and _ _ ) _

x =0, § is zero element of real Banach spaEe Motivated For convenience, we list the following assumptions:

by the work of thesis [6-7], the present paper investigates t(H1) Let o(t) = c +d — ct,9(t) = b+at, t € [0,1].

existence of positive solution for the general boundaryeal Supposef € C[(0,1) x P, P] with |[f(t,2)]| < k(®)[la()]

problem of the differential equation ( we call it BVP(1)). wherek : (0,1) — (0, +00) satisfying/ o(s)0(s)k(s)ds <
0

II. CONCLUSION

a(t) + f(t,x(t) =0 te(0,1) +o00, andq € C[P, P).
az(0) — ba'(0) = 6 ’ ()9 (s)
cx(1) +da'(1) = 0 (H2) Letp = ac+ad+be, G(s,s) = ———=,¢q[r1, R1] =

wherea > 0,¢ > 0,b > 0,d > 0. Our approaches are method SUPP l¢(x)| < +oc. For anyRy > ry > 0, suppose

of fixed point index theory and a new constructed cone. The, "\ (s)(s)
organization of this paper is as follows, we shall introducf G(s,s)kz(s)q[Lh,Rl]ds < +oo, and there exists
some definitions and lemmas in the rest of this section. Thé /{4‘ bd

main result will be stated and proved in section 2. Finallg, wr > 0 such that/ G(s, s)k(s)q[MR, R]ds < R.
give sone examples to demonstrate our main result. - L J0 i p I+ bd SIx P\ p
Let E be a real Banach spade= [0,1], P is a a regular (Hsz) f(t,x) is continuous uniformly oy, 1—0] x Pr,\ P,

1
cone in E, let the regular constant= 1, we consider BVP whereéfe (0, 5)- - h
(1) in C[J, E], for Yz € C[J,E], let |z|. = I}laJXHI(t)Hv (Hq) forvte (0,1) angagounded seb C Pg, \ P,, there
Le . . =
ther(C[J, EJ, |.|l.)is a real Banach space. exists anL with 0 < L < — such thaw(f (¢, D)) < La(D).
Definition 1.1 A mapz € C[J, E](C?[(0,1), E] is said to (Hs) there existsh* € P*,|h*|| = 1,h € L[0,1] such that
be a solution of (1) if it satisfies equation (1). 4{t) > 0, lin%vinfp R*(f(t,x)) > h(t) holds uniformly with respect to
rz—0Vze

thenz is called positivelsolution. Supposgt) : ((1), 1) — E 1
is continuous, if lim / x(t)dt exist, we call/ z(t)dt is t €(0,1), and0 < / G(s, 8)h(s)ds < +oo, where P* is a
e—0t Je 0 dual cone ofP.
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respect tot € [sq, sal.

The following theorem is our main result.

Theorem 2.1 suppose that conditiongd,) — (Hg) hold,

In fact, if this is false, then there existy > 0 and
{&m,} C {zm} such thatAz,,, — Az|. > eo(i = 1,2,...),
since {Az,,} is relatively compact inC[J, E], the relative
compactness of{ Az,,} implies that {Az,,,} contains a

then there exists € (0, R) such that BVP (1) has positive subsequence which converges to somec K, no loss

solutionz € Kz \ K, andy € K \ Kg respectively.

=y, ie.
ylle = 0, obviously this is in contradiction

of generality we may assume thatlnE Az,

lim ||Azy,, —

Before giving the proof of Theorem 2.1, we list somer;+

preliminaries and prove some lemmas. We first consider tge

following equivalence problem of BVP (1).
1

aclt) = [ Gt )
where
@(t)l/’(s)’o <s<t<1
G(t,s) = @(S)pl/)(t) 0<t<s<l1 Y
p <

o(t) =c+d—ct,Y(t) =b+at, p=ac+ ad + be.

It is clear thatz € C[J, E] N C?[(0,1), E] is a solution of
BVP (1) if and only if A has a fixed point € C[J, E], so we
only need to showd has a nontrivial fixed point € C[J, E].

In order to overcome the difficulty caused by singular, wertue of (H;) — (H.

construct a speC|aI cone:

wheret, s € J, obviously K is a cone inC[J, E]. Now we
show AK C K, i.e.A is a self-mappiny ink.
(100) _ o4

Note G(t,s) < $,8),0<ts<1,
P
and G(t,7)> ('D(t)w(t)G(s,r), so if z € K, then

:/GtT T z(7))dr

>
_p+bd/G

so Ax(t) > Lp(t)q/)b(d)Am(s), consequenthd K C K.

In order to obtain the existence of fixed point 4f we first
prove the following two lemmas:

7)f (7, x(7))dr,

Lemma (2.1) Suppose(H;) — (Hz) hold, then for
Vr > 0, A is a continuous and bounded operator frém to
K. whereK, = {r € K : |jz|. <r}.

Proof By (4), we knowA : K, — K, first we show the
continuity. Letz,,,z € K, ||zm — 2|l — 0,m — 400, On
account ofH,, for Ym,Vs € J we have

[[f (s, zm ()]l < k(s)q[0,7], (5)
so by (Hy) — (H2) we know 1in+1 (Azp)(t) = (Az)(¢),
meanwhile by (5) we can seg Ax,,)(t)}m>1 IS equicontin-
uous family on.J, so we should get

lim || Az, — Az|| = 0.

m—+

ith y = Ax, so A is continuous.
n the other hand, by virtue ofH;) — (Hz) and the
inequality (5), we knowA is bounded fromk, to K.

Lemma 2.2 suppos€ Hy) — (H4) hold, then forvr > 0,
A is strictly set contraction fronk’,. to K.

Proof for Vr > 0, supposeS C K, by virtue of lemma
2.1 we knowAS is bounded set and equicontinuous.fnby
lemma 1.1 we know

ac(A(S)) = jlelga(AS(t)) (6)
Wh?r_eéAS(t) = {Az(t) : = € S;t € J}, let D5 =
{/ Gt s)f(s,a(s))ds : & € 5,6 ¢ (0,%)}, then by

2), for x € S,t € J we have
1-5
H G(t,s)f(s,xz(s))ds —/ G(t x(s))ds||

<o / (s, $)k(s)ds + G(s,s)k(k)ds) ™)

1-5
whereC; = ¢[0,r]. by virtue of (H;) and (6)-(7), we know
the Hausdorff distance abs; and {A(S)}

dy(Ds, AS) — 0, 0 — 0+.
o)
a(AS) = lim «a(Ds). (8)
§—0t
-5
Next we estimatex(D;). because 1 G(t,s)f(s,z(s))ds €
(1— 26)e0{G(t, 5) (s, 2(s)) : 5 € [5,1 — 6]}, S0 by (Hy) —

(Hy4) and (9.4.11) in therein [8] we obtain

1-6
a(Ds) = « {/ G(t,s)f(s,x(s))ds : x € S})

< (1—28)a(co{G(t,s)f(s,z(s)) : s € [6,1=6],})

<a ({G(t s)f(s,x(s)) : s € [6,1 = 6], 2 € S})

< Ea({f( z(s)) :s €[0,1 = 0],w € 5})

< ot s (506

< (). Iy = 5,1~ ). ©)
Note (8), letd — 0 when «.(S) # 0, we have

a(A(S)) < $ac(S) < ac(S), so A is strict set contraction.
On the other hand by lemma 2.1, fér > 0, A is strictly set
contraction fromk, to K.

Now we give the proof of theorem 2.1.
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Proof: By virtue of (Hs), for Vi € (

0</Gt5h /Gss

= 0,a.e.s € J. Choses’ > 0 sufficiently small such

,1) we have

s)ds, otherwise

that
1 1
ro= / / G(t,s)(h(s) — € )dsdt > 0, (10)
0 0
by (Hs), there exists”” e (0, R) when||z||. <", for Vt €
0 71) we have
W (f(t () > h(s) — €. (11)

take0 < r < [ = min{r , 7}, for Vo € K,,\ > 0, we have
x— A(z) # Xe, wheree € P, e # 6. In fact, if it is false, then
there exists\ > 0,z € [“)Igr such thatr — A(z) = Je, i.e.

x(t) = Az(t) + de > G(t,s)f(s
by (11) we can get

,x(s))ds, consequently

zA(%MMM$—5M& (12)

In addition, by virtue of (10) and (12), we have
£ )dsdt =71 >r.

/01 h*x(t)dt > /0.1 /0.1 G(t,s)(h(s) —
(13)

But for V¢ € J, since| h*z(t) |< ||z(t)|| < ||z||. =, this is

in contradiction with (13). According to lemma 1.2, we have

i(A K, K) = 0. (14)

Next by (H2) we will show i(A, Kr,K) = 1, by the

homotopy invariance of fixed point index, we only need to

show: forvVe € 0Kr andvVA > 1, Az # Ax.
In fact, if it is false, then there exist € 0 K r and some\ > 1

such thatdz = Az, thenz =
for Vt € (0,1), we have

{ (1-1) +d/0t(a5+b)f(s7:r(s))ds}
{at+b/ (1 —s)+d|f(s, (9))ds},

>/|,_. y|._|

therefore

’ 1

x (t) = )\77/0 (—c)(as+b)f(s,x(s))ds

1
+ /%\ [ [c(1 = s) + d]f (s, z(s))ds
1

< S [ e —s) +dlf (s,

< | #()ds,

( where< is partial order induced by cone. ) So fét € J,

le, therefore by (2) we know,

we have
0<alt)< ,,7/0 [ [e(1 = ) + df (s,0(s)dsdt
b 1
+ P_/\/o [c(1 = s)+d]f(s,x(s))ds
1 1
,0/\)/ (as+b)[c(1 — s) +d|f(s,(s))ds
/ G(s,8)f(s,2(8))ds,

SO

R =|lz]lc = max [l=()]

L p(5)1(s)
<1 [ ctsomeaZ2 R rias
! o(s)(s)
< ; G(s,s)k(s)q[wR R]ds
< R.

This is in contradiction with Hz), so we have

i(A,Kgr,K)=1. (15)

, —1

Selectk > max [(b+ as)(ctd = cs) / G(t,s) ds )
eJ p+bd .

by (Hs), for x > N, there existsN > R such that
k*(f(t,z)) > R'|z|, let R = R+ 1 then for Vz €
0K3, A > 0, we haver — A(x) 7é Ae. In fact, if there exist
A >0,z € 0K3 such thatr — A(x) = Ae then

k* (Ax(t))
f(s,2(s)))ds
(s,z(s)))ds

R > k*(z(t)) >

1

2/ G(t,s)k
.O.2

2/ G(t,s)k

>R [ Gt,s)|a(s)]ds

’ 52 b di

S1

> R.

[zl ds

This is a contradiction, so by lemmal.2,
i(A, Kz, K) =0.
Moreover, by (14)(15), we can see

(A, Kp\ K., K)=i(A, Kg,K) —i(A, K., K) =1,

i(A, K\ Kg,K) = i(A, Kz, K) —i(A,Kp, K) = —1.
So A has fixed pointz € Kr \ K, andy ¢ K \ Kgr
respectively.

Finally we showz # y, we only need to showAd has not

fixed point in 9K . Otherwise, assume € 0Kg is a fixed

/ G(t, 5)(f(s, 2(s)))ds and

point, so whent € J, z(¢
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(b+at)(c+d—ct)

R==@)] > T b R.
By (H1) — (H2) we have
R:maXHz(t)H
/ Gt $)k(s)q] (r/’b(d)R Rlds
/ G(s,8)k(s)q| (—)i—d)b(d)R R]ds

This is a contradiction, and our conclusion follofals.

Corollary Suppose conditiongH,) — (Hs) hold, or
conditions (H;) — (H4) and (Hg) hold, BVP (1.1) has at
least one positive solution.

Example: SupposeF = [ = {z = (21, %2, ..., Tpn,...) :
sup | z,, |< 4oo}, for z € E, let ||z|| = sup | z, |, then
n n
(E,|I.]l) is a Banach space, afd = {z € E: z,, > 0,n =
2,...} is a regular cone i, let the regular constamt= 1,
we consider the following equations ifi

1 cost 1
xn(t) \/m(l + n(t‘T?n + ln(l + 1’7,,)))7
2n(0) =2,(1) =0,n=1,2, ...

(16)
problem (16) can be think as the type of BVP(1),
equivalent tox(t) = (xlgt),xg(m L) f@) = (f1, fe, )
falt,z) = Ls’t(l + E(twgn +In(1+=2,))), we can see

VA1)
— H; hold.

f(t,z) is singular att = 0, 1. Now we checkH;
Chosek(t) = ——, = ), o)y () =
(t) Ty q(x) = (01(), ¢2(2), ), gn ()

1 L
1+ = (tzon, + In(1 + z,))for VR; > r; >0, it is easy to get
qlri, Rl = sup  |lg(z)|| <1+ Ri +In(1+ Ry). since

zEPR, \Pry

/Olmds—g,/;%

therefore [ s(1 — s)k(s)q[s(1 — s)r1, Ri]ds < gu +Ri+
In(1 + Rl)% 1< +oo. It is easy to see, ifR is sufficiently
s(1 — s)k(s)q[s(1 — s)R, R]ds < R hold, so

Hy, Hy hoIdO, obviouslyH3 hold, for V¢ € (0,1), we give a
bounded sequencéz™} C Pg, \ P., using diagonal rule,
we can choose a convergent subsequence ffgmn, 2(™))}
(where Ry > r; > 0 is arbitrary), soH, hold, and it is
equivalent to the case L=0. Chodsec P* such that*(z) =
x1, S0 Hs hold. To sum upH; — Hs hold, by the Corollary of

=,
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theorem 2.1, we know problem (16) has at least one positive

solution.
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